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STABILITY OF RIGID-PLASTIC SOLIDS 


By R. Hi 


Department of Mathematics, University of Nottingham 
(Received 29th August, 1957) 


SUMMARY 


Tue general problem of stability under dead loading is treated for a body of any shape, the 
material being workhardening and rigid—plastic. It is shown that when the plastic potential 
and yield function coincide it is only necessary to examine in detail those neighbouring positions 
which can be reached by strain paths beginning as virtual modes of the yield-point state under 
the given loading. The least energy dissipated in passing to any such position has to be determined 
in constructing a sufficient condition for stability. The functional concerned turns out to be 
identical with that in the uniqueness condition for the typical boundary-value problem. On 
the other hand, the classes of admissible functions are different, so that failures of uniqueness and 
stability need not coincide ; this is illustrated by the compression of a strut. 


1. Repvucrion or THE PrRoBLEM 


Tue term ‘ stability ° is used here in its classical dynamic context : a loaded body, 
initially at rest, is imagined to be set in motion by any kind of temporary distur- 
bance and the magnitude of the resulting displacement is the feature isolated for 
study. There is an obvious requirement that the continuing geometric constraints 
and the subsequent variation of the existing loads with displacement should be 
specified. In this setting a state of equilibrium is said to be stable if the amplitude 
of the additional displacement is always vanishingly small when the disturbance 
itself is. If, on the other hand, the amplitude is finite for some one type of dis- 
turbance, however small this might be, the state is said to be unstable. 

A sufficient condition for stability is that in any displacement from the position 
of equilibrium, within a definite (small) neighbourhood, the internal energy stored 
or dissipated should exceed the work done on the body by the external loads. 
For, by the principle of conservation of energy, the body can then move only as far 
as the point where this excess becomes equal to the kinetic energy communicated 
by the disturbance, and if this is vanishingly small so must be the movement. 

In applying this test every geometrically-possible configuration infinitesimally 
near the initial one must be considered since all could presumably be reached by 
suitably starting the motion. In any such neighbouring configuration the stress 
field associated with the deformation need not be in equilibrium, nor need the 


corresponding stresses arbitrarily near the surface be statically consistent with the 
given tractions. For, if the disturbances are in no way restricted, we must envisage 


extremes involving arbitrarily large stress gradients. This possibility has now to be 
faced in an acute form by reason of the peculiar properties of a rigid—plastic solid.t+ 


+ In treatises on clastic stability the matter is never raised, so far as I can discover, no doubt because of the pre- 


occupation with adjacent positions of equilibrium. 


R. Hin. 


In a perfectly elastic solid the deformation produced by a first-order additional 
displacement is accompanied by a change in stress that is of first-order magnitude 
only. In a rigid-plastie solid the change of stress is generally finite,t++ unless the 
pre-existing stress happens to be at the yield point and is compatible with the 
initial strain-rate compelled by the disturbance. In the phraseology of the usual 
9-space representation, the stress vector at any point of the body instantaneously 
swings from ¢ initially to the position o* corresponding to the local strain-rate 
e*. Thus, a general infinitesimal disturbance entirely changes the distribution of 
stress, within the limits of the current yield condition ; in particular, the stresses 
arbitrarily near the surface of the body can be totally (and not just infinitesimally) 
discordant with the given tractions F. 

This has an interesting consequence. The virtual work identity for the 
equilibrium state o and the initial velocity field v* is 


| Fv* dS oe* dV. 


The work of the given tractions in a small time 4¢ is the left-hand side « &t. In 
an elastic solid the right-hand side » ¢ is, to first order, the internal energy stored 
by the material; since the two sides are equal, an expression correct to second 
order has to be obtained in an examination of stability.t[{ By contrast, in a rigid— 
plastic solid the right-hand side does not invariably have this interpretation : the 


rate at which energy is absorbed (and then dissipated as heat) is [o e* dV since 


2 
the actual stress during the straining is o* and not ¢. Except when the deviators 
of o* and @ are identical, the first-order expressions for the external work done and 
the internal energy dissipated differ, and can themselves be compared in the 
condition for stability : 


oft eF dl Fv* ds' st > 0 or (o* o)e* dl > 0. 
\ d d 
But this is just the ~ maximum work” inequality which holds when the strain- 
increment vector is in the direction of the outward normal to a convex yield 
surface at the stress point.** If the law is different, it is easy to see that the in- 
equality is reversed for certain disturbances and initial states ;* there is no 
guarantee of stability and a strong contrary presumption. 

Here we adopt the conventional flow law. Only a vanishingly small motion is 
then produced by any infinitesimal disturbance that changes the initial stress (in 
particular, a completely non-plastic body is certainly stable). In a body partly or 
completely plastic we have still to examine disturbances producing strain paths 
that are initially compatible with the existing stress and compute the dissipation 
of energy to second order (Sections 2 and 3). Such a path begins as one of the set of 


++ For the transitional behaviour of an clastic—plastic solid as the rigidity modulus is made large, see Hutz (1950 


pp. 58-9) 

II See Pearson (1956) and Hit. (1957b) for a general treatment 

©® For non-specialists it may be remarked that this is the conventionally assumed law for a rigid-plastic solid and 
is characteristic of metals that deform microscopically by slip. For an elementary account see Hutt (1956). 

® Even when no part of the body is plastic. On the other hand, an elastic-plastic solid with such a flow law for the 
plastic component of strain is always stable when stressed below the yield point, provided the rigidity modulus is 
sufficiently great. But the neighbourhood in which the stability functional is positive becomes vanishingly small 
as the modulus is increased indefinitely, the loads being given 
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virtual modes defined by the rigid constraints, the given tractions, and the hardness 
distribution. 

With the stability problem reduced to these terms we have a basis in common 
with the problem of uniqueness (HiLi. 1957a) and can compare the respective 
criteria. For an elastic solid the functionals and classes of admissible functions 
are identical (Hi... 1957b), whereas for the rigid—plastic solid the functionals are 
the same but the classes are different (Section 4). Consequently, the ranges of certain 
stability and certain uniqueness need not coincide ; this is illustrated in Section 5 
for a strut in compression. 


2. Meruop or APPROACH 


In an elastic solid the energy absorbed in passing from one position to another 
depends only on the configurations, but in a plastic solid on the path itself (when 
the computation is made to second order or better). For any one final configuration 
the critical path is that in which the dissipation of energy is least, for if the sufficient 
condition for stability is satisfied on that path it is on all. The initial state is 
assuredly stable when the condition is satisfied for the critical path to every 
configuration within some definite neighbourhood. 

Strictly, the optimum path has to be chosen from the dynamically-possible 
ones but it would generally be impracticable to determine these. We must therefore 
make the selection from all paths compatible with the constraints, though possibly 
at the expense of eventually obtaining a weakened stability criterion since the 
actual least energy will tend to be underestimated ; i.e. the eventual condition 
may be over-suflicient. However, even this programme appears too formidable in 
general and a further simplification is necessary. It is proposed here to determine 
the least possible dissipation of energy if each element of the body could be brought 
separately to its final state of distortion; since the strain paths of adjacent 
elements would generally violate the continuity of the material, there will result 
a further underestimate of the actual least energy. 


Each element being assumed isotropic, the * state of distortion ’ is unambiguously 
specified by the values of the principal extensions (i.e. the extensions of that triad 


of initially perpendicular directions which in the final configuration are once again 
mutually perpendicular), the rotation being irrelevant. Subject to certain light 
restrictions on the yield condition and workhardening law it is probable that the 
most efficient way to effect a given distortion is (a) to keep the principal axes of 
true strain-rate coincident with the same directions in the element throughout, and 
(b) to maintain constant ratios of the principal components of strain-rate. This is 
assumed here. 

To lend plausibility to the general conjecture, (b) can easily be proved for a 
nonhardening material if (a) is granted. Let (A,, Ay, Ay) be the total logarithmic 
strain components for the required distortion, i.e. the logarithms of the ratios 
of the final and initial lengths in the principal directions ; for incompressibility, 
A, + Ag + Ay = 0. These values could be produced by maintaining, at every 
stage, principal true strain-rates (based on the current configuration) in the constant 
ratios of the A’s. Denote by (¢,, og, ¢,) the principal stresses corresponding to this 
strain-rate vector. Let (y,. 4g, #3) be the (varying) logarithmic strains during 
any path leading to the same final A’s, and denote the current stress by (7,, Te Te) 
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By the maximum work inequality, 2 (+, — ,) du, > 0 since the yield condition 
is not affected by the path taken when there is no hardening. Integrating between 
the limits 0 and A, : 


= T, dy, Jo, dy, Jo, A,. 


This proves the theorem since the left-hand side is the energy dissipated per unit 
volume in the possible path and the right-hand side is that dissipated in the 
optimum path. In particular, when the yield condition is that of Mises, the energy 
is proportional to the path length in the geometrical representation (HiL1. 1950, 
p. 39) and the inequality simply states that the optimum path is a straight line ; 
this is obviously also true when the material hardens in such a way that the 
energy dissipated is an increasing function of the path length alone. 

Returning to the general case we have to derive a second-order expression for 
the energy dissipated in the optimum path, where the logarithmic strains are 
increased in constant ratio. Since the principal components of stress also increase 
in constant ratio we can apply the trapezoid rule for quadrature, giving the energy 
directly in the form 

2 (oe, + $ de,) A, 
per unit volume. Here (o,. oy. oy. ) 1s the stress corresponding to a strain-rate in 
direction (A,, Ag. Ag) in the initial state of hardness and (de,, be,, 5a,) is the overall 
change in stress ; the hydrostatic parts are arbitrary since 2A, = 0. The requisite 
first-order relations between the do's and A’s are supplied by the general relations 


between stress-rate @ and strain-rate e¢ : 
he (née) n 


in a plastic element, where n is the unit outward normal to the yield surface and h 
is a measure of the rate of hardening. From this follows 


oe he, or p» be, hZA? 
correct to second order. The final formula is therefore 
E 2 (eo, A, ’ j hA,?). (1) 


In order to obtain an explicit stability criterion we have now to express this in 


terms of displacement gradients. 


3. Tue Stapiniry FuNctriona. 
It is convenient to introduce the Lagrangian strain tensor of the additional 


distortion : 


ou, . ou, “s) 
7 6" \ee r My Wy; 


where u, is the additional displacement and 2; the initial co-ordinates (see, for in- 
stance, SOKOLNIKOFF 1956, section 11). The principal axes of ei coincide with the 
initial positions of the material directions associated with the A’s, i.e. the so- 
called principal axes of strain. The principal components, ¢, say, are such that 
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A, = }log(1 + 2¢e,) 
or, to second order, 


Hence 

»y , 2 ' , ‘ 

do, A. = Lo, (e, — €,”) = oy (C4 — Cy ys) (3) 
where the summation convention is adopted in the last expression. Here o,, denotes 
the tensor with principal values (¢,, og, ¢,) and principal axes coinciding with those 
of ¢,; it is not (as yet) to be identified with o in Section 1. From equation (2) the 
right-hand side of equation (3) becomes 

Pa du; = ou, ot) i }o,, (= du, = ou, M4). 
¥ \ da; MW, da, \ day da; ty Dy 
But the last half of this vanishes to second order, as shown by Hi. (1957¢, Section 
2). Substituting equation (3) in equation (1) now gives 
du, yu, d 
E ~~ (~ ou; 9) 1 n he 2 
v or; ou» w;, - v 

The hydrostatic part of o, is still arbitrary and without effect on E, the incom- 


pressibility condition being 
(4) 


to second order. 
At this point it is convenient to introduce the symmetric tensor 


ju. 
c 
—g=3(— 
ww; 
whose hydrostatic part du,/da, is of second order magnitude, by equation (4). 
At the moment «, has a purely formal significance. The energy can be written 
ou, du 
’ 2 = 5 
E =goe + j (he oy — ) (5) 


or, wy; 


The functional in the sufficient condition for stability is 


U (u) | 2ar — [ruas 


ike dV — | Fe ds\ + b | the a =) av, 


=» Ge 
9 or, wy; 


| J 


when part of the surface of the body is rigidly constrained and the remainder 
subject to dead loading. The only restrictions on the admissible fields u are that they 
should be continuous and differentiable, satisfy equation (4), and vanish at the 
constraints. 

But, as we saw in Section 1, detailed consideration need be given only to those 
fields u which differ infinitesimally from one or other of the set of virtual modes. 
In the deforming zone of a mode the difference between the deviators of the given 
initial stress and o (for any neighbouring field) is then a first-order stress in a direc- 
tion tangential to the initial yield surface (by the assumed flow law) and has a 
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third-order scalar product with «. From now on we can therefore let o stand for 
the initial stress in the deforming zone (fixing the hydrostatic part of ¢, previously 
arbitrary), and also in the rigid zone where o was hitherto undefined. For such 
fields the condition for stability reduces to 


ou; ou 


’ (he? khdV +o. 
U (u) b | (a yal 0 (6) 


‘e— = 

Y dr, wv 
Moreover, since U is second order, we can now take the incompressibility condition 
,/ >”, = 0 instead of equation (4) ,and the admissible fields to be precisely 
the virtual modes, with u replaced by velocity v and € denoting true strain-rate. 


to be du, /du 
Only continuous modes need be considered when h + 0 since U diverges positively 
on a velocity discontinuity. 


4. Srapimuiry aANpD UNIQUENESS 


It has been shown that a body constrained on a part S, of its surface is stable 
under dead loading on the remainder S,, if U (v) > 0 for every (continuous) virtual 
mode v vanishing on S,. But it is known (Hi. 1957a, c) that the actual (con- 
tinuous) mode is unique under given traction and nominal traction-rate on S,, if 
U (w) > 0 for the difference w of any pair of virtual modes. The functionals in the 
two criteria are therefore identical, but not the classes of admissible functions 
since the difference of two modes is not itself generally a mode: the strain-rate 
vector n corresponding to w is normal to the yield surface at the stress point but 
not necessarily directed outward, as is € corresponding to v. Moreover, since the 
boundary conditions and field equations satisfied by v are homogeneous, any mode 
can be multiplied by a constant positive factor to give a similar mode ; every mode 
can therefore be regarded as the difference of two similar ones and is accordingly 
contained in the class w. The class of admissible functions in the condition for 
uniqueness is thus wider than in the condition for stability. 

The import of this is most conveniently seen by regarding the rate of hardening as 
a variable parameter, the current shape and hardness of the body and the tractions 
being given.* We substitute wh for h, where pu is a positive parameter and the 


distribution of hardening-rate is given except in scale, and write 


H (v) | he dV, H (w) | hn? dV, 


= * = 
» (v) Ca — — AV, 
v Or, Mj 
y 
v). Ww). 
Max <(v) in class Vv, Ma; in class w. 
H (v) H (w) 
When »« > 8, U(w) is always positive and the actual mode is unique; when 
p > a, U(v) is always positive and the current state is stable. Furthermore, 
since 8 is obtained as a maximum in the wider class, 


B > «a. (8) 


* In the elastic Context this corresponds to taking the rigidity modulus as parameter, instead of the load, as is 
equally convenient and more usual when the pre-strain is negligible. 
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z and § can have either sign or vanish (along with 2’); in particular, they are 
both zero for torsion (H1LL 1957a, Section 5). In the interesting case 8B > « > 0, 
when the rate of hardening is progressively lowered, there is reached first the 
critical value 8 when uniqueness is no longer certain and afterwards a critical 
value « when stability is no longer certain. Since f itself, as defined in equation (7), 
does not depend on the specified traction-rate on S,, it is to be expected that for 
certain distributions the range of uniqueness will extend to hardening rates less 
than 8 and even down to « (the condition ~ > 8 then being sufficient but not 
necessary). For other loading programmes, however, a point of bifurcation (where 
more than one mode is possible) will be reached before a failure of stability. This is 
the situation originally made plausible by Suan Ley (1946, 1947) in his example of a 
compressed elastic-plastic strut (actually a severely idealized one). The explicit 
general formulation for rigid—plastic solids is contained in equations (7) and (8). 

Further insight is afforded by the following interpretation of the stability 
functional. Since any virtual mode is actual for some distribution of traction-rate 
(it is only necessary to construct an equilibrium stress-rate field compatible with 
the hardening in that mode), 


Fv dS = | 


* 


’. A . 
= i} 
Ov, Wj) 


as in HILt (1957a, Section 2), and so 


U(v) =4 | Fv dS (9) 


where F is any nominal traction-rate that would operate the mode v. It follows 
that at a bifurcation in the range 8 > » > «, where U (v) is positive, the loading 
cannot remain constant but must change with continuing deformation in either 
mode in such a way that the integral in equation (9) is positive (generalizing and 
making precise another part of SuaNLey’s conception). On the other hand, there 
exist certain states and particular values of « (eigenvalues) such that quasi-static 
deformation can proceed under temporarily constant loading. For these, U (v) 
vanishes for the non-zero mode possible under dead loading, and so no eigenvalue 
can exceed the x corresponding to such a state. However, although the stability 
‘limit ’ « is itself marked by the vanishing of U (v) for a certain virtual mode, this 
need not be an actual mode under dead loading nor need « be an eigenvalue (as is 
the case when the solid is perfectly elastic, the stability functional being always 
one-signed until the varied parameter reaches the first eigenvalue — a restatement 
of Rayleigh’s Principle). 


5. ILLUSTRATION : COMPRESSION OF A STRUT 


A strut of uniform sectional area A is built in at one end and axially loaded at 
the other by a load P. Except in the immediate neighbourhood of the fixed end 
the stress is a uniform uniaxial compression of amount P/A. It seems safe to 
consider only those modes that produce no inflexions, which are (as in the investi- 
gation of uniqueness : HILL 1957a, Section 5) 


2cr i” 


- $dz,, 
)» 2 Der = . 
22,") — Wcrg2, — } dty, 
» 2 j . 
2z,°) + dry. 
Here the origin is at the centroid of the fixed end and the 2, axis along the strut, 
a, b,c, d are not entirely arbitrary, as they were in the examination of uniqueness, 
but are subject to the condition for positive rate of work : €,, < 0 or 


+ 4eag +d <0 


everywhere in the body. 
Suppose the strut is so slender that (J, + /,)/AP << 1, where / is the length 
and I, I, the second moments of sectional area about the 2,, Ty axes respectively, 


and that A is uniform. The condition for stability, as for uniqueness, reduces to 


cd d? 
; {(e° +H — oe) -—--=— 
SS Max oe 


2PrP I, a? + 1,6? + 4 AP? + Ad? 


but now the above restriction must be observed. 
To be definite. let the section be a circle of radius r. ‘The maximum is found to be 


l - 
3 (1 + Ar*) 


and is obtained when ¢ = 0, d r \/(a? + b*), a and b arbitrary. The com- 
parative value for uniqueness is 1/(37). With J = } Ar* the critical hardening-rate 
for stability is } of that for uniqueness. Similar small factors are obtained for other 
sections. 

This is a remarkable result, but it cannot be seen in its true perspective until all 
aspects of this particular problem have been fully investigated. For this reason 
no comparison with experiment or with heuristic theories of the SHaNLEY type is 
attempted here. 
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ON RIGID WORKHARDENING SOLIDS WITH 
SINGULAR YIELD CONDITIONS 


By W. E. Boyce and W. Pracer 


Brown University 
(Received 11th June, 1957) 


1. INTRODUCTION and SUMMARY 


So many papers on the theory of plasticity have been concerned with uniqueness 
theorems and extremum principles that it would not have seemed likely some 
years ago that new significant results could be obtained. Yet the fundamental 
theorems of limit analysis constituted just such an addition to this field. More 
recently, H1Li (1956) established important results concerning rigid workhardening 
solids with regular yield conditions. (The corresponding results for elastic work- 
hardening solids had been available for some years: HopGre and Pracer 1949, 
Hii 1950). In view of the increased use of singular yield conditions in recent work 
on plastic discs, plates, and shells, it seems worth while to extend Hi.u’s results 
to rigid workhardening solids with singular yield conditions. 


2. Srress-Strain Law 


Consider a rigid workhardening material that is in a given state of hardening. 
The states of stress that the material can sustain without changing its state of 
hardening are classified as plastic or rigid according to whether plastic deformation 
can or cannot be produced by appropriate infinitesimal changes of stress. The 
yield condition for the considered state of hardening specifies the plastic states of 
stress. 

For the discussion of yield conditions and flow rules, it is convenient to treat 
the components «, and o,; of the tensors of strain rate and stress with respect 
to rectangular Cartesian co-ordinates 2; (i = 1, 2, 3), as constituting the rectangular 
Cartesian components of the vectors ¢ and o in a nine-dimensional space. The 
state of stress o,, may then be represented by the point with the radius vector o. 
It will be assumed that, for a given state of hardening, the points representing 
rigid states of stress fill a convex domain (the rigid range) that contains the origin 
(the stress-free state). For a regular yield condition the bounding surface of the 
rigid range (the yield locus) has a continuously turning normal. If the unit vector 
along the outward normal is denoted by n, the stress-strain law associated with a 
regular yield condition specifies that in a plastic state of stress the stress rate ¢ 
produces the strain rate 


« = h* [no] n, (1) 
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where h is a positive scalar function of stress and strain-history and [n6] stands 
for the scalar product of the vectors n and 6, when this is positive, and for zero, 
when the scalar product is negative. The factor n in (1), which indicates the 
direction of the vector €, is said to specify the yield mechanism associated with 
the considered plastic state of stress o. A regular yield condition thus associates 
a unique yield mechanism with each plastic state of stress. 

A singular yield condition, on the other hand, allows for the possibility that, 
for certain plastic states of stress, there may be two or more competing yield 
mechanisms each of which makes an independent contribution to the strain rate. 
Geometrically speaking, the yield locus consists of regular faces, each of which 
has a continuously turning normal n, (« = 1 ). For a plastic state of stress 
that is represented by a point on an edge common to two or more faces, the stress- 
strain law (1) is replaced by (Korrer 1953) 


sadness a«, Lhs [n, a] n,, (2) 


where the bracket has the same meaning as in (1), the summation includes the 
contributions ¢, from the yield mechanisms of all faces meeting in the considered 
edge, and h, is a positive scalar function of the stress and the history of the contri- 
bution of the ath yield mechanism to the strain. 

Note that, in a plastic state of stress, the scalar product of ¢ and ¢ is given by 


Lh, [n, 6}, 
a 


x h, €’. (3) 


3. STATEMENT OF PROBLEM. UNIQUENESS 


Consider a body that consists of a rigid, workhardening material with a singular 
yield condition and is subjected to surface tractions or small surface displacements, 


stresses, displacements, and strains in this body, we discuss the following boundary- 
value problem : given the strain history * and the instantaneous stress ¢ throughout 
the body, the rates of surface traction ¥ on the part S, of its surface, and the 
surface velocity v on the remainder S, of S, to find the stress rate ¢ and the velocity 
throughout the body. 

The investigation of uniqueness starts as usual from the remark that the boundary 
conditions and the principle of virtual work show that 


o= fue PW — vas = [ie — a") — eV aV 


| 20 —o')(e,' —€,")dV (4) 
a 
where the primes and double primes are used to distinguish between two solutions, 
and dV is the volume element. 
In discussing the sign of the last integrand in (4), we must keep in mind that both 
solutions correspond to the same strain history and instantaneous stress. At a 


*More precisely, the history of the individual contributions of the various yield mechanisms to the strain. 
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generic point of the body, the summation over « in the stress-strain law therefore 
includes the same yield mechanisms and the function h, has the same value for 
both solutions. 

Let J, denote the contribution made by the ath yield mechanism to the last 
integrand in (4). Where this yield mechanism is active in both solutions, 
[n, o’] =n, o' > 0 and [n, 6] = n, 6” > 0, and hence 


I, =hz" {n, (6 — 6")P > 0, (5) 
with equality only if €,’ = ¢,’’. Where the «th yield mechanism is active for one 
solution, say the primed one, and inactive for the other, [n, o'| =n,o' >0, 
[n, "| = 0, and n,o’’ < 0, and hence 
1 a a n, a {n, (o’ Ps o”’)} > 0. (6) 


Finally, J, = 0 where the yield mechanism « is inactive for both solutions and 
hence ¢€,’ = €,'' = 0. 

The contribution of the yield mechanism « to the last integrand in (4) is thus 
positive unless €,’ = €,"’. This shows that the strain-rate field « = 2. e, is unique, 
though the stress-rate field ¢ is not necessarily unique. If we exclude the possibility 
that the area of 8, vanishes, the uniqueness of the strain-rate field € establishes 
the uniqueness of the velocity field v. As in H1L.’s (1956) paper, it follows then 


that fe v dS, is unique, even though the rate of surface traction F on S, is not 


necessarily unique. 


4. ExtTREMUM PRINCIPLES 


A strain-rate field «* will be called kinematically admissible with respect to our 
boundary value problem if it is defined through the volume V of the considered 
body and fulfils the following conditions : (i) «* is derivable from a continuous 
velocity field v* that satisfies the boundary conditions on S,; (ii) at a generic 
point P of V, the strain rate e* is the sum of contributions €,* that are compatible 
with the state of stress at P, i.e. if €,* + 0, then 


«,* = A,* n,, where A,* > 0. (7) 


The unique strain-rate field « of the solutions is kinematically admissible. If the 
corresponding velocity field is denoted by v, we have 


Jew " v) dS p= [Rv — v) dS = Jole —«)dV 


[Ze (e,* — e,) dV. (8) 


In (8), the summation over « again involves the same yield mechanisms for both 
strain-rate fields. The contribution J, of the yield mechanism « to the last integrand 
in (8) is readily shown to be smaller than $h, (¢,** — €,*) unless €,* = ¢,*. Thus, 


[2 <” dV — 2 |F v* dS p > | Zh, «2 dV — 2 | v dS» 
xz z 


- JF vds, — |Fvdsy, 
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unless ¢,* = «,. The inequality (9) gives a minimum characterization of the 
unique strain rate and velocity fields of the solutions. The steps establishing (9) 
follow those in Hut.’s (1956) paper so closely that they need not be detailed here. 

A stress rate field o* will be called statically admissible with respect to our 
houndary-value problem if it is defined throughout V, satisfies the equation of 
equilibrium in V, and yields the prescribed rate of surface traction on S,. The 
stress-rate field o of a solution is statically admissible, and we have 


(* — F) vd, jo _ Ff) vds | (o* ~é)edV 


| S(e* — 6) «dV. (10) 
« &@ 
Wherever «, + 0, the contribution /, of the ath yield mechanism to the last 
integrand in (10) is readily shown to be smaller than jh," {(n, o*)* — (n, o)*}, 
unless the stress rate field 6* also corresponds to a solution of our boundary value 
problem. If this possibility is ruled out, we have the following maximum charac- 
terization of the stress rate fields of the solutions : 


2 iF* y dS, Lh, . (n. e*FrdV<2 FY ds. Lh, . (n, @) dV 


2 * 


(e vdS, - le v dS». (11) 
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SUMMARY 


THe analogous behaviour of the temperature distribution in thermoelastic problems and the 
liquid pressure distribution in a saturated porous medium is worked out in detail and applied 
to the cases of plane strain and plane stress, the latter for thin plates only. 


1. INTRODUCTION 


LessEN (1956) recently pointed out that in thermoelasticity in general the 
mechanical interaction term in the temperature-distribution equation is neglected, 
though the existence of such an interaction was pointed out long ago by Duname. 
and later by Neumann. A detailed discussion of the complete temperature- 
distribution equation is given by Bior (1956a). His equation can be written as* 


(O/T) are 


\=2(@/T) =? 


p a Cy at 


(1) 


which equation is in structure identical with the equations derived by Lessen. 
One purpose of this note is to discuss the analogous situation in the theory of 
elasticity of liquid saturated porous media. 

That there is an analogy between both types of problems was e.g. demonstrated 
by Lupinsky (1954) and afterwards by Bior (1956a). Lubinsky in his theory of 
elasticity for porous bodies * displaying a strong pore structure’ neglects the 
influence of the compressibility of the pore volume on the pressure distribution in 
the pores. Consequently the dilatation e of the bulk volume of the porous medium 
does not occur in the differential equation for the pore pressure distribution. This 
equation turns out to be a Fourier-type equation if the fluid in the pores is a 
compressible liquid. 

In this way an analogy was found with the common theory of thermoelasticity, 
in which the temperature-distribution is independent of the solid dilatation. 

However, Bior (1941) showed that the pore compressibility introduces an 
interaction term in the pore pressure-distribution equation in the same way as 
the dilatation of the solid introduces an interaction term in the temperature- 
distribution equation. The analogy was pointed out much later (Bior 1956a). 


*See list of symbols at end. 
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The equation for the complete pore pressure-distribution can according to 
Bror (1941) be written as 
i 1d 
Vp=-F+ (2) 
1 Q o 
The constants Q and « are not simple measurable physical quantities as in the 
corresponding temperature-distribution equation (1). Later developments of 
(2) did not provide any improvement in this respect. The second purpose of this 
note therefore is to express these constants in measurable terms and to consider 
the results. This can be achieved by using the theory of pore and rock bulk volume 


variations for porous rocks, as developed by the writer (1956). 


2. INTERPRETATION OF DEFORMATION CONSTANTS 


If a porous medium is built up of an isotropic, homogeneous and continuous 
matrix material and the bulk has the same properties on a macroscopic scale, 
it was found that in the absence of a pore liquid 


gals B) (3) 


a = (1 — £). (4) 


For a compressible liquid in the pores « has the same value but now 


and 


- 
Q 


Thus (2) can be expressed in the following way : 


=¢,(1—f— 8B) +4. 


“yp =[e,(1—f—B) +f] 2 + (1 — py ™. (2a)* 
n dt ot 
A comparison of (1) and (2a) reveals that the heat conductivity A/pT' replaces 
the liquid mobility £/» in the pores, the specific heat ¢ /T’ replaces the compressibility 
c,(1 —f — 8) + ef, while the ratio of thermal expansion and compressibility 
a/c, replaces the compressibility ratio (1 — 8). 


3. APPLICATIONS 


From a practical point of view the occurrence of the interaction term complicates 
the mathematical treatment considerably. However, in a number of cases the basic 
equations (1) or (2) still reduce to a Fourier type equation. An example of such 
a case is the thermal shock problem described by Lessen (1956). Two other 


*The second equation relating p and ¢ is 


1 v 
26 i(- -) eo 8) V2 p=0 
9 


and the corresponding equation in the thermal stress problem is 


V2e | ‘)avte=0 
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specific examples will be given here, namely the radially symmetric case in plane 
stress and in plane strain. The latter is an example of zero rotation, for which 
Brot (1956) showed in a general way that it leads to a Fourier type equation. The 
first case is a well-known problem of a different type and its occurrence shows that 
there are more of such special cases than are comprised in Biot’s group of problems. 
The equation of equilibrium for both cases mentioned is 
do 


rt + (0, — %) =0. (5) 


The stress-strain relations for a porous solid are 


o, = 2Ge,—(1~ f)p + (~~ 46)e 


a, = 2 Ge, — (1 - pp +(2 —46)¢ 


Cy 


o, = 2.Ge, —(1— B)p + (~ — 3G) e 


a 
with «, = du/dr and e, = u/r. Substitution of the relations (6) and (5) leads to 


d d 1 ) 
262 («, +«)—(1——) B+ (- — 36) % =o. (7) 


or Cp or 


For plane strain «, = 0 and thus e = e, + «,. Accordingly, we obtain 


or, with 


38(1—-v)1 
(l v) —e — (1 — 8) p = constant, 
(1 - v) Ch 
which relation in general (viz. for 7 - «©. e = 0 and 8 = const.) holds for any 
time t. By virtue of this fact (2a) reduces to a Fourier-type equation : 
-_ e(/l+pv\])d 
vp=|,a-s-At+etsqa—ar(it*)/% 
U) 1 om Fi dt 
The constant 


ce (1—f— P+ of + $e(1 — BP 


1 + *) 

= 

replaces the ratio f?/K in (7a) of Bior (1956b), this ratio now being given in terms 

of easily measurable quantities. 

From the foregoing it will further be clear that the corresponding equation for 

the thermoelastic problem is 
‘v2 le +3263 =) ae (9) 
p Cy \1 v dot 

In the case of plane stress o, = 0,* and consequently 


*The case of thin plates is considered here. 
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ag 2: — (, — gy °P_ (1 _ a) ~. 
or » dr 


If the latter is substituted in (7), after this has been brought into the form 


2G _ ag % _ (1 — py + (2 ga) ¥ <0, 
or or 'b 


d C yr 


we obtain 


1 l 
+ ( 5) -@ — (1 — 8) p = constant, 
\l +) &% 


which again holds for any time. 
Equation (2a) now reduces to a Fourier-type equation with a different constant : 


. V? p = [c, (1 —f — 8) + of +36,(1 — py (1 4 r) (10) 


The corresponding thermoelastic equation accordingly becomes 


Av @ : Ly ; 
p , M 


List oF SYMBOLS 


coefficient of thermal expansion (cubical) 
Cr/Cy 
liquid compressibility 
specific heat 
rock bulk compressibility 
rock matrix compressibility 
= dilatation 
viscosity 
strain in radial, tangential and axial directions 
porosity 
shear modulus 
permeability 
heat conductivity 
pore pressure 
radial distance 
density 
stress in radial, tangential and axial directions 
time 
reference absolute temperature for the state of zero stress and strain 
temperature variation 
elongation 
Poisson’s ratio 
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SUMMARY 


Upper and lower approximations are obtained to the interaction curve of the bending and twisting 
couples at yield for the combined bending and twisting of cylinders of ideally plastic-rigid material. 
Rectangular, I and box sections are dealt with in detail. For the box section a comparison is made 
with the ‘ thin’ tube theory of Hii. and Sreser (1951). 


1. INTRODUCTION 


THE methods of plastic limit analysis are applied to the problem of the combined 
bending and twisting of cylinders of various cross-sections. It is assumed that the 
material is ideally plastic-rigid and non-hardening. The method used is ultimately 
based on a continued inequality due to Hit. (1950a, p. 67; 1950b) but for the 
most part follows that of Hitt and Srepe. (1953). Approximations from 
above and below to the relation between the twisting and bending couples at yield 
are found. The method cited above has been extended to obtain good approxima- 
tions by introducing a warping function into the assumed velocity mode which, 
in the case of the I section, has a discontinuity. 


2. MeEernop 


For simplicity the discussion is restricted to the case of bending about a principal 
axis of the cross-section. Let Ox, Oy be principal axes of the cross-section, where 
Oy is the axis of bending, and let Oz be the axis of twist. Let 7, and B, be the 
fully plastic yield torques for pure torsion and pure bending respectively. -If 
T, B are the actual applied couples producing yield there will exist a certain 
relation, called an interaction relation, between 7', B and the dimensions of the 
cross-section. This relation, if known, could be plotted for any given dimensions as 
a T-Beurve. The aim of this paper is to sandwich this curve between one represent- 
ing an approximation from above and one representing an approximation from 
below. 


(a) Approximation from below 
Following H1iu and Srepe. (1953), consider an assumed distribution of shearing 


stress 7 (a, y) such that the shearing stress at every point of the cross-section is in 
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the same direction as the shearing stress k in pure torsion but is a constant fraction 
of k, say nk (n < 1). Then the torque 7, derived from this distribution is 


T, =n T,. 
A distribution of normal stress o = p4/3k, 7 << 0; o = — py/3k, x > 0, where 


Lr 1, is combined with the shear stress 7 (a, y). Then the bending moment 
B, obtained from this distribution is 


B, p B,. 


Since the yield criterion o* + 377 < 3k? must not be violated at any point, the best 
approximation is obtained when 


n? = 1, 


T,\* B,\? 
(Fel (igh 5 
To By 
This is the approximation from below and, with the appropriate By, 7',, is used 
‘or all the cross-sections considered in this paper. 


that is, when 


(b) Approximation from above 


An assumed velocity distribution representing a combination of bending and 
twisting at rates 4, @ per unit length respectively, with associated warping but 


no volume change, is 
} (a? — y? + 227) 4 — y2d 
v = tayb + 220 (2) 
Ww — rab + (a, y) 0 


The maximum shear-strain rate y is derived from these velocities and is substituted 
in Hit1’s inequality (1950a, p. 67 ; 1950b) whence 


Bi + Td <2 | yd A 
~ A 


=k | [27 J? + 69 (4, + 2 + 67(¢,—yP}'dd=W, say (3) 
«A 


where A is the cross-sectional area. For a given ratio B/T' the best approximation 
to the magnitudes of B, T is given by (Hitt and Steser 1953) 
Ww 


ow 


R - 


we , 


provided that the assumed y;, @ are chosen so that 
BT, = B/T. 
It then follows that 


BAx* dx dy 


B, =k | let Ya (¢, a? 4 (d, : y)?}3 
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P+ (be — y)?} de dy (5) 
ee j (4, + a + (¢, — y)}* ) 
where 4/9 = A. 

The simplest upper approximation is that in which the warping function is 
taken to be zero (HILL and Sieper 1953, SrreELE 1955). However, this assumption 
does not give a reasonable upper approximation for the cross-sections considered 
here except for the square or nearly square cross-section, the former being dealt 
with in STEELE’s paper. It is therefore necessary to consider a non-zero warping 
function of sufficient simplicity to allow the evaluation of the integrals (4) and 
(5) without too much complication. 


3. RECTANGULAR SECTION 
(a) Approximation from below 


For the rectangular cross-section with sides having the equations x = + a, 
y = +b, T, is given by 
T,/k 4a" b — 4a*/3, a <b, 


0 


4ab? — 4b* /3, a> b. 


The stress-state at yield for pure bending consists of stresses + 4/3k on opposite 
sides of the plane « = 0, and B, is given by 


B. = 2/3k a b. 


0 


The curve representing the approximation from below given by equation (1) is, 
of course, a quadrant of a circle of unit radius if B,/B,, T/T, are taken as the 
co-ordinates. 


(b) Approximation from above 

The warping function is taken to be ¢ (a, y) = Cry; the integrals (4) and (5) 
may now be evaluated analytically. Moreover such a function is the predominant 
term in the elastic warping function for many cross-sections. With this warping 
function the equations (4) and (5) lead to 


A ee . By} ;, 2u in |B + (Ap? + B)) 


yA Bi | pAd 


A} 
n . 


1/3 


T» 


T _p {ae : oh - 3)?) 


B(A + 82°) In (uA + (Ap? + B)}| 


pA 2 | Bi | 


with D P 
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] 
and D =- ae <1, (8) 


where a/b = p, A (C + 1) + 347 and B = (C 1)*. Positive values for the 
square roots are to be understood. 

For a/b < }, C is taken to be unity. It is interesting to note that the coefficient 
of zy in the warping function for the elastic torsion of a beam for which a/b = } 
is 449 450. This latter value does, in fact, give a very slightly better upper approxi- 
mation but the added complication in the numerical work makes it hardly worth- 
while. When C 1, equations (6) and (8) take the simpler form 


\ BA 
(BA? + 4)! 
6 
p) (BA? + 4)3 


and in this case 
(Fe) 0 a/3b)? 4 (=) 


This equation represents the quadrant of an ellipse, centred at the origin of T, /T;,, 
B,B,, which tends to coincidence with the lower approximation given by (1) as 
ab tends to zero. The maximum divergence occurs for pure torsion and is less than 
74 per cent ab < }. For a/b > 5 a good upper approximation is obtained from 


Cc 1* ; the formulae then become 


j2+ (4-4 3A? p?)}| 
- In 
B, 


BA? | V3 Au } 


‘ in (V3 Aw + (4 + 8A? p?)}) 
34/3 py? | 2 iy 


B A (4 + 3 p?)} 
\ 3 


(4 + 3)? y*)! BA? i? In \2 (4 + 3A? p*)4) 
2 V3 Au | 


In (10) 


8 {1/3 Au + (4 + 3A? p*)!) 
V3 Au | 2 | 


For the range 4} < a/b <5 C is taken as (1 — p*)/(1 + ,*),* 
2 


i.e. d (x, y) ty; 


2 
4 
this is the elastic warping function for the inscribed ellipse. 

For a/b less than about 3 the maximum divergence occurs for pure torsion, being 
greatest for the squaret, in which case the upper approximation is 15 per cent 
above the lower approximation (Stre.e 1955). For a/b greater than 3 the maximum 
divergence does not occur for pure torsion but for some B/T near unity, the actual 
value depending on ab. The lower approximation (for all a/b) and the upper 

*A slightly better approximation can, once again, be obtained by using the actual coefficient of ry in the elastic 
warping function 

‘Por the square, the coefficient of ry in the elastic warping function is zero. No doubt the upper approximation 


would be improved by taking ¢ Ur, y) as the first non-zero term in this function. This, however, would mean that the 
integrals could not be evaluated analytically 
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approximations for various a/b are shown in Figs. 1 and 2. Given any ratio of 
B to T at yield the upper and lower bounds to B and T may be taken from the 
appropriate curves. 


I SECTION 
(a) Approximation from below 
For the I section depicted in Fig. 3 the yield couple in pure bending is 
B, = 2V3k [b (a? — d*) 4 ed*}. 
The yield torque for pure torsion may be shown to be 
. a—d 5c® 


t 
In ' t ’ (a — d + de — 
3 c Is 2 


c (a 


T, = 4k 
where it is assumed that a — d > e, which is generally the case for I sections. 


(b) Approwimation from above 


It is stated in Section 3 that, for thin rectangles longer in the y direction, the 
warping function zy gives an excellent approximation. Likewise for a thin rectangle 
longer in the a direction, vy is a suitable warping function. In I sections used in 
practice ABCD, EFGH (Fig. 3) can certainly be termed ‘thin.’ It would seem 
therefore that the warping function should be chosen as ry for EFGH and as 
‘a h(a + d)' y for ABCD. However, this does not give a good upper approxi- 
mation. The integral (5) is minimized only if at the same time x in the v displace- 
ment for ABCD is also replaced by }(a — d) giving rise to a discontinuity 
in v which is inadmissible. A discontinuity in w, however, is admissible provided 
the necessary term is added to equation (3). If the warping function is taken 
to be (2 — h) y in ABCD it is easy to show that the integral (5) is minimized when 
h =a-+d, The assumed velocities in ABCD are u and v as given in equations 


(2), and 
W, azj + |e —(a + d)| yO; 
and for EFGH, u and v as in equations (2), and 
We ry — x20. 


The addition to W caused by the discontinuities in w across EH, FG is 


2k | — d) c* 6. 


3Aa* dx dy 
8A? x? 4y?}3 


B 


u 
c 


fee 3Aa? da dy 


2k _ eg. 
J ad (8A? x? + (22 — a — dp} 
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[8 a? + 4y?}) 
(22 — a — d)* dx dy 
»| BA? a? + (2a 
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These integrals may be evaluated analytically to give 
‘ 4+ 2 72\3 9 4 3)\2 Pr 4 
B,  2t( BP on (2 4 + BO 
ke BA | \/3 Mt 
8 in (V3 At + (4 + 3A? £?)8| 6sA |. 
BBA? | 2 } BA? +4 
6sA 6(r 
BA? + 4 3)? 
_ 68A (8 — BA*) (r + bP ; 2 + 2(r — t) + (BA 4. 4)§ (BA? r? + (r — t)?]A) 
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\aa2t — 2(r — t) + (82 + 4/8 (BA? + (r — H2}H 


where r = a/c, s = b/c, t = d/e. 


x In 2(r — ?t). 
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The upper approximations have been calculated for 3 I beams (BSB 104, 128, 140) 
taken from the Safe Load Tables (Supplement to the Dorman Long Handbook for 
Constructional Engineers). These beams have very different dimensions but their 
upper approximations are very close together; in fact, for BSB 128 and 140 
they are indistinguishable on the scale of Fig. 3. The maximum divergence from 
the lower approximation occurs at about B/ 7 = 1 and amounts to about 9 per cent. 

All I sections given in the Safe Load Tables have dimensions satisfying the 
inequalities 


1<a/b < 3-2, b/c > 10, a/c > 12, 


with a flange web ratio between 1-15 and 2-1. After consideration of the effect 
variations in the dimensions have upon the upper approximations, it appears 
likely that all I sections in the Tables would have upper approximations below 
that of the beam with dimensions 


a/e = 12, d/c = 8. 


The upper approximation for a section having these extreme proportions is also 
shown in Fig. 3. 


5. Box-Beam 
The box-beam is assumed to be of uniform* thickness 2c with external dimensions 
2a, 2b in the a, y directions respectively. The y-axis is the axis of bending, as 
before. 
The pure couple B, for this section is given by 
2 j. ‘ 2 
B, = 44/3 ke |(a — 2c)? + 2b (a — e)} 


and the pure torsion couple 7’, by 


f= ; ke? [8a + 8b — 8c] + 16 ke (a — 2c) (b — 2¢). 


The velocities are taken to be those of equations (2) with ¢ (a, y) again expressed 
as Cay where C = (b? — a*)/(b? + a*). The integrals for B,, 7, are similar to 
those already obtained for the solid rectangular section and they may be written 
in the form 

B,/k = 8A (I, — 1.) 


and T/k=(C 4 1) UU, 1.) + (C- 1)? [U5 ou, I.) 
4a® ) (bBi + | Aa* + Bb*}}) 


"3B | aAb | 
2Bb* | (aAdt + [Aa + Bb*}}| 
BAZ | bBe | 
3 $i 3 213 
BU?}} +. 4b In aA [ Aa? + Bb }y 
384i | bBi | 
2da* (bBi +. | Aa® + Bb?)}) 
3B 2 | ae | 


assumption is not necessary but leads to a simpler expression for Ty and one variable the less in results for 


5) 
where oat (Aa? Bb? | 


On the combined bending and twisting of beams of various sections 25 
I,, I, are obtained from J,, 1, respectively by replacing a by (a — 2c) and b by 
(6 — 2c), A =(C + 1)? + 3° and B = (C — 1). The upper approximation for 
all dimensions are shown in Fig. 4. 


O02 03 04 O05 O06 0'7 08 OD 10 


8, 
Fig. 4. 


For a box-beam with square cross-section a = b, C = 0 and 


2 E + 8A*)# + 2 In (1 + (2 + 8%)4) 


B, ysl 14+ 3a2 | (1+ aa) | 
1 
(1 + Bd?) 
‘ 2 )2\3/2 
; Ee i + (1 — 8A?) In 
+ 


gj Im {(1 + 8A)! + (2 + any}, 


jl + (2 + 8A?)4) 
| (1+ aa%) | 
1 + 6)? ; 
whe. titties j } 2)3 1 (mo 4 @y2\hd 
(i + ap In {(1 + 3A°*) (2 + 3A°*) } 
These expressions are independent of the dimensions and therefore the upper 


approximation is the same for all thicknesses and hence identical with that for the 
solid square section. 


6. Comparison Witu Tun Tuspe THeory 


Hi.t and SreBer (1951) have solved the problem of the combined bending and 
twisting of thin tubes of elastic-plastic material. In their paper the interaction 
curve for a thin tube of plastic-rigid material is deduced. It is interesting to 
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compare this curve with the approximations obtained here. Hri_. and SreBe’s 
equation written in a more convenient form for this purpose is 


b* 3ab i. 


(pe | " a® — 4ac + 2ab — 2be +. Bc*| , r) ~ @ 


It is found that for a square section the H1Li-Srepe curve is, for the most part, 
above the upper approximation when c/a > 1,15, and below it when c/a < 1/15. 
Since the exact solution is necessarily below the upper approximation obtained in 
Section 5 it would appear that the description * thin’ in this connexion is justified 
for c/a less than about 1,15. The maximum divergence occurs for pure torsion 
and the Hiti—Siesen curve is at least 10 per cent above the exact solution for 
c/a = 1/10 and at least 15 per cent for c/a = }. For small ratios 7'/B all the 
curves are sufficiently close to the lower approximation for the divergence to be 
disregarded. 


-~ 


7. CONCLUSION 
The method is directly applicable to any section, having an axis of symmetry, 
which can be built up from rectangular sections, in particular 7 and channel 


sections. Good upper approximations would be obtained provided that suitable 
warping functions were assumed on the lines indicated in this paper. 
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SUMMARY 


A prosLem of creep stability of columns and plates is considered. In an analysis use is made 
of two forms of the creep theory based on the strain hardening hypothesis. For a uniformly com- 
pressed plate a comparison is made between the results according to the flow theory and strain 
theory. 


INTRODUCTION 


Recent Ly the problem of creep stability of columns and thin-walled structural 
parts has drawn the attention of many investigators. However, in all the publica- 
tions of which we are aware (Horr 1954, 1956, RozenpLtyum 1954) the subject 
of the analysis is the buckling of columns which are slightly curved in their natural 
state rather than the problem of stability in a direct sense. Most of these papers 
are based on the creep equations in which time is introduced explicitly. Such a 
description of the process cannot be recognized as accurate in principle; the 
application of this procedure is justified only by the simplicity of the calculations 
and by the possibility of a good approximation to creep curves used in the analysis. 

In investigating the stability of columns and plates we shall proceed from a 
creep theory based on the strain hardening hypothesis (Rasnornov 1956). In 
this case the treatment of the stability problem in a direct sense is proved possible. 
If at a certain moment a deviation from straightness or plane form is given to the 
compressed column or plate under creep, the deflection will increase or decrease 
during a subsequent short interval of time. According to whether the deflection 
increases or decreases, the initial state is considered unstable or stable. 

A quasi-static treatment of stability of motion under creep gives rise to certain 
difficulties, and therefore only in the case of a column is a dynamic treatment of 
the problem accepted. The result of this analysis makes possible a simplified 
method to be used further for plates. 


1. SvraBitiry OF A COMPRESSED COLUMN 


According to the strain hardening theory, which will be accepted as a basic 


physical hypothesis, creep is described by an equation containing stress, plastic 
strain and plastic strain rate : 


PD (co, p, p) = 0, where . (1.1) 
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It is assumed that equation (1.1) has been integrated for the axial compression 
in question when oa is constant over the section and either the compressive load 
or strain is given as a function of time. It will also be assumed that the compressed 
column bends, deflection being sufficiently small. Stress, total strain, and plastic 
strain will receive small increments 40, 5¢ and dp. For these increments one 
obtains from (1.1) 

Ado + pdp + vip = 0. (1.2) 
Here 


Equation (1.2) can be written in the form 
(EA pt) de vié + E (wde + vid) = 0. 
The sections remaining plane, a relationship is obtained : 
O€ = Kz. 


Therefore, from (1.3), the connexion between the bending moment m and curvature 


«x follows : 
(EA pe) m vm + EJ (uw + vk) 0. (1.4) 


It is assumed that a deviation from straightness, or an impulse, is given to a column. 
The equation of vibrations under condition (1.4) is 


>* 2 > 
pif L yF | 


we t? 


‘ 


. d 
-(ea— 0) +03) 


2 


ry yy 
EJ | 
AY is # AY ed 


We can satisfy this equation for a simply supported column having length a by 


assuming 


. wa 
7 (t) sin —. 
a 


The following equation for 7 (t) is obtained : 

s— EA , 

f - tT + . -P)- 
=? 
yFv 

Here P, is the Euler critical load. As the coefficients of + and 7 are positive, 
the function will be decreasing if the following condition is satisfied : 
EAP 
P,— P 


| EAP + w(P, — P)- vP|r 0. (1.6) 


The rate of load application being small, the last term in the above relationship 
can be omitted, so that 
P 1 


P,” (BA/u)’ (1.8) 
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2. A SimMpuiriep StrapiLtiry CRITERION 


An analysis of equation (1.5) in a general case is diflicult. However, to know 
whether the column is stable or unstable, use can be made of the fact that if 
relationship (1.7) becomes an equality a characteristic equation, corresponding to 
(1.6), has a zero root. It is worth noting that (1.6) is actually an equation with 
variable coeflicients but as the initial definition of stability relates to a sufficiently 


small interval of time this interval can always be chosen so small that the change 
of coefficients in (1.6) can be neglected. Now, in order to find the boundary of the 
range of stability, we search for conditions under which equation (1.5) has a time- 
independent solution y = u(x). It is easy to see that such a solution exists if 
condition (1.7) is satisfied. Wishing to remain within the quasi-static treatment of 
the problem, we could obtain the equation of equilibrium of an axially compressed 
column on the basis of relationship (1.4). Assuming y = u(x) 7(t), one obtains 
Edu” (EA — yp) Pr —wPr p 
. ... »£prtor 4 
Hence the ratio 7,7 can be determined, the sign of this ratio indicating whether 
the deflection increases or decreases with time. It is evident that stability criterion 
(1.7) follows from this. 
Consider special forms of the creep law. 


(a) P=, —s : (2.1) 
Equation (1.8) is reduced to 


(2.2) 


Fig. 1. 


Equation (2.2) admits a simple graphic interpretation (Fig. 1). In the plane 
o« — € the point A corresponds to elastic instability, the straight line (2.2) passes 
through this point and intersects the €-axis at the point «/n. The elastic strain €, 
corresponding to the stress a, is represented by the intercept ab. When the creep 
strain is equal to be, a loss of stability occurs. 
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(b) o= p p* k exp (a A). 
In this case the critical value of the plastic strain is 
A > 
7 (< 1}. 
iD ao 


3%. STABILITY OF PLATES 
When treating two-dimensional problems we have first to fix a certain initial 
system of creep equations. The extension of the strain hardening hypothesis to 
the case of a three-dimensional stress state can be realized by various procedures. 
Consider the following variations of the theory. 


(i) Flow (or Incremental) Type Equations 


Pij ; £ (pj; g;) o,;*. (3.1) 


Here o,* is the stress deviator and py the plastic strain tensor. It will be assumed 
that the material is incompressible, and then 


1 
) € a,.* 
y y 2G 


The invariants o, and p, are defined as 


t 


(5 Pi Pj)” dr, 
0 


Strain (or Total) Type Equations 


Be 

: Gi; 
7) 
=O; 


The invariants o; and p, satisfy the following differential relationship 
® (c,, Pi p,) 0. 
Here the invariant p, is defined as 


Pi 


To derive stability equations according to either of these theories it will be 
assumed that the basic stress state does not change with time. It will also be 
assumed that Kircnnorr—Love hypothesis holds, namely 

? w 2 on )? Ww 


Se), — § > d€55 - —- 3—— 


3.3 
\ = da dy (3.8) 


Here w is the deflection of the neutral surface. The additional strain of the neutral 
surface at the stability limit equals zero. 
The moments of internal forces are expressed as 
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h ch 
G, [ (250,,* + 50,.*) zdz, n= | (250,,* 2 50,,*) zdz, 
oJ ~h -h 


*h 
H = | Boy, 2de. 
J -h 


Introduce the following symbols : 


The equilibrium equation of a buckling plate can be written with the aid of this 


operator in the form 


+ 2ho, P (w) = 0. (3.5) 


4. Stasimuiry or Piares Accorpinc tro THE FLow THEory 
From (3.1) and the definition of the invariant p,, it follows that 
?; = £o;. 
Giving small increments to p; and o, and integrating the resulting equation, we 
obtain 
rt 


8p, = | g(b + 1) e%” 80, dr = gL do,. (4.1) 


~ O 


8 


a= GO; - 
Pi g 


Having equation (3.1) rewritten for increments, and taking into account (4-1) 


and o,, = 0, we have 
232 1 d S * -_ | > » 
de, = (¢ 4 ; <) b0,;* + a,* g(a + b) do,. (4.2) 


In order to eliminate 50; one can multiply (4.2) by «,;* and sum, Then 
a;* dé, = Mdo;. 
Here M is the operator 
M =g(b+1)4 
Introduce one more operator 


- 1) 
~ Ev Ee 


Then de; can be eliminated between equations (4.2) and (4.3) : 


d0,* = 3 N™ (5€;) — a,;* g(aL + b)(NMy' (x,;* 5é;,). 


ij 
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Substitution of (4.4) into equations (3.4) yields 


G 


3 2h3 | . P >? ) 


; +42) 4 a, g(a +6)(MNy'P!w (4.5) 
s | ~ AX y~ 


Substitution of (4.5) into the equation of equilibrium (3.5) gives the following 
integro-differential equation of stability : 


Og. 

M (AAw) — 3.g(b + aL) PPw ish}? MNPw = 0. (4.6) 
2h) 

Through differentiation the operator h can be eliminated and the following 
differential equation of stability results : ’ 


d 
a PPw 
ot 


") | AAw — 3 gk ( 


a\o 


L Kibg + 2¢e L K* olbe + go 
E (2h)? E (2 “  E! 6 (0s . 


5. Svrapiuiry or Piares Accorpinc Tro THE STRAIN THEORY 


The relationship between the invariants ¢; and a; has the same form as relation- 
ship (1.1) for a one-dimensional case. Consequently, 5; and 50; are connected 
by equation (1.3) or an equivalent relationship : 


da; A dbe.. (5.1) 


! 
Here A designates a certain integral operator. Having (3.2) rewritten for incre- 
ments d¢;, and d0,,* in the case of a plane stress state, and using (5.1), we have 


y 


Gil . , 
* * 2 
do His (4 - ') Be, , j O€;;- 
€j 


Substitution of these expressions in (3.4) yields 


” 
. 2h° 1,9,/% 
G, . ; » 

3 | €; or 


The equation of stability is obtained as 


C; os 0; a £9; 
(4 A) PPs “| Maw + ie 


i 
6. Untrormiy Compressep PLATE 


We will investigate here this simplest problem, having in mind comparison of 
analyses according to both theories. The power creep law of equation (2.1) is 
assumed. It is also assumed that 


>= —A., 
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For an elastic plate the equation for deflection u(x, y) follows both from (4.7) 
and from (5.2) : 


AAu + 89 = Au = 0, (6.1) 
E (2h)* 
For q = 4q, a solution different from zero exists which satisfies the boundary 
conditions, 
Flow theory. It is assumed that w = ur(t). From (4.7) an equation for 7 is 
obtained : 


(1-2) +2 |(m+e- ty - 2) -2! 2 bg] + 
4 | tag (1 . ta) — g? E(b 4+ |, =o. 


The signs of the coefficients of + and + are decisive for determining stability 
conditions. For a further analysis use will be made of a particular form of the 
creep law of equation (2.1). Then 
ao; £ 


Pi 


& = Ao" p;*, o=s- 


Introduction of non-dimensional quantities gives 


where 


The boundary of the stability range in the plane ¢ — € will be a broken line 


consisting of the straight line 


e=o+- o (6.2) 


intersecting the €-axis at the point (3) («/n), the bisector of the co-ordinate angle 
at the point «= oa = 3, and of the intercept on this bisector from the point (3, 3) 
to the point (1, 1). 
Strain theory. Separating the variables in equation (5.2) in a similar way one 
obtains 
Ko, 


Ko; 
qd 
same differential equation as (1.3) in which they substitute for 5« and dc, respec- 
tively. Consequently, a differential equation of the first order is obtained for r. 
The derivative + becomes equal to zero under the condition 


This relationship indicates that + and (4 


Co. 
— 5 <i) 7 are connected by the 
€j 
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iat % 1+38an s 
a € (1 - )e o 0. 
n 1 


The ranges of stability according to equations (6.2) and (6.3) in the case of 


an ! are shown in Fig. 2, where the straight line (2.2) pertaining to the com- 


pressed column is also drawn. 
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SUMMARY 


Tuts paper describes a theory for the prediction of roll-separating forces in cold rolling of strips. 
The theory is based on the concept that the process of plastic deformation in rolling may be 
approximated by that of plane-strain compression between parallel plates. Computed results based 
on this theory agree well with published experimental data on cold rolling of copper strips. A 
method for determining the coeflicient of friction and the flow stress of materials for use in this 
theory is included, Also included is an analysis of the limiting conditions in cold rolling. 


1. INTRODUCTION 


Durtnc recent years the forming of extended thin sections by rolling and 
forging has assumed great practical importance. The major problem encountered 
in the rolling and forging of such thin sections is the rapid increase in the pressure 
required for the operation due to the build-up of the frictional surface forces, if 
the ratio of section thickness to contact length between the tool and the work 
decreases to small values. A limit is eventually reached where further increase 
in pressure exerted by the tool merely increases the elastic deformation of the 


equipment without achieving further reduction in the thickness of the section. 


This problem has been theoretically analysed for the process of cold-rolling 
thin strip, where it has been found that the most important contributing factor is 
the flattening of the rolls which occurs when the roll-separating force assumes high 
values (SKF 1930, Hircucock 1935, BLAND 1950). Several attempts have been 
made to determine the combinations of the rolling variables which lead to excessive 
flattening of the rolls and, therefore, to a limit in strip thickness that may be cold 
rolled to a given reduction (KELLER 1937, Srone 1953, Hi_i and LoNGMAN 1952). 
This paper presents an additional contribution to this problem by correlating and 
evaluating some of the findings reported in these papers, and by devising methods 
for computing the roll-separating force and the minimum thickness in cold rolling. 

Computation of the roll-separating force may be based on the original theory 
of von Karman (1925) of rolling in conjunction with Hrrencock’s (1935) formula 
for roll distortion. The basic assumption of Karman’s theory is that the metal 
is uniformly compressed in passing between the rolls. Although this theory was 
found to be adequate, the computation involved is a tedious affair (QRowAN 
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1943, Hit. 1950). Subsequent approximations made by Napat (1939) and by 
Bianp and Forp (1948) simplify the computation somewhat. 

Recently, in studying the conditions which limit the use of a given mill to the 
rolling of thicknesses above a certain value, Ke_uer, Stone, and Hin. and 
LONGMAN proposed that the calculation of roll-separating force may be based on 
simple concept of plane-strain compression of a strip between parallel dies 
(Sreset 1923). Keiier, and later Sronr, considered only the case of vanishingly 
small (zero) reductions where the concept of plane-strain compression is immediately 
applicable. Hitt and Loncman extended the analysis to the case of finite reduc- 
tions by taking the average thickness of the metal between the tool gap as the 
equivalent strip thickness. In view of the simplification in the analysis resulting 
from this concept, and in view of the ever present uncertainties in the values of 
such physical constants as the coeflicient of friction and the flow stress of material 
which have to be assumed in any analysis of the problem, it is felt that the approxi- 
mation proposed by Hint. and Longman may be used, without undue loss in 
accuracy, to compute the roll-separating force associated with rolling conditions 
other than that of the minimum thickness. From theoretical considerations it is 
estimated (Hitt and LoncmMan 1952) that this approximation gives the roll separat- 
ing force to be within 5 per cent of von KarMan’s original theory at reductions 
up to 50 per cent. At greater reductions the increase in error is somewhat offset 
by the effect of sticking friction, the existence of which is generally neglected. 
The adequacy of this approximation, however, has not been verified experimentally 
to date for lack of sufficiently extensive test data. 

Recently, Cook and Parker (1953) published measurements of roll-separating 
force for rolling copper under a wide range of rolling conditions. From these 
measurements which are illustrated in Fig. 1, they proposed a semi-empirical 
method of computation which does not utilize the consideration of roll flattening. 
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Fig. 1. Roll-separating force in rolling annealed copper strips on 8} 10 in. mill (Cook and 
Parker 1953). Strip width Sin. Strip thickness as indicated for each curve. 


Since the analysis of Hit. and LonGMan is more direct and easier to apply, an 
attempt is hereby made to ascertain if the results of this analysis agree with the 
test data. In order to do so a computation procedure was devised to carry out the 
analysis numerically. A more convenient method than that used by these authors 
for obtaining the values of the limiting thicknesses in cold rolling is also included. 
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2. Hitt—Loncman Tueory or Rout-Seraratinc Force 


In plane-strain compression of a strip between two parallel dies, SreBev’s formula 
gives the force required as follows : 


P “ fexp (fL/h) — 1} 


compressive force per unit width of strip 
instantaneous thickness of the strip 
coeflicient of Coulomb friction 

flow stress of the material in plane strain 
contact length between strip and dies. 


This formula is obtained by integrating the pressure distribution shown in Fig. 2. 
To adapt this formula to the determination of roll-separating force, these quantities 
have to be reinterpreted to represent the appropriate variables in strip rolling as 
follows (see Fig. 3) : 

roll-separating force per unit strip width 

H (1 — r/2) = mean strip thickness 

thickness of the strip at entry 

reduction 

average flow stress of the material under rolling conditions 

average coeflicient of friction under rolling conditions 

contact length between strip and the rolls which are deformed by 

the roll-separating force 

- radius of the undeformed roll 
L/R = roll contact angle. 


Centre of curvature 
of deformed roll 
Surface 


p=ke exp. f(l- 2x)/h 
| Original 
contour 
/2 


we 
a 


deformation according to 


Fig. 2. ‘Normal pressure distribution p in 
Hrrencock. 


compression of strip with Coulomb friction. 


Formula (1) now reads 


| fL i - | 
\(l — r/2) HI 


P (i — r/2) H |exp 


The contact length L is also related to P through Hircncock’s formula 
gZ £ 


P = c(L?/R — rit) 
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where RB is the radius of the undeformed roll and ¢ is a rigidity constant of the roll 


given by 
wk 
16 (1 y*) 

with & and » being the Young’s modulus and Poisson’s ratio of the roll material 
respectively. This formula is derived by replacing the actual pressure distribution 
at the roll surface with an elliptical (Hertz) pressure distribution.* The result 
is that at the contact the roll surface simply deforms into a cylindrical surface 
having a larger radius of curvature than the original. 

Thus, for a given set of rolling conditions, ? can be computed by eliminating 
L from (2) and (3). Because of the transcendental nature of the equations, this 
climination process cannot be carried out explicitly. The following numerical 


procedure was therefore devised. 


3. CompuTaTION Procepurre ror Rouu-Seraratinc Force 
The equations (2) and (3) can be rewritten as 
P ; r) | {0 2R 
exp ( 
H =/ | ”) 
P 
He 
Kquating (4) and (5) yields 
) 2R rH 
: 1} 4 
r H | R 


: exp (* 


c2R ff 
This is a non-dimensional equation with the parameters 0, 2Rf H (2 — r), ke and 
rll, R. For a given set of rolling conditions the contact angle @ can be computed 
by an iteration procedure. First, the values of all other parameters are computed. 
A tentative value of @ somewhat higher than the value for \ (rl, R) is then put 
into the right side of (6). The resulting value of @, according to (6), if different 
from the initial assumed value, can be used as the assumed value for the next trial. 
This iteration process Was found to converge to the solution of (6). The following 


tabulated form is found to be convenient : 


Error 


The iteration process is completed when the error is negligible. With some practice 
the solution yielding the value of @ for a particular set of rolling conditions can be 
obtained after a few trials. A set of such solutions is presented in Fig. 4, illustrating 
the dependence of @ upon reduction, r, and roll-diameter ratio, 2R/H. 


*The exact error introduced by assuming different pressure distributions on the roll and on the strip is not known 


BLAND has shown, however, that HirreHcock’s approximation cannot be bettered by any useful or practical way 
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With the value of @ known the roll-separating force, P, can now be obtained 
either from (4) or from (5). The left sides of both equations are the ratio of roll- 
separating force to cross-sectional area of the strip, PH, which is a convenient 
quantity for evaluating rolling data. The set of P, H values, corresponding to the 
@ values in Fig. 4 is represented in Fig. 5. 
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Fig. 4. Variation of roll-strip contact with Fig. 5. Roll-separating force in cold-rolling strips 
strip thickness and reduction. of different thickness to different reductions. 
K = 25 ton/in*. f = 0-07. K = 25 ton/in®. f = 0-07. 
3250 ton/in® (steel rolls). , 3250 ton/in® (steel rolls). 


$. DerermMixation or FLow Stress & ann Friction Coerricrent f 


In (1) & and f are the flow stress of the material and the coetlicient of friction 
respectively, and they are assumed to be constant. In an actual rolling process, 
however, these quantities vary with the rolling conditions. An empirical approach 
therefore, requires that these constants be determined from actual measurements 
taken in the process. The ‘ constants’ so determined can be interpreted as the 
apparent strength factor and the apparent friction factor of the material which 
will make an elementary theory of rolling applicable. 

It is tentatively assumed that for a given mill, rolling a given material at a 
given speed, the values of k and f are determined by the reduction only. Thus 
these values can be experimentally determined from load (roll-separating force) 
measurements in rolling strips of different thicknesses by the same reduction. 
Let the two loads be (P? H), corresponding to (2R H),, and (P H), to (2R/H),. 
The corresponding @, and @, can be computed from (5). Substituting these values 
into (4) and eliminating & one obtains 


Tone and G. Sacis 
Pa fo a 
(p/m), Pla a> He ) i 
PH), fe, 2R 
\ x (a) 


(7) 


From (7) the value for f can be found and, with f known, & can be found from 
(4). 
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Fig. 6. Variation of roll-separating force with entering strip-thickness in cold-rolling of H.C, Copper 
(Data by Cook and Parker). Roll diameter = 8} in. Roll material = Steel. 
Rolling speed 70-80 ft ‘min. 


5. Awnartysis oF THE Data sy Cook and ParKeEer 


Table 1 gives the values of P H in tons (short) per square inch calculated 
directly from the measurements by Cook and Parker (Fig. 1). The measurements 
were taken in rolling high conductivity copper strip 3 in. in width of thicknesses 
ranging from 0-01 in. to 0-2in. The mill used was of the two-high type with 
(steel) rolls having 8}in. diam. The rolling speed was constant at about 
70-80 ft. min. and standard mineral rolling oil was used as lubricant. The graphical 
representation of the data originally given is shown in Fig. 1. A more lucid repre- 
sentation is obtained by plotting P vs. H for different reductions (Fig. 6). This graph 
clearly indicates that the roll-separating force for a given reduction and a given 
roll diameter first decreases slowly with decreasing thickness until a minimum is 
reached at a certain thickness ; with further decreasing thickness the force increases 
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sharply. The same data were replotted with the force per unit strip cross-section 
area, P/H, and roll-diameter ratio, 2R/H, as the variables (Fig. 7). The general 
shape of these curves evidently resembles those in Fig. 5. 


Tasie 1. Roll separation force per unit cross-section area of strip (P/11) 
P/H ton /in® 
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Fig. 7. Roll separating force per unit cross-section versus roll-diameter to strip-thickness in cold- 
rolling of H.C. copper to different reductions. (Data by Cook and PARKER). 


To check the validity of the Hiii~LoNGMAN analysis, the values of k and f 
were computed for different reduction ratios by the procedure outlined above. 
Two values of roll-separating force (italicized in Table 1), one of them for the 


42 K. Tone and G. Sacus 


thinnest strip, were used for this computation. The results are given in Table 2 
and Fig. 8. 

Based on the values of & and fin Table 2 the P/H vs. 2 RH curves were then 
calculated for reductions of 0-3, 0-4, 0-5 and 0-6. These curves are shown in Fig. 9, 
with the data by Cook and Parker plotted for comparison. It can be seen that the 
agreement between the analysis and experiment is very good. 
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Fig. 8. Variation of f and & in cold-rolling of copper to different reductions. 
S} in. steel roll Rolling speed : 70-80 ft min A Friction factor /. @ Strength factor k. 
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Fig. & Comparison of experimental results and calculated values of roll-separating force in 
cold-rolling of copper strips. 
@ Data by Cook and Parker (1953). Curves from calculated values. 
(See Fig. 8 for & and f used), 


The trends in the variation of the values of & and / with reduction apparent 
from Fig. 8 are as follows. There is the general trend for f to increase rapidly at 
first with reduction, then to maintain a relatively constant value, and to increase 
again to a certain value at high reduction. The sudden jump in the value of f 
between r = 0°55 and r = 0-6 is perhaps fictitious because there is a shift of the 
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reference measurements used in the computation (see the italicized items in 
Table 1). The value of & in the meantime shows a slight increase until a maximum 
value is reached. Thereafter, it decreases with increasing reduction perhaps 


Tasie 2. Values of f and k for different reductions 


k (ton /in®) 


75 
O-075 
O-ORBS 
o-oo 
woo 
Hoo 
125 


125 


because of the annealing effect due to the heat developed in rolling. The order of 
magnitude of the values of f given in Table 2 is in agreement with the measure- 
ment of Nekervis and Evans (1948) for rolling steel at about the same speed. 
The values of k in Table 2 are perhaps slightly lower than those generally accepted. 


6. Roiiuwwc or Tuck Srrips 


The calculations presented above show that the tentative assumptions that k 
and f can be considered constant for a given reduction r offers a simple method of 
predicting roll-separating force. The largest difference between the experiments 
and the theory occurs at the lowest 2R/H, amounting to 10-15 per cent. This 
difference quickly disappears as 2R H increases beyond 100, The reason for 
this initial disparity is twofold. In the first place, the assumption of uniform 
compression of the strip is less satisfactory when the thickness of the strip is large. 
The usual limiting value of 2R H for the validity of elementary rolling theories is 
of the order of 100-200 (Hit. and Loncman). In the second place, it is possible 
that f decreases with decreasing 2R H accompanied by a corresponding increase 
ink. Furthermore for small values of 2R/H the effect of f can be neglected. Thus, 
for the range of 2R/H < 200, the following alternative analysis can be used. 

In the range of small 2R H the deformation of the rolls becomes negligible, 
and the geometry of rolling demands 

0 = (rH /R) (8) 
with a small error, of the order of (L/R)?. For sutliciently small 2R H and / 
the exponent in (2) is much less than unity, or 

__ RL _ ka/(rR/H). (9) 
(2-r)H H 
Fig. 10 shows the plot of P/H vs. 4/(R/H) for different reductions in the range 


*The data did not cover wide enough range for accurate computation of /. The value is, however, found to be 


below 0°05. 
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of 2R/H less than 200. For moderate reductions the curves are essentially straight 
lines at the lower end. From the slopes of these lines the values for k can also be 
determined. They are found to be 15-25 per cent higher than those determined 
previously, and are probably closer to the true values of the flow stress of the 
material, although their use in fitting the data to the Hitt-Loneman analysis 
for thinner strips will entail a lowering of / values from those chosen previously by 
amounts varying with 2R H. From a practical point of view this is not convenient. 
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Fig. 10. Roll-separating force in cold-rolling thick copper strips. 
Roll diameter 2R — 8-25 in. Roll material : Steel. Strip material: H. C. Copper 
Data by Cook and Parker (1955) 


7. Rowunc or Tun Srrips CONDITIONS OF Minimum THICKNESS 


From Figs. 4 and 5 it is seen that if 2R H becomes large the values of @ and 
PH increase rapidly, until a certain point is reached at which the slope of the 
curves becomes vertical. Physically this means, as H decreases further, screwing 
down the rolls merely produces additional deformation of the rolls without achieving 
the desired reduction. Mathematically, this condition corresponds to the following 
relation : 

d = e 
do\n)~” (10) 


To obtain the limiting condition which produces the above relation, (6) is rewritten 


as 
2R 
H 


Differentiate with respect to @ and utilize (10) to obtain 


(@ — 2r ; exp ; , (11) 
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h 2 
0 =. exp (An / | a.) 


1) =o f - In (= 0,,)- (12) 


where the subscript m stands for the values at minimum thickness condition. 
Elimination of (2R/H),, between (12) and (4) yields 
2c k 2rfe 
4 In | . 14 | x... 1! (13) 
k lm 2c0!,, \(2 — r)k 
This is a transcendental equation in (2c@/k),,, the solution of which for various 


values of 2rfe,(2 — r)k is given graphically in Fig. 11. For a given set of rolling 
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Fig. 11. Roll-contact angle for minimum strip thickness @,, under various rolling conditions. 
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conditions, the L, R ratio corresponding to the minimum thickness condition can 
readily be found, and subsequent use of (12) and (5) gives (2R/H),, and (P H),.. 


O* : 
2 » 
r ) 


4-92 for 
and 

H = 1-56 {Rk /c. (14) 
Physically, this means that for a given pair of rolls there is an absolute minimum 
strip thickness given by (14) below which cold rolling is not possible even for very 
small reduction. 


*The trivial solution 2c Oyp_,/h 1 is not physical. It corresponds to f = 0 or 2B/H = 0. 
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The above analysis was first made by Hitt and Loneman. The method of 
solution given here, however, is much simplified. The special case for vanishingly 


small reduction was first treated by Keiier. 
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FATIGUE CRACK PROPAGATION IN TORSION* 


By J. A. H. Huw 


Department of Mechanical Engineering, Massachusetts Institute of Technology t 
(Received 27th June, VO57) 


SUMMARY 


Tue redistribution of stress and strain in front of a growing crack in a twisted bar is derived, assuming 
the material to be ideally plastic. The result is used in connexion with a simple fracture criterion 
to determine the initial rate of growth of a fatigue crack, Experiments with torsion members are 
reported, 


1. INrTropuction 


Tur. formation and rate of growth of a crack are concepts of central importance 
in the fatigue problem. Two difliculties arise when this problem is studied as one 
in continuum mechanics. First, the stress and strain distribution in the vicinity 
of the growing crack has to be known. Second, a quantitative fracture criterion 
is needed that permits application to the case of cyclic loading. 

Since a sharp crack acts as an infinite strain raiser, plastic flow occurs at the 


erack tip, and the crack all the time, penetrates into material that is plastically 
strained. Hence the methods of elasticity are insuflicient in this problem, even 


though the bar at large might be in an elastic state of stress. 

The erack growth is pictured as occurring in steps in the following fashion. 
First the bar is twisted reversedly, until the fracture criterion is satisfied. Then 
the crack grows a certain amount, while no further twisting is done. The bar is 
twisted again, until the fracture criterion is again satisfied, and so on, 


2 Srress AND Strain RepisrrersutTion Due to Growrn UNperR Constant 
AprLiep STRAIN 


The state of stress and strain around the tip of a longitudinal crack in a twisted 


*This research was supported by the United States Air Force through the Air Force Office of Scientific Research 
of the Air Research and Development Command under contract No. AF 18 (600)-—-957 
+Now at Royal Institute of Technology, Stockholm. 
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bar is equivalent to that around a similar crack in a body subject to pure shear 
(Huxr 1957). Therefore the simpler case of pure shear (Fig. 1) is studied here. 
Consider a point P, fixed in the body and located in the plastic region. If, under 
constant applied strain y,, the crack grows by an amount de, the shear strain 
at P changes by an amount dy, consisting of an clastic part dy and a plastic 
part dy’. 
In component form, then 


dy? .. 


dy” y. 
From the Reuss equations of plastic flow (see Hii. 1950, p. 39) and Fig. 


a? 
dy” .. 
a? 
dy ue 


The set of displacements 
u“ 0. 


corresponds to the total strain 


ow 
oY 


since y,, Is constant. 
The elastic strain increments are obtained from Hooke’s law 
dy. ; ar. (4) 
’ 7 
In the plastic region equilibrium requires that the stress vector is perpendicular 
to the radius vector from the current crack tip. Hence, from Fig. 3, with k denoting 
the yield stress in shear, 


sin « cos « 
dr. —k de, dr 
qm r ye 


Insertion of (2)-(5) into (1) yields 
dw 


ow 
cos ad | “| —sinad | —- 
or St] 
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Since the polar co-ordinates (r, «) of the point P depend also on the crack length 
ce, they will not be retained in the following analysis. With 


sin x = y/r, cos a = (# — e)/r, 


(6) takes the form 


?) 


‘ 


(=) : : 
“de dy : Ys" f(a 


Here the order of differentiation is immaterial, and hence (7) can be written 
d (dw! d (dw ! 
(2 — ec). — fs + y. | ; : = (8) 
ox \ de dy \ de yr + 1 
which is a partial differential equation for dzw /de. 
The characteristics of (8) are straight lines radiating from the crack tip. Integra- 
tion along QP of Fig. 4 yields 
» | Nee r " 
(22) = (2) + ye Yop y sn FE ® 
dc} p oc & / , we , 
@ being the intersection between the elastic-plastic boundary I and the 


characteristic through P. 
If P is located on the r-axis, differentiation with respect to x and y respectively 


vields 
(2), = (2 
ac P oc 


(2%) “ (° 
dc |p 


By symmetry y,, = 0 on the z-axis, and hence , so that (10) becomes 


fe ‘ (°”) L y,.-.In—%, (11) 


oc P ox Q 


. (10) 


where R, = X — cis the depth of the plastic region, and r = x — ¢ is the distance 
between P and the crack tip. 

To determine (dy d)g the change of the elastic-plastic boundary with crack 
growth has to be known. In the following analysis of crack growth, however, 
only that case will be considered when P is located very close to the crack tip. 
For r < R, the last term in (11) becomes predominant, and hence 


E 
oe P 


8. Fracture CRITERION 


Recent experiments on crack propagation in fully plastic cyclic torsion 
(McCiixtrock 1956) have shown that the direction of crack growth closely coincides 
with the direction of maximum shear strain. It would be natural, therefore, to use 
the maximum shear strain as a criterion quantity for crack growth. At the tip 
of a sharp crack, however, 


A. H. Hews 


(13) 
R — R, cos 2%, R CY o*/ Ye 


0 
(Hur 1957), i.e. the maximum shear strain is infinite for any applied strain, 
however small. A maximum shear strain criterion then would imply that all 
cracks were unstable. 
Whereas the strain is infinite at the crack tip, the average strain in a region at 
the crack tip is a finite quantity. Within radius p < R, from the crack tip the 
average shear strain in the plastic region is, from (13), 


a(r) 
- ‘f’ yr da dr 
— _ 0 — 
oe [" r dz dr 


« Oe O 
Following early ideas by NeuBEr (1937) the material will now be imagined to 
consist of ‘ blocks’, within each of which the stress and strain are constant. 


(14) 


The magnitude of stress and strain within a block are taken as the average stress 
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Fig. 5. Fig. 6. 


and strain within the block volume of the fully continuous material. In the 
plastic region the stress is then equal to the yield stress k in every block (Fig. 5), 
whereas the strain is largest in the block that is closest to the crack tip (Fig. 6). 
From (14), then, 


(15) 


where the factor 2/7 has been omitted to indicate the order of magnitude nature 
of this equation. 

It is now assumed that if a block is strained beyond a certain fracture strain y,, 
the block will be destroyed, and the crack will penetrate through the block. However 
in carrying out the crack growth analysis it will be convenient to think again of 
the material as being homogeneous. From (13) and (15) it follows that 


“ ~ 
Ymax, block — Y CRiicntnen 


and therefore the fracture criterion can be stated in the following form : 
When the shear strain at a distance p ahead of the crack tip reaches y,, the 
crack grows the distance p. 
In this form the fracture criterion is applicable to the case of single loading. 
In cyclic loading the fracture strain is instead associated with the accumulated 
plastic strain, so that the fracture criterion reads 


Fatigue crack propagation in torsion 
J 7_? (p) = ¥4 
where the plastic strain amplitude is 
ee 
PYs 
being the applied strain amplitude. 


Ya’ (Pp) = Vq(p) 


(Hur and McCurnrock 1956), 
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4, Rate or Crack GrowrTHu 


Consider a virgin crack of length c, in a block subject to cyclic shear straining of 
constant amplitude y,,. After n cycles the accumulated plastic strain at P, 
(Fig. 7) is 

. 2 
in . ‘0% wa 
PYs 
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Fig. ‘. 


and hence the number of cycles required to initiate the crack growth is 


P Ve Vf 
+ = 3 ° 
(o Y wa 


Just before n reaches n,, the accumulated strain at P, (Fig. 7) is 
9" 2p + % 
which, from (18), equals y,/2. The rise in strain at P, due to the crack growth 
is obtained from (12): 

ms 
Sno Ys 


dy 
Ave, = (Z) +P In 


Hence the accumulated strain at P, after the first step of growth is 


, ee 
Sno Ys 
Here the first term is predominant, i.e. the strain at P, does not increase noticeably 
due to the crack growth. To make the crack growth continue, the accumulated 
strain at P, then has to be increased by almost y,/2, which requires An = n,/2 
more cycles. The crack then grows another distance p and so on (Fig. 8). The 
average initial rate of crack growth then is 


Ae p . Re (19) 


No /2 
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If similarity were preserved all during the subsequent growth, so that Ac/An ~ ec, 
the crack length would increase exponentially with the number of cycles. It has 
been shown, however, that for crack growth in fully plastic torsion the growth 
is accelerated also because the building up of strain ahead of the crack proceeds 
at an increasing rate (McCuiinrock 1956). The above results, therefore, should 
be applicable only to the initial growth. 

For two geometrically similar specimens (18) and (19) predict that in the larger 
one the crack growth will start earlier and proceed at a faster rate. A size effect 
of this kind is a well-known feature in fatigue testing. 


5. EXPERIMENTS 


A simple testing machine was designed, allowing torsion fatigue tests to be run 
at a constant angular amplitude. Sharp narrow longitudinal notches were pre-cut 
in 75S-T6 aluminium specimens, and a number of identical specimens were then 
run a different number of cycles. Finally the specimens were sectioned and polished, 
and in each specimen the crack length was measured. Another series was run, 
where the initial notch depth was twice as large. The results are shown in Fig. 9, 
where c — ¢, has been plotted versus n+c,. From (18) and (19) it follows that the 
curves corresponding to two different c, should then coincide. 

An order of magnitude estimate from these results of the as-yet-undetermined 


material parameters p and y, yields 


Conn 


Fig. 9. 
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THE EFFECT OF IMPACT LOADING ON THE STATIC 
YIELD STRENGTH OF A MEDIUM-CARBON STEEL 


By J. D. Camppett and C. J. Mammen 
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(Received 27th June, 1957) 


SUMMARY 
EXPERIMENTS are described in which annealed medium-carbon steel specimens were subjected 
to rapidly-applied compressive loads maintained for times of the order of 10~* sec. The applied 
stresses were between two and three times the static upper yield stress of the steel, and the 
permanent deformation varied from 1-2 per cent down to very small amounts. 

Static stress—strain curves were obtained by reloading the specimens in compression immediately 
after impact. It appears that the upper yield stress can be considerably reduced by the application 
of an impact stress of insufficient magnitude and duration to cause appreciable permanent defor- 
mation. This reduction is related to the number of dislocations freed from their carbon atmos- 
pheres during the impact loading. 

The reduction in the upper yield stress is found to be greatest after an impact causing about 
1 per cent permanent strain. Tests at a temperature of — 84°C indicate that the effect of an 
impact depends mainly on the permanent strain caused, and not directly on the stress or duration 
of the load. 


1. INTRODUCTION 


ALTHOUGH many experimental investigations have been made of the behaviour 
of steel under rapid loading, the available information concerning the effect of 
such treatment on the mechanical properties of the steel is very limited and some- 
what contradictory. Warnock and Pore (1947) found that moderate amounts 
of deformation due to tension impact did not alter the static yield stress appreciably; 
in general the tensile static stress-strain curves obtained after impact lay below 
that corresponding to static straining. Harris and Wurre (1954), on the other 
hand, found that the micro-hardness of dynamically strained steel was greater 
than that of steel slowly strained an equal amount. Experiments by CampBEeLL 
and Dusy (1956) showed that mild steel specimens strained about 4 per cent in 
dynamic compression gave static stress-strain curves some 10 per cent lower than 
those of specimens strained the same amount statically. Dusy (1956) also found 
that the static upper yield stress of mild steel was considerably reduced after the 
material had been loaded by a stress pulse of insufficient magnitude and duration 
to cause yielding. 

It appears that no systematic investigation has previously been made of the 
static stress-strain behaviour of steel after it has been subjected to rapidly-applied 
loads of various magnitudes. In the tests described in the present paper, steel 
specimens were loaded by compressive stresses of order 105 lb/in®, which were 
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maintained for about 100 microseconds. In some of these tests the specimen yielded, 
but in others no appreciable permanent deformation occurred. The specimens 
were tested statically within a few minutes of the dynamic stressing, in order to 
eliminate ageing effects. A few tests were also carried out at low temperatures, 
in order to determine the effect of increasing the magnitude and duration of the 
impact stress, while maintaining the permanent strain constant. 


Derauts oF APPARATUS 


(i) Dynamic 

The impact apparatus (Fig. 1) used in the investigation was a modified form of 
that described in previous papers (Campre.. 1954, Camppet. and Duspy 1956). 
The specimens were @ in. in diameter and } in. in length. The stress, caused by 
the falling weight, was transmitted through a high-tensile steel weighbar which 
consisted of three lengths of different 
diameters. The changes of section were 
such that the stress propagated into the 
specimen was 2-10 times as large as that 


generated at the impact end by the 
falling weight. This stress magnification 
was required to obtain yield in the low- 
temperature tests. The lengths of the rods 


impocti surface 
were such that the wave reflected from "9 


the change of section A, after travelling Rubber sleeve and clip 
up to the impacting plate and back again, Weighbor 
reached the specimen upper face after 
the unloading wave reflected from the Trigger loop 
free end of the anvil bar. Similarly the 


wave reflected from section B, after Strain gauges -- 
travelling up to section A and back again, Specimen -_| 
also arrived at the upper specimen face Thermocouple 
_- " : ane | 
after the unloading wave. — a 
Three resistance strain gauges were (Tufnol) \ 

| 

> 

| 


i 
J 


> 
‘ 


, 


> 


mounted on the weighbar, as shown in Anvil bor 


Fig. 1. These gauges had a gauge length Rubber block 


of } in. and were centred jin. from the 


apt 
I i 


! 
upper face of the specimen. The anvil bar , Z| 
and the lowest section of the weighbar 
were of the same diameter as the specimen; 
thus no appreciable wave reflections 
occurred at the specimen faces until yielding was initiated. The amplified output 
of the gauges was applied to the Y plates of a high-speed cathode-ray oscilloscope. 


Fig. 1. Mechanical impact machine. 


A single-sweep generator provided the horizontal deflection of the spot, and 
this was switched to full brightness by a pulse applied to the grid of the tube. 
The beam was interrupted every two microseconds by means of a 500 ke/s 
oscillation superimposed on the brightening pulse. From a coil surrounding the 
weighbar a magnetostrictive pulse was obtained ; this pulse was fed through a 


Fig 2 Stress-time oscillograms. 
x 
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separate amplifier and triggered the sweep and brightener circuits. To calibrate 
the system, large non-inductive resistances were added in parallel to the gauges, 
thus simulating known strains. The calibration lines thus obtained, and the 
stress pulses, were recorded photographically. 

To lower the specimen temperature a Tufnol container, shown in Fig. 1, was 
partially filled with liquid oxygen. The specimen was kept at a constant tempera- 
ture by maintaining a slow feed of liquid oxygen into the container from a constant 
head reservoir. The temperature was measured by a copper—constantan ther- 
mocouple. 


(ii) Static 

The apparatus used for the static compression tests consisted of a lever-type 
testing machine fitted with a device to reduce eccentricity of loading. The strains 
were measured by a cylinder gauge reading to 10™ in. 


3. SPECIMENS 


The steel used was a medium-carbon steel (Park Gate M.2185) and had the follow- 
ing composition : 


C Si Mn S P 
0-32 %, 0-235 % 0-62% 0-037 % 0-025 % 


The bar supplied was 2} in. in diameter and was roughly machined into eight 
4 in. diameter rods, which were stress-relieved for one hour at 600°C. After cooling 
in the furnace, the rods were machined and ground to 3 in. diameter before receiv- 
ing a final vacuum anneal for thirty minutes at 850°C. 


4. ExpertMentaL Resutrts 
(i) Effect of impacting at room temperature 

A series of room-temperature impacts was carried out on the test specimens and 
on a high-tensile steel dummy, with impact velocities ranging from 277 in/sec 
to 365 in sec. Static compression tests were performed on the specimens 
immediately after the impact tests. 

Fig. 2 shows typical stress-time oscillograms, each of which has been 
superimposed, during enlarging, on the relevant recorded calibration lines. Records 
(a), (b) and (c) were obtained in tests on different annealed specimens ; record 
(d) was obtained using the high-tensile steel dummy. 

Records (a) and (b) refer to tests at an impact velocity of 308 in ‘sec, in which 
no appreciable yielding of the specimens occurred. They show that the wave 
shape is accurately repeatable, the greatest difference between records (a) and 
(b) being about 2 per cent of the maximum stress. Neither of these records differs 


by more than this from the elastic wave shape, as recorded in a test on the high- 


tensile steel dummy at the same velocity of impact. 

Records (c) and (d) refer to tests at an impact velocity of 340 in/sec. The 
difference in the two wave shapes is due to yielding of the specimen in the test 
which gave record (c). 
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Using the gauge factor quoted by the manufacturer, the value of Young’s 
modulus obtained in a vibration test on the weighbar steel, and the known values 
of the gauge resistance and calibrating resistances, the stresses corresponding to the 
recorded calibration lines were evaluated. For the lines shown in Fig. 2, these 
stresses are 0, 14, 19, 28, 56, 80 and 112 « 10° lb/in*. A calibration curve was 
drawn for each pulse, relating vertical deflection to stress at the gauge position. 
By means of these calibration curves, the pulses were converted to stress—time 


an? 
iD 


(a) (b) | 


e) 


g$ § 
8 8 8 


30) 


Stress 10° lb/ 


Stress 10% Ib/in? 


20 40 60 80 100 120 0 3060 40 60 80 100 120 
Time psec Time psec 


_ 


120 


30) 


$ 8 


Ww 
e) 


Stress 103 lIb/in? 
Stress 10%lb/in? 


° 


20 40 60 80 100 220 
Time pisec 


— 


90) 
60) 
30) 


“ 
S 
= 
2 
” 
” 
a 
. 
pe) 
” 


Stress 10° Ib/in* 


° 


20 40 60 80 10020 20 40 6& 80 100 120 
Time pasec Time psec 


1 


(g) 


90) 
60) 


O 20 40 60 80 100 120 
Time psec 
Fig. 3. Llastic and test stress—time curves obtained at various impact velocities. 
(a) 277 in/see ; (b) 293 in/sec ; (c) 308 in/see ; (d) 326 in/see ; (c) 340 in/see ; (f) 352 in/sec ; 
(gz) 365 in/sec. 


curves. Fig. 3 shows the stress-time curves obtained at seven different impact 
velocities. It is to be observed that until an impact velocity of 826 in/sec is 
reached there is very little difference between the elastic curve and that obtained 
with a test specimen. It thus appears that no appreciable plastic deformation 
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occurred in the tests corresponding to impact velocities less than 326 in/sec. 
This was also indicated by micrometer measurements of the specimen dimensions 
before and after impact. 


i 
@) 1 
Strain *lo 


Fig. 4. Static stress-strain curves obtained after dynamic loading. 
Curve A : annealed specimen (not pulsed). Curves B, C, D : specimens pulsed at 277, 293 and 
308 in /sec, respectively. Curves E, F, G, H : specimens impacted at 326, 340, 352 and 365 in/sec, 
respectively. 


Strain 


Fig. 5. Static stress-strain curves, showing the softening effect of a previous dynamic test. 
@-———-®@ Static curve after statically straining 42 per cent at 15°C, 
x x Static curve after dynamically straining 4-2 per cent at 15°C (yielded dynamically 
at 108,000 Ib/in® after 26 psec). 
O---O Static curve after dynamically straining 4-2 per cent at 84 C (vielded dynamically 
at 133,000 Ib/in® after 47 psec). : 


Fig. 4 shows the static stress-strain curves obtained immediately after impacting. 
The strain co-ordinate represents total (permanent dynamic plus static) strain. 
It is seen that the static upper yield stress is indeed reduced by pulsing without 
yielding ; however, the lowest value of the upper yield stress does not occur until 
the steel has been dynamically strained approximately 1 per cent. It is also to be 
observed that an upper yield point persists even after considerable dynamic 
straining has taken place. 
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(ii) Effect of impacting at a low temperature 

To investigate the effect of increasing the magnitude and duration of the impact 
stress, a specimen was impacted twice at a temperature of — 84°C and a velocity 
of 503 in sec. The resultant permanent strain was found to be 42 per cent, 
2-6 per cent from the first impact and 1-6 per cent from the second. By varying 
the impact velocity, it was found that a specimen impacted at 460 in see and room 
temperature sustained the same permanent strain of 4-2 per cent. Analysis of 
the strain-gauge records for these tests showed that the stresses applied to the 
specimen deformed at — 84°C were some 30 per cent higher than those applied 
to the specimen deformed at room temperature ; in addition the total duration 
of the stress was doubled at the low temperature. 

The two specimens were tested statically within a few minutes of the impact 
tests, and Fig. 5 shows the stress-strain curves obtained. It is seen that there is 
little difference between the curves for the two impacted steels. These tests 
were repeated and the static stress-strain curves obtained were in each case found 
to agree with those shown in Fig. 5 to within 2 per cent. 

From the above tests, the conclusion may be drawn that the shape of the static 
stress-strain curve obtained after impact is dependent mainly on the amount of 
dynamic deformation, and not on the temperature at which the steel was impacted. 


5. Discusston 


For the purposes of this paper, yield is defined as that point where the strain 
rate increases suddenly as the stress rate falls to zero. 

According to Corrre.. and Bitpy’s (1949) theory of yield, the dislocations in 
aunealed ferritic steel are locked by carbon atoms. It has been suggested 
(CAMPBELL 1953) that yielding occurs 
when the density of released disloca- 
tions reaches a critical value. With 
certain assumptions, the density of 
released dislocations at time + 
been shown to be approximately pro- 
portional to ‘| [.—Stress-time curve for 

specimen upper face 


o* dt, (1) 
.« O 
where o@ is the applied stress at time f 
and « is a constant at any given 
temperature. 


From previous dynamic tests MH Owe 


(CampBeLL and Dupy 1957) on steel Time at the gauges psec 
of the same composition and heat 


Fig. 6. Elastic record, test record and stress-time 

trestment as that used in the present curve for the specimen upper face (impact 

investigation, it was determined that velocity 365 in/sec). 

at room temperature x Was approxi- 

mately thirteen. This value was therefore used in evaluating the integral (1). 
Stress-time curves for the top face of the specimen were derived from thestra in- 

gauge records in the manner described in an earlier paper (CAMPBELL and Dusy 
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1956). Fig. 6 shows the gauge records obtained at an impact velocity of 365 in /sec 
using a high-tensile steel dummy and a steel specimen respectively ; it also shows 
the derived stress-time curve for the upper face of the specimen. The integral 
(1) was evaluated graphically up to the maximum of this curve, which was taken 
as giving the time at which yielding began. Fig. 7 shows the curves of o'* obtained 
for seven different impact velocities. At the three lowest velocities there was no 


measurable permanent deformation of the specimen, and the integrals were 
evaluated for the complete duration of loading. 


wh SA NN 


30 40 50 70 80 90 
Time at specimen upper face jisec 


Fig. 7. Curves of (stress)!® against time. for dynamic tests. 


Table 1 gives the results pertaining to tests in which yielding occurred. The 
variation in the values of the integral, from the average value of 16-1, is + 10 per 
cent; this is within the experimental accuracy attainable, since the value of the 
integral is very sensitive to errors in the stress measurement. 


TABLE 1. 


Impact Time to Yield | 
velocity yield stress 
(in/sec) (sec) (10° Ib /in?) 


T @ 13 | : 

- a, Permanent axial 
. @ . 

105 Ib /in® deformation 

(psec) | (per cent) 


~ 0 


95 
OG 
99 


0-2 
0-5 
oO” 


162 “¢ 1-2 


Average 16-1 


The average value obtained from the earlier tests (Campre.. and Dusy 1957 
was 30-5. The discrepancy between these values corresponds to an error of about 
5 per cent in the stress measurement. A possible cause of systematic error in this 
measurement is variation in the value of the gauge factor. In the earlier investiga- 
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tion, gauges of greater length (0-64 in.) were used. The manufacturers state that, 
for either type of gauge, the actual gauge factor should not differ by more than 
+ 2 per cent from the quoted value. It seems therefore that the observed discrepancy 
is somewhat greater than can be accounted for by errors in the gauge factors 
used. Another possible cause of systematic error is the change in specimen diameter: 
in the earlier tests this diameter was } in., compared with 3 in. used in the present 
tests. The smaller specimens might be expected to give lower yield stresses, for 
two reasons : (a) a given eccentricity of loading would cause a greater non-uniformity 
of stress across the section, and (b) the effect of transverse stresses due to the 
radial acceleration of the specimen material would be less. In addition to the 
factors already discussed, it is possible that the specimens used in the two investiga- 
tions differed slightly in composition or structure. 

The reduction in upper yield stress due to * pulsing’, i.e. to dynamic loading 
insufficient to cause yield, may reasonably be postulated to depend on the ratio 
of the number of dislocations released to the number required to cause yield. 
This ratio is given by 


(2) 


where the integral in the numerator refers to a test in which yield does not occur, 
and that in the denominator to tests ir which yield does occur. Table 2 shows 


Taste 2. 


to / e 13 
. 2 dt 
(33 Ib =), 


Impact velocity 
' 
| (in sec) 
(asec) 


First Not pulsed 0-107 
series : 2: 0-087 

of 2M 8: 0-067 
tests ’ 0-036 


Second Not pulsed mons 
series 277 : 085 
of zu : 0-060 


tests 0s : ois 


results obtained from tests in which yielding did not occur. The values of R were 


calculated by taking for the denominator the mean value of the integrals given 


in Table 1. As a check on the values obtained, the pulsing tests were repeated. 
The results of the repeat tests are also given in Table 2 and are in good agreement 
with the earlier results. 

It was decided to use, as a measure of the reduction in the static upper yield 
stress caused by pulsing, the ratio 


r= (eyy Fy) Cyn (3) 
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where oy, cy, are the static upper and lower yield stresses respectively. Table 2 
gives the experimental values of r. 


Fig. 8 shows R plotted against r, for the two series of pulsed specimens. It is 


seen that there is a reasonable correlation between the two quantities ; it is, how- 
ever, difficult to obtain either ratio 
accurately, and the straight line drawn in 


EE - 


Fig. 8 only serves to indicate the general KI 
, : Bx Pulsed ot 277 in/sec 
trend of the relationship. =. 


The static reloading curves of Fig. 5 | a" 2-Pulsed ot 
show that the hardness of the dynamically Bee 293 nisec_| 
deformed steel is very little affected by ce es | ‘ O = 
the temperature at which it is deformed, 
provided that the total amount of de- 
formation is the same. According to the 


yielding criterion discussed above, the 


number of dislocations freed before yield- 


ing occurs is independent of the magnitude 
of the stress pulse causing vield. Assuming 
I = Fig. 8. Reduction of static upper yield stress 
caused by pulsing. (R and r are defined by 
ture, the number of free dislocations at equations (2) and (3) respectively.) 


that it is also independent of tempera- 


yield is the same in any dynamic test. @ First series x Second series 
During low-temperature yielding, the 

greater applied stress would tend to cause a larger number of Frank-Read sources 
to operate ; however, this effect may be largely offset by the smaller energy available 
from thermal fluctuations. Two specimens which have been deformed dynamically 
to the same permanent strain may therefore be expected to contain approximately 
the same number of free dislocations similarly distributed, irrespective of the tem- 
ture of testing. The two specimens should then give similar stress-strain curves 
when reloaded statically at room temperature. 

Fig. 5 also shows that the static upper yield stress is a minimum when the 
steel has been strained about 1 per cent dynamically. After greater amounts of 
dynamic strain, the yield stress increases again; this is presumably caused by 
dislocations * piling up’ against obstacles such as grain boundaries and sessile 
dislocations, and thus causing increasingly high back stresses to act on the sources. 

It is worthy of note that even after more than | per cent dynamic deformation 
the steel still exhibited a perceptible drop of stress at yield, though the increase 
of strain at the lower yield stress was greatly reduced. 


6. CONCLUSIONS 


1. The effect of * pulsing’ steel, i.e. subjecting it to a rapidly-applied compressive 
stress of insufficient magnitude and duration to cause yielding, is to reduce the 
upper yield stress obtained during static reloading in compression. It has been 
found that the reduction in the drop of stress at yield varies approximately linearly 
with the number of dislocations released in the pulsing test, though it does not 
appear to be possible to eliminate the drop altogether. 
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2. The effect of deforming a medium-carbon stcel dynamically is to render it 
softer for subsequent static deformation of the same type. In particular, the static 
upper yield stress is reduced to a minimum after about 1 per cent permanent 
dynamic strain. However, a perceptible drop of stress during static yielding 
exists even after about 1-2 per cent permanent dynamic strain. 

3. The static stress-strain curve obtained after impacting is little affected 
by lowering the temperature at which the impact occurs, provided that the 
magnitude and duration of the impact stress are increased so as to obtain the 


same permanent strain. 
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ON STRESSES AND DEFORMATIONS OF ELLIPSOIDAL 
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SUMMARY 
For many problems of the theory of thin elastic shells, membrane theory is either applicable 
or not applicable depending on the type of loading involved and on the nature of the boundary 
or edge conditions. Here we consider a special problem where the applicability of membrane 
theory depends on the geometry of the shell. We establish the range of validity of the 
membrane solution and also determine quantitative corrections to this solution. 


INTRODUCTION 


Ix tHe following we consider a thin elastic ellipsoidal shell of revolution with the 


major axis of the elliptic cross section perpendicular to the axis of revolution. 


We assume that the only load is a 
uniform internal pressure (Fig. 1). 

Existing solutions (LorRENTz 1913 ; 
TIMOSHENKO 1940) for the stresses 
are obtained using the membrane 
theory of shells which neglects effects 
due to bending. For the present 
problem membrane theory is general 
enough to allow one to satisfy all 
prescribed boundary conditions and, Fig. 1. 
as there are no discontinuities either in 
the load function or in the radii of curvature of the shell, membrane theory yields 
a continuous stress distribution with no singularities. 

A qualitative consideration of the problem indicates that some bending does 
occur and that effects due to bending become progressively more important as 
the elliptical cross section of the shell becomes flatter and flatter. Our object in 
the present note is to investigate this aspect of the problem quantitatively. We 
find that suitable results may be obtained if appropriate solutions of the differential 
equations of the bending theory of shells are represented by expansions in powers 
of a small parameter. In contrast to some problems of shell theory concerned with 
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63 


64 R. A. Crark and E. Reissner 


bending effects, we do not encounter any solutions of the boundary-layer type in 
the range of parameter values which we consider. 

Our principal result of a qualitative nature may be described as follows. We 
know the range of validity of thin-shell theory is restricted by the basic assumption 
that A/R,,,, <1, where h is the wall thickness of the shell and R,,,,, is the least 
value of the radii of curvature of the middle surface. For an ellipsoidal shell 
of revolution this order of magnitude relation is equivalent to the relation 


min 


h b <b/a, where a and } are the major and minor semi-axis of the elliptic cross 
section of the middle surface. Our result for the present problem is that bending 
effects are negligible, or membrane theory is valid, only if the more restrictive 
relation h/b < (b/a)® is satisfied. 


2. Basic E@Quations 


The middle surface of a closed ellipsoidal shell of revolution may be represented 
in cylindrical co-ordinates r, 0, z by parametric equations of the form 


asin &, b cos €, (1) 
where 0 < &Eé< 7. 
Assuming that the thickness / of the shell is uniform and that a uniform internal 
pressure p is the only load, the basic differential equations of the linear bending 
theory may be written as follows (RrissNER 1949) 


DL, (8) + : ay = } pa® x sin € cos €, 
a 


L, (¥) — : aC Bp - } pab le , 4 + 8] sin € cos €, 
a 


where the operators L are defined by 


b? 


L,(f) =f" + Scot €f" Jeot®¢ (—1pv-|f 


x2 
and where 
Ei*® 


° 12 (1 — ») 


a® cos? € + b* sin? €. (5) 


The quantity E is Young’s modulus, v is Poisson's ratio, 8 is the meridional angle 
of rotation due to deformation, & is a stress function, and primes indicate differen- 
tiation with respect to €. 

Stress resultants and couples are given in terms of 8 and # by the following 


relations : 
aN, = cot € + } pab sin® €, 


aN, = ~' + pab sin? £, 

x) = (b/a) & + 4 pa? sin € cos &, 
aM, = D(f' + vB cot &), 
1M, = D(8 cot € + vp’). 
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Displacements u and w in radial and axial directions are given by the formulas 
u = (r/C)(N, —v N,), 
sys y y (7) 
w= |[(z’/C) (N, — »N,) — r B] dé. 


In order to determine stress and displacement quantities, as given by (6) and (7), 
it is necessary to solve the two simultaneous differential equations (2) and (3) in 
the interval 0 < € < 7 subject to suitable boundary conditions at the ends of this 
interval. Such boundary conditions are the symmetry conditions of vanishing 
angular deflection 8 and vanishing transverse shear force Q. In view of the form 
of Q as given by (6) the system of boundary conditions may be written as follows: 


€=0,7: B=0, =0. (8) 


3. MEMBRANE SOLUTION 


Membrane-theory formulation of the problem is obtained from the preceding 
equations by setting, in (2) and (6), 


D=0. (9) 


Indicating the corresponding expressions for % and 8 by a subscript M, we have 


py = 3p 2 sin £ cos &, (10) 


2 2 
Buy = gg a (Ha) + bp E “ ee + 3| sin £ cos &, (11) 


and these expressions do in fact satisfy boundary conditions (8). 

Introduction of (9) and (10) into expressions (6) for stress resultants shows that 
the couples and the transverse stress resultant Q are identically zero while the 
direct stress resultants N, and N, are given by the known expressions 


(12) 


Of particular interest is the fact that when a/b >+/2 the circumferential 
stress resultant N,,, changes sign as ¢ varies from zero at the apex to the value 
$ w at points farthest removed from the axis of revolution of the shell. 


4. CorRRECTIONS TO MEMBRANE SOLUTION 


In order to obtain corrections to the membrane solution (10) and (11) which 
account for non-zero values of the bending stiffness factor D, we introduce non- 
dimensional variables and parameters, as follows : 


3 
o= tps eld) (18) 
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p= ip V2 Ase, (14) 
p= Via — A Ame = Vi (15) 


The quantity R,,,, is the meridional radius of curvature for = }m and is the 
least value of the two principal radii of curvature when b < a. The basic equations 
being used here are meaningful only if the parameter , is large compared to unity. 

With (13) to (15) differential equations (2) and (3) assume the following more 
symmetrical form 


L,(f) +4; 58 =H; sin £ cos &, (16) 


L, (g) — wef= — (*) E 0% _ 3| sin € cos é. (17) 


Inspection of the system (16) and (17) suggests expansions of the form 


g(é) = E 2, (é) = (18) 


f= E fy (6) ma (19) 


in terms of inverse powers of the large parameter ». Equating coefficients of corres- 
ponding powers of » on the right and on the left of (16) and (17), after introduction 
of (18) and (19) into these equations, leads to the following expressions for the 
coefficient functions g, and /, : 


& (€) = sin € cos &, (20) 


f(t) =" «(Es (eo) + (2) ce »% +3] sin £ cos ‘|. (21) 


(6) = — 21, Seas a==i,8,..., (22) 


fu (8) =" (By) n=1,2,... (23) 


It is readily seen that the leading terms of expansions (18) and (19) are identical 
with the corresponding membrane solutions (10) and (11). Accordingly, the 
remaining contributions to the series, beginning with g, and f,, represent corrections 
to the membrane solution due to the finite bending stiffness of the shell wall. 

The following observation is of importance. While the expansions (18) and (19), 
with g, and f, given by (20) to (23), represent particular solutions only of the 
system of differential equations (16) and (17), these expansions satisfy the boundary 
conditions (8) term by term. Accordingly, it is unnecessary to consider the general 
solution of the homogeneous system of differential equations. 

For the purposes of this note we may limit outselves to the explicit evaluation 
of f, and g, in addition to g,. We find, making use of the relation 
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a” — 


—— sin cos = (1 — “) cot €, 
ag 


a a” 


the following expressions 


a* - ‘ 
=~ + 3) sin € cos &, 
on? 


- 
3v sin € cos €, 


5. ForMULAE FOR STRESSES 


From (6) and (18) we obtain for direct stresses orp and a, 


N, pa a® g | 

o § x } coté |! + ...1}, 
&D hb 2 ; 

} Ae x ly 

ot * hog 


[op 


From (6) and (14) we obtain for bending stresses o,, and o 
7, . OM, B pa| fi +ufycote | (28) 
‘8 h* V12(1 v*)h ba | je 
on. 3 . p a® | f, coté + vf,’ ne (29) 
h* y l2(1 v*)h bx | je 
We consider in particular the values of stresses at the apex £ = 0 and at the 
points € = $m farthest removed from the apex of the shell. 


Bn 
Tor 


From equation (12) the direct stresses have the following values according to 
membrane theory 


Oeyy (0) (30) 


Oey (4 7) (31) 


b 


From equations (26) to (29) we have according 


h 


oo (47) = —43P 15 -2| : (32) 


to bending theory 


2 8b/ Be T+ 1e 
Gen (0) = og (0) = 4p — Ae (1 os A... 


- «eels 33 
bh 2 a) ae 


(34) 
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vpa b? 
Oey (0) = op (0) = . 7 (1 — - (36) 


3 paa* | am , (37) 


on (4 7) = \ 12 (1 v*) wh b* a* 


We are mostly interested in shells for which a/b is reasonably large compared 
to unity. According to membrane theory the circumferential hoop stress o,,, (4 7) 
is the critical stress provided a/b > 2 and we shall limit ourselves to this range 
in the following discussion. In order to compare the results of bending theory 
with those of membrane theory we consider the ratio of o,,,(4 7) and @,, (4 7) 
to the membrane solution ¢,,, (4 7). Dividing (35) and (37) by (32) and introducing 


u from (15) we may write 


w(t) _ | 4(‘\(z ) 4 oe (38) 


Pons ' } 7) min 


rn (4 7) -_ a\* h ‘ 
=f s B(;) R ~— (39) 


Fong \ } 7) min 


where 


a" bh? 
l (1 ie) (2 ' 3-) 
21 yp?) ; , , 


a® 


(41) 


For a/b greater than 3 or 4, coeflicients A and B .given by (40) and (41), vary 
relatively slowly as a,b increases. In particular, for vy — 0-3 we have the following 
Table ; 


Using this Table we may easily draw curves, shown in Fig. 2, representing (38) 
and (39). Since we are limiting ourselves to the calculation of first-order corrections. 
we expect that the curves drawn are quantitatively reliable only as long as the 
corrections amount to no more than, say, 10 per cent of the critical membrane 
stress o,,, (4 w), as is indicated by the solid portion of the curves in Fig. 2. The 
broken portions of the curves are probably qualitatively correct, but eventually 
the results become meaningless as the corrections, or the combination (a b)? 


(h, R,4,), nerease. 
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The following observations may be made on the basis of equations (38) and 
(39) or Fig. 2. Membrane theory is valid or bending effects may be neglected only 
if 

h ah b\? 
R b? (,) 


min 


(42) 


which for b/a << 1 is a much more restrictive condition than the basic assumption 
of thin shell theory that h/R 
and 6, there will always be a range of shell thickness h, satisfying (42), for which 


min “< 1. Thus, for a shell with fixed dimensions a 


membrane theory is valid, but this may be only a small part of the range for which 


bending theory is valid. Also, for a fixed value of h/R no matter how small, 


min’ 


there will always be shells or ratios a/b for which membrane theory is not valid. 
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0-04 exe.) 0-06 


6. FormMuLAE For DispLACEMENTS 
Combining relations (7), (13), (26) and (27) we obtain the following general 
expressions for the displacements : 
pa* | ye ye 1 \ , 
—-~@il— $- + ...]) sin €, (43) 
Ehb | 2 | 


pa* [ x alg, - vg,’ 1 
1 — +v—-+ + ...J/)sinéd 
a) | ' — : ‘eee 


* Eh 


oa () | ot tat ---feosede. (44 


fA 
The axial displacement w is of greatest interest. The integrations involved may be 
carried out explicity in terms of elementary functions. Retaining only those 
terms which correspond to the membrane solutions (10) and (11), we find that 
the total axial expansion 6 w (7) w (0) is given by 


2 2 ' 1 
, Pa h(4)"l) a — gery tanh ne 
°M . Eh i(;) e 
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where ¢ is the eccentricity of the elliptic cross section given by 


@ =i — (°y. (46) 


The first term in (45), involving the factor (a 6)*, represents the contribution due 
to the angular rotation § and is seen to dominate for large values of a/b. Using 


(46) we may also write (45) in the somewhat more compact form 
pa* a | b\? b\? | es 
~ + (1 2v + 12 l 2y ‘tanh''«). 
M th (;) i) ( »(-) ( ”»(-) e tanh “ (47) 
For ab 1 and ¢ = 0, expression (47) reduces to the value of the deflection 


for a spherical shell. But as a/b increases and ¢ -» 1, the expression for 5 eventually 
becomes meaningless, as does the membrane solution for stresses when the thickness 


r) 


h is held fixed. 
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ASSOCIATED FLOW RULE OF PLASTICITY 
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SUMMARY 


Tue workhardening and linearity hypotheses introduced by Drucker are logically equivalent 
to the hypotheses of the existence of the plastic potential and of its identity with the yield 
function. Since neither of these sets of hypotheses is deducible from established physical laws, 
the author suggests that they are alternative statements of a new physical law. 

The flow rule at singular points on a yield surface is found by considering the actual yield 
surface as the limit of a sequence of regular surfaces. This procedure has different consequences 


for workhardening and nonhardening materials. 


INTRODUCTION 


Avrnoucn considerable work has been done on the theory of dislocations and on 
the deformation of a single crystal, the theory of plasticity at the present day 


rests on hypotheses concerning the macroscopic behaviour of the material. These 
hypotheses do not contradict the laws of mechanics and of thermodynamics 


and are in accord with experimental facts. 

There are two basic hypotheses in the theory. They concern the yield criterion 
and the flow rule. The first hypothesis is now sufliciently well established to have 
the status of a physical law. The second hypothesis has been introduced in various 
ways. It is the purpose of this paper to show that two statements of this hypothesis 
are equivalent and to consider the modification of this hypothesis at singular 
points on the yield surface. 

To state the first hypothesis we introduce the yield function f and the work- 
hardening integral F’, which depend on the current stress o,, and on the past 
history* of the material. Considered as a function of the o,;, f is convex. F is 
constant during an elastic deformation. 

During deformation the components of stress and strain in general change in 
value. For an infinitesimal deformation, let the increments in stress and strain 
be denoted by do, and de,, respectively. The elastic part of the strain increment 
de, can be expressed in terms of do, by the elastic stress-strain relation. The 


remainder of the strain increment is the plastic part, 
p . > e 
de, de,; — de,;*. 


It is diflicult to conceive that the increments df and dF can depend on increments 


*It is necessary to be able to order a sequence of events in plasticity. Except in dynamic problems, it is not 


necessary to have a measure of time. 
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other that do,; and de,,, or do, and de,,” in virtue of the above equation. Therefore 
it is assumed that 


F 4 vp v P & p 
df = vf, dG5; do,, of, dE, de; A dF = A; do;; B, de,, , 
However, in an elastic deformation de,? = 0 and dF = 0 for all do;;. 
ne ‘ P om p 
Hence A. and dF = By de,?. (1) 


F depends only upon the past history of the material, not upon the current stress. 
For a workhardening material dF’ > 0, equality holding only when de,” = 0. For 
a nonhardening material dF = 0, 

The first hypothesis for a workhardening material states that 


de? = 0 s s<7 oc f=F and df <0, 
and \de,?| > 0 if f=F and df>o0. 
For a nonhardening material it states that 


de? = 0 if {[<F or f=Ff and df <0, 
(3) 
and \de,?| > 0 if f=F and df —0. 
In neither case can f exceed F, The equation f = F is known as a yield criterion. 
Consider, as an example, a material for which 


; l 
VIy7 Kj - ¢ tanh (  €y? 4) 


4 


and F is constant, where o’;, = o,, — 4.¢,, 5,. This material is initially isotropic 
but becomes anisotropic on plastic working. If it is subject to simple tension 
and if plastic flow occurs, the tensile stress will increase. This, however, is due 
not to workhardening but to anisotropy. If at some time the tensile stress has 
increased an amount 6 above its initial value and if the tensile stress is then replaced 
by a compressive stress in the same direction, the material will begin to deform 
plastically again at a stress of magnitude 6 less than its initial value. In this 
example f is a function of both o,;, and ¢,”. 

It is interesting to consider two widely used forms of the workhardening integral 


F in the light of equation (1). The first is F, F, (Ws) where W Jou de.?: 
) i ij ? 


then 
dF, i dF, 


dF 
aw, ° WW, 


™ 4 
oi; de, : 


The second is F, Fy, (€”) where €? =+/§ (de? de,?)}. Then 


dF, dF 
dF, ~ de? = \ 45 


de” de? 


p p 
, (de; de, ys 
F, but not F, is expressible in the form of equation (1). If the arguments leading 
to equation (1) are valid, then W, but not €”, is admissible as a measure of work- 
hardening. In certain cases a measure based on €?” leads to results identical to 
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those based on W, (BLAND 1957). It is sometimes algebraically convenient to use 
such a measure. 
Subsequently in this paper consideration will be limited to yield functions that 


are independent of ¢,”; i.e. those for which 
. ) i 
df i do ;;. (4) 


Yield functions for which d//d«,” = 0 have always been used in plasticity up 
to the present day. For many forms of the yield function this excludes changes 
in the isotropic nature of the material with progressive deformation. Yield functions 
for which 9f/d«,” 4 0 await consideration. 


2. Tue Associated FLow RULE 


The first hypothesis states nothing about the irreversible strains that may occur 
when the yield criterion is satisfied. Various hypotheses have been put forward. 
In general it must be the increments of plastic strain, not the total plastic strain, 
which are related to the current stress tensor. Moreover, the ratios of the plastic 
strain increments must be independent of the stress increments ; Le. 


p 
de; ai; da, 


where the a, depend on o,, and on the past history of the material. The hypothesis 
of the existence of the plastic potential states that there exists a function g (o,;) 
such that the plastic strain increments are given by 


dg 


de? : ~- da, 


where dA is a non-negative infinitesimal, which can depend only upon the space 
co-ordinates and the time. This equation for de,” is called a ‘flow rule’. If the 
dependence of g upon ¢,; is upon the invariants of o,,, then the principal axes of 
stress and plastic strain-increment coincide. The further hypothesis is made 


that the functions f (¢;;) and g (¢;;) are identi ‘al, in which case 


a. . 
de, dx. (5) 


0%; 


The flow rule corresponding to a particular yield criterion is called the * associated 
flow rule *, It is assumed, until further notice, that the partial derivatives df/do,, 
are uniquely defined at each point on the yield surface. 

Four considerations that lead to these hypotheses are : 

(i) it is impossible to prove uniqueness theorems without these hypotheses 
for situations where experience leads one to believe that the solutions for stress 
and displacement are unique ; 

(ii) considerations of the microscopic basis of plasticity (Bishop and Hii 
1951; Hitt 1956) ; 

(iii) if these hypotheses are valid, weak discontinuities of stress and velocity 
in two-dimensional problems occur across the same lines, i.e. the characteristics 


coincide in pairs ; 
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(iv) experiment with materials satisfying the Mises criterion shows that they 
also satisfy the associated flow rule, i.e. the Reuss equations ; see, for example, 
TayLor and QuINNEY (1931), Morrison and Suernerp (1950), It is a consequence 
of these hypotheses that, if fis independent of the first invariant of stress, de,” = 0. 

An alternative approach has been given by Drucker (1950). He considers a 
body about to yield under the stress distribution o,. The body is then subject 
to a small additional stress do,,, which is slowly applied and slowly removed. 
Drucker states that the net work done by the additional set of forces producing 
the stress do,, during their application and removal, is positive or zero for a 
workhardening material and zero for a nonhardening material. The work done 
by the original set of forces acting on the body during the application and removal 
of the additional forces is specifically excluded from this statement. His statement 
can be written 


do,, de,” > 0 if not all de,” — 0 for a workhardening material, (6) 
and do, de,” = 0 for a nonhardening material. (7) 


This statement does not follow from purely thermodynamic considerations. 
If the application and removal of the additional forces produces only elastic 
strains the body will return to its initial condition and we can speak of a cycle, 
in the thermodynamic sense, having occurred. The net work done by all the forces 
during the cycle is zero. If the additional forces produce plastic strains, then the 
body does not return to its initial condition. Neither of the laws of thermodynamics 
would be violated if the forces originally acting on the body did sufficient work both 
to provide the necessary energy for the plastic deformation and to do work against 
the additional set of forces. In this case the net work done by the additional set 
of forces would be negative. If follows that, from the thermodynamical viewpoint, 
Drvucker’s statement is a hypothesis.” 

Drucker states that the work done by the additional set of forces during their 
application is positive. This inequality is not required below and it will not be 
considered further. He also makes the hypothesis, called in the remainder of 
this paper * Drucker’s second hypothesis’, that, for a workhardening material 
only, the increments of plastic strain are linear homogeneous functions of the 
increments of stress for any set of values of stress increments which do not produce 
unloading. 

It will be shown in the next section that DruckEr’s two hypotheses are logically 
equivalent to the hypotheses of the existence of the plastic potential and of its 
identity with the yield criterion. 


3. Proor or EQUIVALENCE OF THE Two Sets or Hyporueses 


Drucker (loc, cit., Sections 4-6) has shown that equation (5) can be deduced 
from his two hypotheses. To prove equivalence, his hypotheses must be deduced 
from equation (5). If the material is workhardening and if irreversible or plastic 
flow occurs, then from equations (2) and (4) 


v do, > 0. (8) 


doi; - 


*See also a review by R, Hitt. Applied Mechanics Reviews, 9, No. 3243, October 1956, 


~* 
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Since dA > 0 when plastic flow occurs, one can substitute from equation (5) into 
the inequality (8) for 9f/do,. This gives 


de? do;; > 0, 


which is Drucker’s first hypothesis. 

If the material is nonhardening, the inequality sign in (8) is replaced by an 
equality and substitution for )f/do, again yields Drucker’s first hypothesis. 
This was shown by Drucker, GreenBerG and PraGer (1952, lemma 1). 

To derive Drucker’s second hypothesis the increment in the workhardening 
integral F must be considered. From equations (1) and (5), 


) 
dF = B, de? = B; vf dx 


doi; 
and, from equation (4), 


vo 


i* 
doi; 


Since dF — df whenever unloading does not occur, 


Therefore 


which is Drucker’s second hypothesis. 


4. Srycunar Ports on THE YIELD SURFACE 


The assumption that the partial derivatives )f/d0,; are uniquely defined at all 
points on the convex yield surface (henceforth called a regular surface) is now 
dropped, A point where )//de,, is not uniquely defined is called a singular point. 
It is assumed that the yield surface in the neighbourhood of a singular point 
in the join of a number of surfaces S, such that on the interior of each of these 
surface )f/do,; is uniquely defined. The limit of df/do, as the singular point is 
approached along any line on the surface S, exists and will be written f,/do,. 

The plastic strain increment has frequently been written 


(9) 


where the dA, are non-negative infinitesimals and the sum is over all the surfaces 
S_ whose join forms the yield surface in the neighbourhood of the singular point. 
Until further notice only workhardening materials are considered. Many authors 
restrict the application of equation (9) only by the remark that all dA, are zero 
if the stress increment doy, considered as a vector (based on the singular point) 
in stress 9-space lies inside or on the yield surface. However, Korrer (1953) 
introduces the stronger restriction that dA, is zero if 
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Vf, 


do 


do,, 0. (10) 
i 

If the yield surface with singular points is considered as a limit of a sequence of 
regular convex surfaces, it will be shown that a restriction is required on equation 
(9) but that of Korrer’s is too strong. 

Consider neighbourhoods of the singular points in stress 9-space such that | 
is a typical length of all the neighbourhoods. (Neighbourhoods may overlap). 
Then it is possible to find regular convex surfaces for any non-zero | however small 
such that the distance between each surface and the yield surface is less than / 
in the neighbourhoods of the singular points and zero elsewhere, These are called 
‘/-surfaces’. On a regular vield surface the plastic strain increment vector has the 
direction and sense of the outward normal to the surface at Gi and it satisfies 
Davucker’s first hypothesis. Since the limiting surface as / — 0 is the yield surface, 
the author makes the following hypothesis about the plastic strain increment for 
a given stress increment when the stress is at a singular point on the yield surface: 
namely, that it has the direction and sense that it would have if the stress point 
lying on the vield surface were replaced by any point in the neighbourhood of the 
singular point lying on an /-surface provided that / is sulliciently small. 

If de, satisfies yf, oo 


because sets of quantities not included in this equation are excluded from being 


, do; 0 for all r, the dle,” are given by equation (9) 
sets of values of dle? by the convexity of the l-surfaces and no sets of quantities 
included in the equation can be excluded from de,” since | can be made arbitrarily 
small. However, the fact that Drucker’s first hypothesis holds when any /-surface 


replaces the actual yield surface imposes a limitation on possible de.” when do 
. ) ) 


does not satisfy vf, oy do, 0 for all r. This limitation is 
de? day 0 when |de,” 0 for a workhardening material. (11) 


It is clear that when the inequality (10) 
is satisfied so is (11), but that the converse 
is not true. The inequality proposed by 
Korrer is therefore stronger than the 


consequence of the author's hy pothesis 


The differences between the three formulae 
for de’, namely that given by equation 
(9) unmodified, modified by the inequality 
(10), and modified by the inequality (11), 
are illustrated by a normal projection 
of the Tresea hexagonal cylinder in 
principal stress 3-space (Fig. 1). 

BAC is a corner of the projection. 
BA is produced to B CAtoC’.. DAis 
normal to BA, EA to CA. Uf dey is any vector (based on A) lying in B A’ C’, 
then de,” can lic anywhere in DAE. However, if do, is any vector AF lying 
in BAC", equation (9) unmoditied allows de,” to lie anywhere in the DARE; 
* lies along AD; 
if equation (9%) is modified by the Drucker inequality (11), then de,” lies in 

DAN where AN is normal to AF. 


if equation (9) is modified by Korren’s mequality (10), then de, 


} 
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Now consider a nonhardening material when the stress is at a singular point. 
A normal at any point in the neighbourhood on an /-surface is a possible direction 
for de”, subject to Drucker’s first hypothesis for a nonhardening material, 
namely do, de,” = 0. This is satisfied identically when do, = 0. Therefore in 
this case de,” is given by equation (9) without limitations. 

When do; + 0, do, must lie in one or more of the surfaces f,. Denote this 
sub-group of the f, by a subscript s. Denote the sub-group of the surfaces f,, in 
which do,; does not lie, by a subscript t. For each value of s, 


d Ys 0; 


Co = 
’ doi 


and, since the complete yield surface is convex, for each value of 1, 


d ei 


G;; < & 
t 
do; 


J 


Using DruckeEr’s hypothesis and equation (9), 
0 = doy; de,” 


Since dA, > 0, this equation can only be satisfied if dA, — 0 for all ¢. It follows 
that 
d 
de? Zz Vs da, ; 
8 doy 
i.e. the summation in equation (9) is taken only over the normals to those surfaces 
in which do,, lies. 


5. CONCLUSIONS 


In this paper the equivalence of two sets of hypotheses have been proved. Neither 
of them is deducible from established physical laws. This situation indicates the 
presence of a new physical law. The author suggests that this law should be called 
‘the second law of plasticity’. Its statement is either of the two sets of hypotheses 
or any other equivalent set. The position is analogous to that of the second law 
of thermodynamics which can be stated in many ways, all logically equivalent. 

It is interesting to note that the limitations, imposed on the plastic strain 
increment at a singular point on the yield surface, for a workhardening material 
are different from those imposed when the material is nonhardening. This is 
further evidence that it is not possible to consider the properties of a nonhardening 
material to be the same as those of a workhardening material as the rate of 
workhardening tends to zero. 

Warner and HANDELMAN (1956) have attempted to generalize the flow rule 
that can be deduced from Drucker’s hypotheses for a workhardening material. 
They introduce loading conditions to replace the inequality (8). Since the inequality 
(8) is a direct consequence of the existence of a yield criterion, one can only assume 
that the materials considered by these two authors possess no yield criterion. 
There is no a priori reason why a theory should not be built on the existence of 
loading conditions rather than on the existence of a yield criterion. But such a 
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theory can hardly be considered as part of the theory of plasticity where the 


existence of a yield criterion is a fundamental postulate. 
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KLASTIC-PLASTIC TORSION OF SHARPLY 
NOTCHED BARS" 
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(Received 21st March, 1957) 


SUMMARY 
Tue shape of the incipient plastic region at the tip of a sharp notch in a twisted bar is derived, 
assuming the material to be ideally plastic. The result is used to determine the strain in the 
plastic region. ‘ 


1. INTRODUCTION 


Torsion of a bar with a sharp longitudinal notch produces plastic yielding at the 
tip of the notch for any magnitude of the applied torque, however small. It is 
shown below that the shape of the region of incipient plastic yielding can be 
found for any shape of the cross section, provided the solution of the corresponding 
elastic problem is known. 

The elastic stress field near the tip of a sharp notch in pure shear is found to be 
similar to the elastic stress field near a similar longitudinal notch in torsion. Since 
the shape of the plastic region produced at the notch in pure shear is known, 


the corresponding region in the torsion case can be derived by analogy. 


2. Suarp Notcn in Suear, Evastic MATERIAL 


The analysis follows closely that of the torsion problem in elasticity. With the 
notation of Hii (1950), one obtains (writing +, for 7,, and 7, for 7,,) 


y 
> 2 
T, = do — - : “¢ ++ 
doy wv da? 
Along the free boundary ¢ = 0 and at infinity ¢ = 7, y. 


This boundary value problem is readily solved by means of conformal mapping. 
The Schwarz-Christoffel integral 


, ~~ -e 
Zz—t = | ara (1) 


w 2) 


m= j _ A (— ———————— 2. as ) (2) 


where 


27 w 


27 
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transforms the boundary in the z-plane to the real axis in the w-plane, as shown 
by Fig. 1. The complex stress function in the w-plane then is ¢ = 7,,- w. Since 


x 


the i :tegral (1) cannot be evaluated except for points in the vicinity of the singular 
point z = ic, the solution in the z-plane can be explicitly stated only in that 
region. For |x < d (1) takes the form 


1 
d?\™ " 2m (3) 
Furthermore, 
i dw 
« dz 
or, for |jw| < d, 
(— 


“2m 
we" 


; ~ 
7, = Te 


Inserting here m and d from (2) and w from (3), one obtains for the stress in the 
vicinity of the notch tip, with the notation of Fig. 1, 


3. Suarep Norcu in Suear, Ipeatty Puastic Marertian 


For an ideally plastic material the shape of the plastic region developed at the 
tip of a sharp notch in shear was determined by Hutt and McCuintock (1956). 
With the notation of Fig. 2 the polar co-ordinate representation of the elastic 
plastic boundary is 


H\**~- : 
2(,)"° (5) 
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where H is defined by (4) and k is the yield stress in shear. The result (5) is valid 
only for small values of 7,,/k, i.e. for the incipient yielding. 


t. Suarp Norcu in Torston, ELASTIC MATERIAL 


The stress distribution near a re-entrant corner in torsion was studied by 
Dr Scuwarz (1953). It was found that close to the notch tip, with the notation 
of Fig. 3, 


an (6) 


w 


where K depends on the applied torque and on the cross sectional geometry, 
but not on r or #. 


5. Suarp Norcn is Torsion, IpeaALtty PLastic MATERIAL 
The similarity between (4) and (6) suggests that for a sharp notch in torsion the 
incipient plastic region can be obtained from (5) by analogy, i.e. that the elastic— 
plastic boundary takes the. form, with the notation of Fig. 4, 


K\2"=+ 
(z)"-". (7) 


This conclusion is justified by the following 
argument: For every given sharp notch in torsion 


can be found a corresponding sharp notch in shear, 


with the same notch angle w, such that the elastic 
stress field, within a certain sufficiently small 
distance from the notch tip, is identical in the 
two cases. This is accomplished by choosing 
cor 7,, such that H = K. Since the elastic stress 
fields are identical, the embedded plastic regions 


will then also be identical, and (7) follows Fig. 3. 
from (5). 

Equation (7) implies that the plastic region around a sharp notch in torsion 
‘an be found directly from the corresponding elastic solution. As an illustration 
might serve the L-beam, studied by Trerrrz (1921, 1925*). 

In the elastic case the stress vector was found to be, with the notation of Fig. 5, 


*A few misprints in the 1925 paper should be observed. 


i.e., with the notation of (6), 

K = GOb - ¥/0-1737 - b. 
Hence, from (7), the plastic region at the re-entrant corner of the L-beam has 
the form 


3 
2b 


R = R, cos 20, R, = 0-1737 - | 


GOb 


This coincides with the result obtained by Trerrrz (1925). 

The above result can be applied to finding the strain distribution around sharp 

notches or cracks in torsion. As shown by Huvr and McCiixrock (1956) the 

strain in the plastic region near a sharp notch or crack in shear is 
Rk 


8 
r G (8) 


By the same reasoning as above it is clear that this relation holds also for a sharp 
notch or crack in torsion, so that the strain will be given by (7) and (8). 

Application of this result to a study of the stress and strain distribution around 
a growing fatigue crack in torsion will be shown in a subsequent paper. 


ACKNOWLEDGMENTS 


The author wishes to acknowledge financial support from the Division of 
Sponsored Research at the Massachusetts Institute of Technology. This is part 
of a Dissertation submitted to the Massachusetts Institute of Technology in 
January 1957, in partial fulfilment of the requirements for the degree of Doctor 
of Science. 


REFERENCES 


De Scuwarz, M. J. 1953 Ost. Ing. Arch. 7, 88. 
Hint, R. 1950 Mathematical Theory of Plasticity pp. 84-88 (Clarendon 
Press). 
Hur, J. A. H. and 1956 Proc. 1X Int. Cong. Appl. Mech. Brussels. 
McCurnrock, F. A, 
Trerrrz, FE. 1921 Math. Ann. 82, 97. 
Trerrrz, EF. 1925 Z. Angew. Math, Mech. 5. 64. 


BOOK REVIEW 


<. Kirre.: Introduction to Solid State Physics, 2nd Edition. Chapman and Hall, 1956. 
617 pp., 96s. 


Tuts second edition, appearing three years after the first edition, represents a considerable 
increase in the size of the book, a change from approximately 400 to 600 pages. As the author 
indicates, ‘‘ half of the increase in length is brought about by fuller explanations of the basic 
concepts, particularly in the areas of crystal symmetry and energy band theory. The other 
half represents the addition of new material on alloys, semiconductors, photoconductivity, lumine- 
scence and imperfections in solids.’ The sections on elastic and thermal properties of solids, 
dielectric, ferroelectric and magnetic properties, and superconductivity have not been greatly 
changed from .the first edition. 

Much of the new material added on semiconductors, imperfections, etc. is concerned with work 
carried out in the last three years and one of the attractive features of the book is the account 
given of recent work on a number of topics of which cyclotron resonance, exciton spectra, and 
photoconductivity in semiconductors are typical examples. Here the author presents results 
on modern research work in solid state, so as to enable the reader both to see its correlation 
with basic theory, and also the trend of present research. This is very well supported by the 
addition of recent references, of the order of two hundred dated between 1953 and 1956 having 
been added. 

On the side of fundamental theory, the section on band theory has been considerably expanded 
and the extra space has been well used in discussing the more difficult concepts involved. However, 
the relatively large increase in the sections on crystal symmetry and X-ray diffraction in crystals, 
while concerned with basic concepts, represents to a considerable extent the introduction of new 
concepts not considered in the first edition. Asa result, even with the large expansion in the space 
allocated to it, this section is still highly condensed, more so than any others of the book, and 
may represent very hard going for a reader relatively unversed in crystallography. 

The above considerations are perhaps particularly relevant as the book is intended as an intro- 
ductory textbook to students in solid state physics. So far as the undergraduate student is 
concerned, in most cases the new material in this second edition will concern him but little, and 
it is the post-graduate student who will find the book most useful. The raising of the average 
academic level of the text is further illustrated by the inclusion in the text of some material which 
previously occurred in appendices. 

So far as the beginning post-graduate student is concerned, the author has achieved his purpose 
very satisfactorily. Any such student will find a thorough knowledge of the book very rewarding, 
while the more advanced worker can also gain much from it. It is regrettable that perhaps only 
the latter will feel that the price does not place the book beyond his reach. 

J. C. WooLLey 
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VICKERS HARDNESS AND COMPRESSIVE STRENGTH 


By D. S. DuGpaLe 


Engineering Department, University College of Swansea 
(Received 25th July, 1957) 


SUMMARY 


HarpNess and compression tests are reported for a wide variety of materials. A simple empirical 
method for relating hardness number to the stress-strain curve is suggested. The correlation 
obtained leads to the conclusion that the Vickers test is not at all sensitive to vield stresses 
corresponding to compressive strains greater than 0-15. 


1. INTRODUCTION 


INDENTATION hardness evidently represents some kind of average of yield stress 
taken over a certain range of strain. For an ideal rigid-plastic material there is 
only a single value of yield stress at all values of strain, so the hardness found 
with a particular kind of indenter must be a certain multiple of this stress. For 
a perfectly elastic material one might expect the hardness to be defined by the 
elastic constants (e.g. SNEDDON 1951, p. 466). However, most materials strain 
harden in a more or less irregular manner after the initial breakdown of elasticity, 
so any proposed method of calculating hardness must take account of the whole 
stress-strain curve. This has been realized for some time, due to the failure of 
special methods involving elastic constants, initial yield stress, ultimate tensile 
stress, etc. to give any generally valid indication of the hardness value (HANKINS 
1929). 

It is an everyday experience in hardness testing that the material displaced by 
the indenter flows upwards around the indenter only for relatively few materials, 
chiefly those that have been cold-worked. Usually, the indenter appears to push 
material in front of it into the interior of the body, and clearly this feature must 
be kept in mind in any attempt to calculate hardness from results of tensile and 
compression tests. This deformation has been investigated many times in the past. 
Recently, Wituiams and O'NEILL (1956) plotted hardness contours over sections 
of indentations, and SAMUELS and MULNEARN (1957) carried out quantitative strain- 
etching tests. These investigations suggested that the deformation consists 
largely of the expansion of hemispherical shells of material beneath the indenter. 
If this is so, the pressure required to form an impression must be such as to over- 
come the resistance to expansion of all these shells, which will be strained more or 


less severely according to their radial distance from the centre of the impression. 
The idea of a purely radial expansion will be utilized later in an attempt to correlate 


hardness with compressive strength. 
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2. Compression Tests 


Cylinders of diameter 1 in. and length 2 in. were tested in a 100 tons capacity 
Amsler testing machine. Strains up to 1 per cent were measured with diametrically 


opposite Huggenburger extensometers of 1 in. gauge length. During this part of 


the test a ball joint was interposed between the specimen and the machine platen 
to ensure coaxial loading. After this stage, the extensometers and ball joint 
were removed and the strain was calculated from diameter measurements taken 
with a micrometer. The ends of the specimen were lubricated about five times 
during the test with calcium oleate. Each load was maintained for a few seconds 
only, while readings were taken. The logarithmic strain «, defined as the natural 
logarithm of the ratio (initial height ‘final height) was calculated, and the true 
stress was plotted against the decimal logarithm of this strain. Typical curves 
are shown in Fig. 1. Selected values of compressive yield stress (tons in*) are 
given in Table 1. 
Wr : 
opper Alloy steets 
C@ - annealed H= 41-6 100) a- stainless stee! H=226 


b- compressed 2. H=5!1-9 b-— Ble Ni steei,norm. H=275 
c- cornpressed 5°. H=6)!-4 


3 
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Compressive strain— log,,« Compressive strain — log,o« 


Fig. 1 Compression test results. 


“or tests on lead, the specimens were periodically cooled in ice to delay recovery, 
but nevertheless the precise values of yield stresses for strains beyond 0-1 cannot 
be quoted with confidence. Cast iron fractured at a strain of 0-1 and cold-drawn 
brass at a strain of 0-5 (all strains are logarithmic). Nylon deformed almost 
linearly up to a well-marked yield point. However, Perspex was found not to 
have a distinct yield stress ; creep occurred at an accelerating rate at high stresses, 
and the results were of such doubtful value that they were discarded. Copper A 
and Copper B had slightly different annealing treatments. 

Materials giving pronounced raised lips around the impression, with a high 
convexity ratio, are not discussed at present. It is thought that the hardness of 
such materials is better compared with results of torsion tests. Materials containing 
internal stress and having marked anisotropy were avoided. 


83. Harpness Tests 


A standard Vickers hardness testing machine was used, with a pyramidal diamond 
indenter. The test load was such as to give the largest measurable impression, 
normally 100 kg. Special care was taken to avoid errors due to hard surface layers. 
After machining the specimens were progressively polished on emery paper until 
a constant value of hardness was obtained. No special measures were taken 
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either to clean the polished surface of the specimen or to lubricate it. About 
fifteen impressions were made on either end of the cylinder which was later tested 
in compression. In addition to the diagonals, the lateral dimensions of the impres- 
sion were measured, by means of the Vickers microscope. From these measurements 
the convexity ratio b/s was calculated (Fig. 2). For obtaining lateral dimensions 
of the surface of contact, the usual vertical illumination of the impression was 
occasionally supplemented with extra oblique illumination. About 3000 Vickers 
tests were carried out. Average values are shown in Table 1. 


TABLE 1 


Vickers Convexity Yield 
hardness ratio : stresses 
b/s Yo. Yo.20 


Steel, 0-1°, C normalized 0-004 35-0 
Steel, 0-1°, C annealed 0-014 31-6 
Steel compressed 2°,, aged ‘ + 0-024 37-2 
Steel, 0-4°%, C normalized r 0-017 51-2 
Steel, 0-4°, C annealed 0-031 45-9 
Steel, 13°, Mn 5 0-036 53-6 
Steel, stainless j 0-026 : 61-3 
Steel, 3°,, Ni normalized § - 0-032 65-0 
Steel 3°,, Ni annealed + 0-022 ! 56-0 
Copper A, annealed . O-115 14-3 
Copper compressed 2°, 51- 0-027 151 
Copper compressed 4°, 56- 0-004 15-6 
Copper compressed 5°, °f + 0-O16 15-8 
Copper B, annealed 5 0-078 14-8 
Copper compressed 3°, 47 + 0-027 16-8 
Brass, 60 : 40 cold-drawn j + 0-005 
Brass, 60 : 40 annealed . 0-025 
Brass, 70 : 30 annealed 56. 0-055 
Aluminium, 11°, Si. 55. - 0-013 
Lead, annealed D: + 0-046 
Cast iron 2 0-036 
Nylon 4 — 0-054 


4. DeEFroRMATION AROUND IMPRESSION 


In the Vickers test a pyramid of 136° included angle is pressed into the surface 
under a known load. To obtain the hardness number H, the load (kg) is divided 
by the area of the sloping surface (mm?) calculated from the average of the diagonals. 
The problem considered here is that of finding an empirical relation between 
hardness and compressive strength valid for materials having any kind of stress.- 
strain curve. A fairly simple and essentially correct model of the deformation is 
required for indicating magnitudes of strains in the material beneath the indenter. 
SAMUELS and MuLHEARN worked with annealed brass (which gives an impression 
of the sinking-in type) and showed that, at a short distance from the tip of the 
indenter, surfaces of equal strain were hemispherical. This suggests that hardness 
may be usefully compared with the radial pressure required to produce a purely 
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radial expansion of a spherical cavity in an infinite mass of material. Let the 
radius of the cavity be a (Fig. 2). The radial pressure p, at radius r, is obtained 
by integrating the equilibrium equation : 


‘oy |D 4 
P; dr | s 


r <~ >< 


where Y is the compressive yield stress at radius r. 

In order to calculate strains, the material is assumed \ 
to be incompressible. Bisnop, Hit. and Morr (1945) found 
the following expression for the logarithmic compressive 


strain « at radius r: 


€ gin) 


r3 a® | 


For values of r that are fairly large in comparison with a, 
we may expand and differentiate (2) to obtain 


dee 3dr /r. (3) 


Substituting for dr‘r in (1), the integral for the radial \ 


pressure becomes Fig. 2. Dimensions of 
. impression. 


P, 'Y dine). (4) 
0 

This means that when the compressive yield stress Y is plotted against the logarithm 
of strain, the radial pressure at any radius r, is proportional to the area under the 
curve taken up to the appropriate value of «,. Bisnop, Hitt and Mort used 
equations (1) and (2) to evaluate the pressure acting on the surface of the expanding 
cavity, i.e. at radius r — a, and compared this value with the pressure required 
for deep punching. Here the pressure is almost twice as great as that required 
for producing a shallow indentation. 

There are various reasons for this difference. The radial pressure required to 
expand a hemispherical shell will not be exactly the same as that required to 
expand a whole spherical shell, due to the presence of a free surface. However, 
previous work (DuGDALE 1955) showed that an indenter of 70° included angle 
required a pressure equal to about 0-9 of the pressure to expand a spherical 
cavity, so the presence of the free surface does not satisfactorily explain the 
discrepancy. The most important reason for it seems to be suggested by the 
experimental result that (for the materials considered here) indentation pressure 
falls rapidly with increasing indenter angle. This is interpreted as meaning that 
as the indentation becomes shallower, the pressure required is predominantly 
governed by yield stresses at smaller and smaller strains. So it might be expected 
that the calculated pressure required to expand a spherical cavity would depend 
to an excessive degree on yield stresses at large strains, and would not give a 
suitable value for comparison with the pressure required for the relatively shallow 
Vickers indentation. Calculations, which can be readily carried out with the ex- 
perimental data given, showed that this was so, and suggested the need for a 
modified method which would take less account of yield stresses at large strains. 

No exact method of calculating the strains produced around a shallow indentation 
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is known to the writer. However, the object of the present work was simply to 
derive a single numerical value from the stress-strain curve for comparison with 
the hardness value, using a method that takes account of the gradually decreasing 
strain values at increasing distances from the centre of the impression. A possible 
way of modifying the calculation would be to set a finite upper limit to the integral 
for radial pressure (4) in place of the theoretically infinite strain value for an 
expanding spherical cavity. This excludes altogether the contribution made by 
vield stresses at strains larger than some arbitrarily chosen value. The resulting 
pressure may be thought of as the radial pressure acting on a hemisphere of material 
having a radius comparable to half the impression diagonal, but it does not seem 
to be necessary for the purpose of the present work to relate it in any precise way 
to the geometry of the pyramidal impression. The usefulness of such a hypothetical 
pressure may be judged from another standpoint, i.e. whether it bears a constant 
ratio to the hardness value. 


5. ANALYSIS OF RESULTS 


When the sides of the impression are not too convex, material displaced by the 
indenter is to a large extent forced downwards into the body being indented. It is 
thought that, when this happens, the hardness number is governed primarily by 
the pressure required to cause a radial expansion within the material. It has been 
shown that at any radius the radial pressure required to cause a purely radial 
expansion is proportionate to the area under the stress-strain curve drawn on a 
logarithmic base (Fig. 3). If the precise radius at which the radial pressure is 
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Analysis of compression test results, 


measured is left unspecified, the upper limit of strain is available as a variable 
parameter for obtaining the most favourable set of values for comparison with 
values of hardness. It was found that a value of compressive strain ¢, = 0-15 
gave the best correlation for the materials examined. Ratios of hardness H divided 
by area A,,,, (given in Table 1) are plotted against convexity ratio b's in Fig. 4. 
Quite a small variation in the chosen limit of strain was found to be sufficient to 
impair this correlation. The information given in Table 1 is thought to be sufficient 
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to allow this result to be checked. It is of interest to note that Tasor (1951, 
p. 106) found that hardness bore an almost constant ratio to yield stress if this is 
selected at a compressive strain of 8 per cent. The curve shown in Fig. 4 tends 
to fall slightly for convexity ratios greater than — 0-02. This might be expected, 
as flow upwards to the surface then provides a slightly easier path of escape for 


some of the displaced material than the purely radial mode of flow. 
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Lig. 4. Correlation between hardness and Fig. 5. Shape of impression related to 
compressive strength. stress—strain curve. 


It is of considerable interest to attempt to estimate the convexity ratio from the 
stress-strain curve. It may be conjectured that upward flow would occur more 
easily as the pressure beneath the indenter increased in relation to the yield 
strength of material lying on the periphery of the impression. It may be argued 
that the area A, ,, representing radial pressure, when divided by the yield stress at 
a particular value of strain, should provide a ratio for correlating with convexity 
ratio. This strain may be varied so as to obtain the best correlation. The best 
value was found to be 0-15. These ratios are plotted in Fig. 5. It should perhaps 
be pointed out that the convexity ratio depends on the difference in elevation of 
the centre of the lateral lip and the corner of the impression. Factors influencing 
the elevation of the corner have not been specifically studied. 


6. Discussion AND CONCLUSIONS 


The reasonable correlation between hardness values and the proposed quantity 
derived from the stress-strain curve (Fig. 4) is thought to justify the method used. 
If this is accepted, it follows that the Vickers hardness value depends critically 
on yield stresses corresponding to strains up to 0-15, but very little on stresses 
corresponding to larger strains. This can be well appreciated by inspection of the 
columns of yield stress in Table 1. For some materials the yield stress increases 
very rapidly for strains greater than 0-15 and for some materials it hardly increases 
at all, but this does not seem to influence the hardness. The fact that conventional 
Vickers and Brinell tests give no indication of strain-hardening at large strains 
has been keenly appreciated in the past, and has given rise to methods such as 
the Meyer analysis for obtaining this further information. 


Vickers hardness and compressive strength 91 


The hardnesses of the plain carbon steels appear to be distinctly lower than the 
values predicted from the stress-strain curves (Fig. 4). It appears that for steels 


which have a marked yield point, the constant stress required to maintain flow 


after initial yielding is not applicable to the type of deformation that occurs 
beneath an indenter, for some geometrical reason. Strain-etching of sectioned 
impressions usually reveals a very irregular system of LupERs bands enclosing 
areas that have not yet yielded (DUGDALE 1956). 

The ratio for nylon (Fig. 3) is lower than those for the metals. This is attributed 
to the low value of the elastic modulus in relation to hardness (EK = 250 tons /in*). 
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THE PROPAGATION OF FATIGUE CRACKS 
IN SHEET SPECIMENS 


By N. E. Frost and D. 8S. Ducpae* 
Mechanical Engineering Research Laboratory, Kast Kilbride 


(Received 19th July, 1957) 


SUMMARY 


Faricur tests have been carried out on mild steel, aluminium alloy and copper sheet specimens 
containing a small central slit. Measurements of the growth of the fatigue cracks initiated by the 
slit were made as the test proceeded. In some of the mild steel specimens a plastic zone was 
visible around the growing crack. Measurements of the plastic zone were made whenever 
possible and these showed that a state of geometrical similarity existed between the crack 
length and plastic zone dimensions. 

For low stresses the crack growth was sometimes erratic, but while the growth was steady 
and the overall crack length less than about one eighth of the specimen width it was found that 
the rate of growth was proportional to the current crack length. The effect of mean stress is 


discussed, 


INTRODUCTION 


Aurnoucn a vast quantity of information on the fatigue properties of materials 
has been accumulated during the last fifty years, the study of the laws governing 


the rate of growth of a fatigue crack has received little attention until recently. 


This has been mainly due to two reasons. First, in the laboratory testing of 
fatigue specimens, by far the greater part of the work has been carried out on 
cylindrical specimens, the geometry of which makes it very difficult to obtain 
accurate quantitative data on crack growth. This difficulty is especially serious 
for notched specimens in which it is possible for a crack to form early in the life. 
Secondly, trends in the design of high performance equipment, such as aircraft 
engine components, have been towards the use of polished components of high 
strength steel in which cracks are on no account permissible. For such components, 
working stresses are governed by consideration of fatigue crack initiation rather 
than crack propagation, At the present time, however, interest has revived for 
a number of reasons. It is desirable to rationalize design in many departments 
of engineering so as to economize in material. In railway rolling-stock, components 
often work under conditions where a combination of corrosion and fretting makes 
it inevitable that small fatigue cracks form, and a safe design is one in which these 
cracks are not allowed to spread. In aircraft structures the ‘ fail-safe’ design 
philosophy requires the structure to be constructed in such a way that fatigue 
cracks do not cause catastrophic failure before corrective measures can be taken. 
Again, in bridges or ship structures a disastrous failure may occur if a crack should 
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grow to a length sufficient to set off brittle fracture. The initiation of the crack is 
usually due to some kind of stress raiser, such as a sharp corner, a rivet hole, 
a notch or slit, or an inclusion in a welded joint. 

In order to obtain information on the propagation of fatigue cracks under 
idealized laboratory conditions, fatigue tests have been carried out on thin sheet 
panels of various materials. Cracks were grown from a central slit in the panel 
and growth measurements taken continuously. 


Survey oF Previous Work 


There is little published information on the growth of fatigue cracks which can 
be considered relevant to the work of the present paper. Some work has been 
carried out using plain and circumferentially notched cylindrical specimens (Moore 
1927, Lessets and Jacques 1950, Hy er et al. 1956) tested under conditions of 
rotating bending. However, for the plain specimens, only the circumferential 
length of the crack can be estimated, while for the notched ones sectioning of the 


specimen is necessary to obtain the depth of crack (which of course allows only one 


measurement per specimen to be made). Also, with such specimens a complex 
three-dimensional stress distribution is present which makes the test results 
difficult to interpret. Again, where cracks are formed in plain specimens at stresses 
above the intrinsic fatigue limit and then reloaded (Moore 1927, Frost and 
Puitiips 1956) the conditioning of the material ahead of the crack due to the 
initial crack formation profoundly influences the subsequent behaviour of the 
crack, 

The ideal experiment calls for a wide sheet with a small internal slit. Weireuns. 
(1954, 1956) has carried out such tests although unfortunately his sheets were not 
particularly wide. In the analysis of the results WerBuLL (1954) attempted to 
apply a correction to the applied nominal stresses to allow for the reduction of 
cross section as the crack grew. In the work described in his later paper (1956) 
the applied loads were progressively reduced throughout the test so that nominal 
stresses calculated on the remaining cross section remained constant. From these 
tests WeiBuLL concluded that the length of crack was proportional to the number 
of cycles of applied load, or alternatively that the rate of crack growth was constant 
and independent of the current crack length. Two controversial points arise 
from WeIBULL’s work. First, the length of the crack was measured from the end 
of the internal slit and not from the centre of the specimen. This does not conform 
with present-day methods of analysis as discussed by Weis (1955). It has, 
however, no serious consequences since WEIBULL’s graphs employ a linear length 
scale. The second point is concerned with the validity of correction made to the 
applied loads in order to keep a constant stress value across the remaining section. 
This matter is discussed in detail in the next section. 

A mathematical study of the question of crack propagation has been made by 
Hrap (1953). The following expression was derived : 


dl/dN = P!* ‘a'* f(a) 


where f(a) is a function of the nominal applied stress, N the number of cycles, / 
the half crack length and a the thickness of plastic zone ahead of the crack. Heap 


O4+ N. E. Frost and D. S. Ducpauw 


assumes that this thickness remains constant, and independent of crack length, 
but the experimental work described in the present paper suggests that this 
assumption is not correct. If a is considered constant it follows that [-} varies linearly 
with N, the number of cycles. To verify his theoretical relationship Heap used 
the experimental results of Moore (1927), De Forrest (1936) and Benner (1946) 
and showed that the results gave a linear relation between [* and N. Although 
the measurements appeared to agree with the above expression, replotting shows 
that they also conform with a variety of other expressions relating rate of growth 
and crack length. However, experiments of the type carried out by these authors 
cannot be considered to furnish reliable measurements of crack length and the 
use of them in support of a basic theory of crack propagation is most unsatisfactory. 


3. Errecr or Fixirre Wipru or Seer 


When the sheet is very wide the stresses in the vicinity of a central internal 
erack are defined by the mean external stress applied to the sheet, irrespective 
of the precise width. As the length of the crack becomes an appreciable fraction 
of the width of the sheet, the stresses around the tip of the crack will increase 
even though the mean stress calculated on the gross section of the sheet is the 
same as before. One possible assumption is that the stresses near the end of the 
crack increase so as to bear a constant relation to the average stress over the 
reduced section of the sheet. As mentioned earlier, this is the assumption made 
by Weiput (1954, 1956) and is one of a kind familiar to engineers. However 
it is quite arbitrary and can be shown, in specific examples, to be incorrect. For 
instance, TrimosHeENKO and Gooprer (1951, p. 81) state that the solution for the 
stresses around a circular hole in an infinite plate can be applied to a plate of 
finite width. When the width of the plate is as small as four diameters of the hole, 
the error in the infinite plate solution for calculating the maximum stress is only 
6 per cent if the stress is considered as the load divided by the gross area of the 
plate, and not 334 per cent, as the use of the net area would suggest. 

For the hole in a plate of finite width HowLanpb (1930) evaluated the maximum 
stress concentration for various ratios of hole radius ¢ to half plate width b. His 
tabulated values of stress concentration factor can be represented quite well by 


the series 


- 4 
c\2 P 
3/14 + 4 | 4 | 
| (;) i) 
It should be noted that the first term of the correction occurs as the square of the 


ratio. So far as the authors are aware, the corresponding solution for an internal 
slit has not yet been evaluated. However, the above feature is likely to be found 


again, since it appears to follow from the condition of symmetry about the longi- 
tudinal centre-line. Suppose that the stress function may be expressed, in terms 


EE ann(*) (4) 


m x 


of x and y, as 


where the crack of length 2/ lies along the a-axis, with its centre at the origin. 
The condition that a, should remain unaltered when the sign of x is changed ex- 
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cludes odd values of m. Then the boundary condition o, = 0 along x = b gives 
only even powers of b/l for determining the constants a,,. 

For the purpose of obtaining an estimate of this effect some experiments were 
carried out on mild steel sheets containing internal slits, tested under static tension. 
The specimen was similar to those used for the fatigue tests described later and 
is shown in Fig. 2. Each sheet contained a central slit of different length and was 
loaded in increments up to a nominal stress of 3 tons/in® based on the gross area. 
Two Johannson extensometers of ;,in. gauge length were fitted centrally on 
either side of the specimen in such a way as to measure the amount of opening 
of the slit as load was applied. As it was found that this movement was reversible 
it was assumed that the amount of opening was proportionate to the stresses in 
the elastic material surrounding the slit. If the amount of opening is 2u, the 
length of slit 2/ and p the nominal stress acting on the gross area of the sheet, 
then the theoretical value of the function uF, 2pl is unity for an infinite sheet. 
The experimental values obtained for sheets of finite width 2b are shown in Fig. 1, 
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Fig. 1. Experimental values of amount of opening of slit in mild steel sheet. 


from which it may be concluded that the stresses in the vicinity of the slit increase 
according to a factor 1 + A (l/b)* where A is a coefficient whose value is somewhat 
less than unity. The procedure of obtaining a corrected stress by dividing the 
applied force by the reduced area does not seem appropriate. It would appear for 
investigating basic laws of crack propagation it is best to avoid as far as possible 
any correction for the finite width of the sheet. This correction involves both the 
fractional error in the stresses near the crack and also the response of rate of 
growth to stress. The first of these factors is not accurately known and the second 
cannot be defined with certainty without a knowledge of the basic laws which 
it is the purpose of the experiment to determine. 

In the following experimental work the internal slits used were made small in 
relation to the width of the sheet so that errors due to finite length were negligible. 
The nominal stresses considered are all obtained by dividing the applied loads by 
the gross area of the sheet and not by the reduced area. 


4. EXPERIMENTAL DeTaILs 


The materials tested were mild steel, aluminium alloy (BS.L71), and commercially pure copper, 
these materials being in the form of sheets measuring 6 ft by 3 ft. The mild steel sheet of thick- 
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ness 10 SWG (0-128 in.) was supplied in two batches, hot rolled and normalized. The first, 
marked MBLV, had an analysis 0-12 per cent carbon, 0-46 per cent manganese, 0-052 per cent 
sulphur. This material was stress-relieved at 650°C and gave a tensile strength of 20-5 tons/in® 
with 26 per cent elongation. The second, marked MBPQ, had an analysis 0-05 per cent carbon, 
0-28 per cent manganese, 0-016 per cent sulphur, This material was annealed by heating to 
800°C and furnace cooling, resulting in a tensile strength of 19 tons /in* with 48 per cent elongation. 
The aluminium alloy (4-45 per cent copper) was supplied rolled to 14 SWG (0-080 in.) and was in 
the fully solution treated and aged condition. It was not subjected to any further heat treatment 
and gave a tensile strength of 30-5 tons /in® with an elongation of 10 per cent. The copper (10 SWG) 
was annealed at 600°C and gave a tensile strength of 15-5 tons /in* with an elongation of 50 per 
cent. The micro-structures of all the materials were quite normal. 
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Fig. 2. Test specimen and method of clamping in 60 ton Schenck fatigue machine, 
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Fig. 3. Test specimen and method of clamping in 6 ton Schenck fatigue machine. 


Specimens of the form shown in Figs. 2 and 3 were cut from the sheets with their longitudinal 
direction coinciding with the direction of rolling. No machining was carried out on the surface 
of the specimens. The ends of the specimens were drilled for clamping in Schenck-type fatigue 
machines. Specimens of the type shown in Fig. 2 were tested in a 60 ton capacity machine while 
the type shown in Fig. 3 were tested in a 6 ton capacity machine. The grips were fitted in the 
fatigue machine so that the specimen lay in the vertical plane although some of the earlier tests 
were carried out with the specimen in the horizontal plane. The grips were carefully aligned to 
ensure that no bending stresses were introduced into the specimen. The stress distribution 
across the test section was checked by means of Huggenberger extensometers, a series of static 
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loads being applied. It was found that the stress did not vary more than 2 per cent from the 
average across the central section. 

To initiate fatigue cracks, a central slit was made in the specimen. This was done by first 
drilling a central hole 0-040 in. diameter and then cutting diametrically opposite slits 0-15 to 
0-5 in. long, perpendicular to the longitudinal direction of the specimen, by means of a fine steel 
fret-saw blade. Thin steel razor blades which had had saw teeth ground in the cutting edge 
were then used to extend the slit a further 0-01 in. approximately, the extremity of the slit thus 
formed being about 0-002 in. wide and 0-001 in. root radius. A typical profile can be seen from 
the photomicrograph shown in Fig. 9. After this operation the specimens were given the respective 
heat-treatments mentioned earlier. 

To facilitate measurement of the fatigue cracks both sides of the specimen were polished across 
the central section. Light scribe-marks were then made at intervals of 0-1 in. from the centre 
of the sheet. The specimens were strongly illuminated and a small hand microscope with a 
magnification of x 10 was used for estimating the crack length. For specimens tested in the 
vertical plane the crack lengths were read on both sides of the specimen. It is important to 
note that all crack lengths and other related measurements are measured from the centre of the 
sheet and not from the end of the initial slit. The crack lengths were measured at regular intervals 
while the machine was running, and it was considered that they could be measured to an accuracy 
of 0-005 in. Specimens in which no cracks could be seen, or those in which a crack formed but 
did not propagate, were cut up and the section containing the central slit metallurgically mounted. 
These sections were polished and etched and examined under magnifications up to x 500. 

The specimens were tested in the appropriate Schenck fatigue machine, which ran at about 
2000 cycles/min, the specimens being subject to direct stress. Fatigue tests were carried out 
with various tensile mean loads, these being such that the loading was never compressive. 

It may be reiterated here that nominal stresses are based on the gross cross-sectional area of 
the specimen, taking no account of the presence of the crack. The symbols / and N respectively 
represent the average half-length of the crack in inches measured from the centre line of the sheet 
and the number of stress cycles in millions. 


5. Tests on PLAIN Specimens 

To obtain the intrinsic fatigue strength of the sheet materials, conventional 
fatigue tests were carried out with mean loads comparable to those used for the 
sheets containing central slits. The value of the mean load was limited by the fact 
that it was necessary to keep the sheet specimen always in tension to prevent 
buckling. The specimens were given the same heat treatment as the sheets con- 
taining central slits. The estimated limiting fatigue strengths, based on an 
endurance of 107 cycles, were found to be: Mild steel (both batches) 
10 +. 54 tons /in*, Aluminium alloy 8 +. 5} tons /in®?, Copper 6 +- 24 and 4 +. 3 tons /in?. 


6. Tests oN Sueer Specimens CONTAINING CENTRAL SLITS 


The length of the fatigue crack was measured at regular intervals throughout 
the test. In the earlier tests, where the sheet was tested in the horizontal plane, 


only two measurements were possible but in the later tests, where the sheet was 
tested in the vertical plane, four measurements were obtained, two on either side 


of the specimen. On any one specimen, at a given instant during the test, the 
individual readings varied only slightly one from another and for the purpose of 
plotting curves the average value was used. In the earlier tests slits of half-length 
0-5 in. were used, but as the technique for producing the slits was improved, 
later tests were done with slits of half-length 0-15-—0-2 in. 

The mild steel specimens were tested with mean stresses of 10, 7, 5 and 2 tons/in’, 


TABLE 1. 
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Details of fatigue tests on sheets containing central slits 


Specimen mark 


Average half 
length of 
initial slit 

(in.) 


Mild steel 


MBLV 
MBPQ : 
MBPQ 
MBPQ 
MBLV 
MBLV 
MBPQ 
MBLV 
MBLV 
MBPQ 
MBPQ 
MBPQ 
MBPQ 
MBPQ 
MBPQ 
MBPQ 
MBPQ 
MBPQ 2 
MBPQ 
MBLV 
MBPQ 
MBPQ 
MBLV 
MBPQ 
MBPQ 
MBLV 
MBLV 2 
MBPQ 
MBLV 
MBPQ 
MBLV 
MBLV 
MBLV 
MBLV 


ri) 


Aluminium alloy 


MBNQ 11 
MBNQ 12 
MBNQ 21 
MBNQ 13 
MBNQ 20 
MBNQ 14 
MBNQ 15 
MBNQ 18 
MBNQ 23 
MBNQ 19 
MBNQ 22 
MBNQ 17 
MBNQ 16 


0-375 
O3TS 
0-158 
O3TS 
0-184 
O-375 
0-20* 
0-285 
O-18 

0-28 

O-244 
0-25 


0-20 


Stress (tons /in?.) 
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Endurance 
(millions of 
cycles) 


0-0146 
0-3935 
0O-4111 
2-7292 
1-2000 
2-1590 
13-3439 
34115 
16-6142 
0-1009 
0-2737 
0-5637 
0-8603 
1-3082 
2-2086 
10-5321 
23-5766 
0-3523 
O-7897 
O-322% 
1-7456 
3°33038 
13358 
49697 
10-4522 
12-7328 
14-4171 
10-2364 
10-0943 
84467 
13-0306 
12-0781 
12-0849 
9-9076 


00-0169 
00-1005 
0-50381 
00-6212 

‘T789 
53023 
1-0639 
1-:3703 
2-4104 
2-3051 
10-2047 
12-9345 
10-3635 


Remarks 


Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 
Non-propagating crack 
Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 
Non-propagating crack 
Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 

Crack growth 
Non-propagating crack 
Non-propagating crack 
No crack formed 
Non-propagating crack 
Crack growth 
Non-propagating crack 
Non-propagating crack 
Non-propagating crack 
Crack growth 


Crack growth 
Crack growth 
Crack growth 
Crack growth 
Crack growth 
Crack growth 
Crack growth 
Crack growth 
Crack growth 
Crack growth 
Crack growth 
No crack formed 
No crack formed 


*Crack cut at 45° through sheet thickness. 
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Average half | Endurance 
Specimen mark length of Stress (tons /in*) (millions of | Remarks 


initial slit | cycles) 


| 


(in.) 


Copper 
MBNK 11 0-27 
MBNK 14 0-265 
MBNK 13 0-32 
MBNK 15 0-275 
MBNK 12 0-30 


11333 Crack growth 

30611 Crack growth 

6-0941 Crack growth 
26-8323 Non-propagating crack 
15-8193 No crack formed 


~ 
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the aluminium alloy at mean stresses of 4 and 2 tons/in? and the copper at a mean 
stress of 2 tons/in*. The details of the tests carried out are given in Table 1. As 
these tests involved some thousands of measurements of crack length it is only 
possible to present the final analysis of the experimental data here. Tabulations 
and plots of the data are given in extenso in the unpublished report (Frost and 
DvuGDALE 1957b). 

It was noted that non-propagating cracks were present for some of the lower 
alternating stress values. Where the crack could be seen with the low-power 
microscope, the measurements showed clearly that such cracks were non-propagat- 
ing. In other cases, although no crack could be detected during the test, subsequent 
microscopic examination revealed small cracks. 

On final examination of the fractured specimens, two modes of fracture were 


apparent. At first the cracks had grown from the initial slit at 90° to the plane 
of the specimen. After growing in this manner for a certain length, fracture 
subsequently occurred on a plane inclined at roughly 45° to the plane of the sheet. 
For some of the aluminium alloy specimens, fracture occurred as a double shear 
instead of the usual single shear. No distinct change in the rate of growth was 
observed when the transition from 90° to 45° growth occurred. 


For one aluminium alloy specimen, the slit was cut at an angle of 45° to the 
plane of the sheet to see if this would induce the crack to grow immediately along 
a 45° plane. However, the crack behaved exactly as if the slit had been cut in the 
normal manner, and started off on a 90° plane. 

With the second batch of mild steel (MBPQ), it was found that, by heating to 
800°C for 1 hr and furnace cooling, strain markings were apparent on the surface 
of the sheet around the tip of the growing crack. Measurements of the plastic 
zone revealed by these markings were made whenever possible. Although there 
was never any doubt about the length of the plastic zone it was difficult to obtain 
accurate measurements of the width. Photographs of the growing crack and plastic 
zone were taken throughout some of the tests. 


7. PropaGATiION oF Fatigue Cracks 


Consider first a small idealized slit in a perfectly elastic sheet of infinite extent 
subject to plane stress. The theory of elasticity shows that the configurations of 
stress and strain around the slit remain geometrically similar as the slit extends. 
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In other words if a unit diagram is prepared in which dimensions are so scaled as 
to represent the length of the slit by unity then at any point defined by a vector 
drawn from the origin, the stress or displacement is the same regardless of the 
actual length of slit. The same answer can be arrived at by a dimensional analysis 
of all the parameters that have a bearing on the problem. If the sheet width is 
large in comparison with the slit length it will have only an infinitesimal effect 
on the stresses in the vicinity of the slit. Also, if the sheet is thin in comparison 
with the length of slit, it can be assumed that stresses through the thickness are 
zero and so the precise value of sheet thickness in relation to slit length cannot 
be of any consequence, If it is assumed that the structural dimensions of the 
material are small enough to allow it to be considered as homogeneous, then no 
other lengths are involved and all other parameters are stresses. It then appears 
reasonable to say that during a single loading up to a certain nominal stress a 
configuration will be attained in the vicinity of the slit which can be reduced to a 
unit diagram regardless of the slit length. This must be so whether or not part or 
the whole of the sheet deforms plastically. 

It is assumed in the previous argument that two or more sheets in an initially 
identical and uniform condition but with different lengths of slit are deformed 
with a single application of load. If, however, load is applied to a single sheet 
with a slit of a certain length and later re-applied when the slit has elongated, 
the configurations will only be similar if the sheet suffers no permanent change 
due to loading and unloading. If, for instance, internal stresses are introduced, 
or work-hardening occurs during the first loading, then the second configuration 
ior the increased slit length may not be the same as the first because two values 
of length are now involved. 

A further step is to regard fracture under fatigue loading as if it were a continuous 
process. Suppose that a crack has grown continuously from an initial length of 
cither zero or a value small in relation to the current length. As it has not been 
arrested at any stage, there is only one independent variable of length to which 
the configuration of stress and strain can be referred, namely, the current length 
of crack. It follows that the rate of propagation must be proportionate to the 
current length of crack. 

This argument does not take into account independent dimensions of length 
associated with any plastic zone adjacent to the tip of the crack. If there is an 
independent length parameter of this kind then there can be no geometrical 
similarity of strain distribution and the above arguments are invalidated, 


8. MEASUREMENTS OF PLastic Zone AHEAD oF CRACK 


The development of the plastic zone ahead of the growing crack appears to be of 
importance with regard to the above argument. The measurements of the half- 
length of the plastic zone were plotted against the half-length of crack for each 
of the appropriate mild steel (MBPQ) tests. In the cases where measurements of 
the width of the plastic zone were available, similar plots were also made. It was 
found that the results were well represented by straight lines passing through 
the origin. Hence it is reasonable to assume that both the length and width of 


the plastic zone were directly proportional to the current crack length. Two 
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typical curves are shown in Fig. 4. It should be noted that the half-length of both 
the crack and the plastic zone are measured from the centre-line of the specimen. 
The ratio of these lengths is shown plotted against the maximum nominal tensile 
stress of the cycle in Fig. 5. A reasonably smooth curve is obtained showing 
that, as expected, there is some functional relationship. 


Half length of plastic zone, in. 


O2 04 O6 
Half-crack length 


—— — — — — 
| |7+2 tons/in4 = i. | 
ERS eee 

| 
ee et 


= = Ee 


nae 


Y 


Length of plastic zone 
Current crack length 


as 


| 
| 
| 


| | ‘ ae J 
| 01234567 89100 12 


i i 
o2 O4 O06 06 ro Maximum tensile, stress 
Half-crack length in. of cycle, tons/in 


£ 
y 
ra 
6 
N 
ie) 
Pr} 
r) 
2 
a 
oe 
) 
D 
io 
s 
* 
P] 
zr 


Fig. 4. Length of plastic zone v crack length for Fig. 5. Ratio of length of plastic zone to 
mild steel sheet (MBPQ). crack length for mild steel sheet (MBPQ). 


With the tests at 10 tons/in®? mean stress a plastic zone and small dimples in 
the surface around the tip of the initial slit were observed as soon as the load was 
applied. The plastic zone spread rapidly across the sheet as the crack grew, 
presumably due to the fact that the whole sheet was on the point of yielding. It 
appears, however, to be firmly established that for the cases where the remaining 
area remains sensibly elastic the plastic zone dimensions are directly proportional 
to the current crack length. Thus the plastic zone does not introduce an independent 
length parameter, and the hypothesis that geometrical similarity is maintained 
receives the strongest support from the experimental observations. 

It is interesting to re-examine the equation obtained by Heap (1953) referred 
to in Section 2. If the parameter a, representing the width of the plastic layer 
adjacent to the growing crack, is taken to be proportionate to the crack length 
then it is immediately obvious that the rate of growth is also proportionate to the 


crack length. 
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9 Awarysts or Crack GrowTH CURVES 


From the preceding sections the geometrical similarity hypothesis leads directly 
to the relations 
dl/dN = kl 


. (1) 
In (U/l) = kN 


where N is in millions of cycles, and |, is the initial half crack length. Hence a 
linear relation should be obtained between log 1 and N. However, until the stress 


dependence of the growth has been obtained experimentally, it is not possible to 
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determine how long the crack can grow before any stress increase due to the reduc- 
tion in area of the specimen affects the results. This problem is one of the generic 
type in which a plastic deformation is contained within surrounding elastic material 
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of finite extent. The experimental approach was to take careful observations over a 
range of crack lengths to determine the point at which the presence of the boundaries 
first began to affect the rate of growth. It was found that, while the total length 
of crack was less than about one eighth of the sheet width, the disturbing effect 
due to the finite width was quite small. This agrees well with the simplified analysis 
given later. With this restriction, the half-crack length measured from the sheet 
centre-line gave straight lines when plotted against number of cycles. Typical 
curves are shown in Figs. 6 and 7. 
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These curves clearly show an important feature which tends to be masked on 
the orthodox growth curves. Periods occur in the life during which the rate of 
growth decreases, sometimes quite abruptly and in some cases ceasing altogether, 
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after which the growth continues at its original rate as though the *‘ dormant ’ 


period had never existed. This is exemplified by the parallel lines which have been 


drawn through the plotted experimental points. The number of dormant periods 
and their duration in any one test appears to be absolutely random except that 
they are more prevalent and prolonged at the lower stresses (as would be expected). 
In the extreme case this leads to the formation of non-propagating cracks, which 
are discussed later in Section 10. Clearly, any law of continuous growth deduced 
from data obtained during this phase would not give a satisfactory representation 
of the process. These dormant periods explain the apparently paradoxical results 
of some of the tests. For example, a test at 10 + 2} tons/in® had a longer life 
than the test at 5 + 2} tons in® due to the long dormant period that existed 
in the former test. This slowing down or stopping of the crack during these periods 
cannot be due to the fortuitous occurrence of some hard constituent in the material 
just ahead of the crack as both cracks on any one specimen tend to exhibit the 
same behaviour at the same time. Both metallurgical examination and micro- 
hardness tests have failed to reveal anything peculiar about the material just 
ahead of a non-propagating crack. 


Taste 2. Values of coefficient k 


Stress ’ Stress 
(tons /in*) (tons /in*) 


Mild steel 10 + 3 3-961 
10 +4 5-296 


Aluminium alloy 
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O14 
0-363 
0-670 
1-204 
0-079 
0-184 
1-711 
2-141 
10-085 
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Copper 
2+1 0-543 
2+1} 0-599 
2+il} 0-345 


However, apart from these dormant periods, Figs. 6 and 7 clearly show that a 
linear relation exists between the logarithm of the crack length and the number of 
cycles for the initial portion of the growth. For tests carried out at the same 
applied stresses, but with differing initial slit lengths, parallel lines are obtained 
with different intercepts on the ordinate axis. Of the three materials tested, 


The propagation of fatigue cracks in sheet specimens 


105 


the results for the mild steel and annealed copper are particularly affected by the 


dormant periods, Future work is directed towards obtaining and subsequently 


testing materials which do not exhibit 
this phenomenon. Such materials should 
give logl vs. N curves free from any 
discontinuities. 

From the foregoing remarks it will be 
appreciated that only one definite numeri- 


cal value can be derived from a test of 


this kind, namely, the gradient k of the 
that this 
logarithms). 


straight line relation (note 


constant assumes natural 
This fact suggests a concise and, at the 
same time, comprehensive way of pre- 
senting the test results. The values of the 


When 


these values were plotted against alterna- 


coellicient k are given in Table 2. 


ting stress they were found to increase 
sharply with stress, suggesting a power 
law. Therefore, log k was plotted against 
log (alternating stress). Straight line 
relations were obtained as shown in Fig. 8. 
For the mild steel, it appears that all 
the points lie scattered about a single 
line, showing that for this material the 
mean stress has little influence on the rate 
of growth. For the aluminium alloy there 
appears to be a fairly distinct response 
to mean stress as two parallel lines are 
obtained. These graphs suggest that the 
coeflicient k can be related to the alter- 
nating stress o by 
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Fig. 8. Values of rate of growth coefficient k 
plotted against alternating stress. 


where n and N, are constants. The physical meaning of the constant N, is apparent 
from equation (1). It is the number of cycles (millions) required to cause the crack 


to grow to 2-718 times its original length when an alternating stress of 1 ton/in® 


is applied to the sheet. 


For mild steel (all values of mean stress) 


k a 
11-6 


For aluminium alloy (2 tons/in? mean stress) 


o? 


k 
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For aluminium alloy (4 tons/in* mean stress) 
o 
= O81 

It is interesting to note that the index n is equal to 3 for both materials. Whether 
or not it is the same for other materials will have to await further experimental 
work. It must be noted that the relations are of course based on a steady rate of 
growth aud are not applicable when there are dormant periods. The use of such 
formulae will therefore give lives that are on the safe side in estimates of endurance, 

The presence of a distinct effect of mean stress for aluminium alloy, and the 
apparent absence of such an effect for mild steel, is very interesting both from a 
practical and a theoretical point of view. At the moment, two explanations based 
on different properties of these materials seem to be quite plausible. The stress— 
strain curve for normalized mild steel shows a definite yield point and, when this 
is passed, the material flows for a little while at constant stress. When the mean 
stress on a cracked mild steel specimen is increased, the plastic zone increases in 
size by an amount governed by the straining of the surrounding elastic material. 
However, as the stress within this zone is equal to the yield stress, the increase in 
the externally applied stress is not transmitted directly to the tip of the crack. 
Another explanation is based on strain hysteresis. It is possible that in a small 
region around the tip of a crack, considerable inelastic strain occurs, otherwise 
extremely high stresses would exist. This material is constrained to follow a certain 
cycle of strain imposed upon it by the straining of the surrounding elastic material. 
Therefore, when a mean stress is externally applied to the sheet, it may be possible 
for the material within this inelastic zone to relax under the influence of cyclic 
straining until the mean stress acting throughout the zone is greatly diminished. 
Mild steel shows a pronounced hysteresis effect while age-hardened aluminium 
alloy shows relatively little (Forrest 1956). These suggestions are only tentative, 
and it is hoped that further comparative tests with various selected materials 
will throw more light on the matter. 


10. Non-PROPAGATING CRACKS 


As already stated, it is possible at the lower stresses for a crack to grow a short 


distance and then stop. In a few tests no crack was observed while the specimen 


was in the testing machine but on subsequent microscopic examination of the 
polished and etched surface, at magnification of up to 500, small cracks were 
observed. Non-propagating cracks were found in both steel and copper specimens 
but not in any of the aluminium alloy specimens. A typical photomicrograph is 
shown in Fig. 9. 

It is interesting to note that the non-propagating cracks ended in a fork. The 
formation of non-propagating cracks in 0-3 in, thick mild steel plate specimens 
containing edge notches has been discussed by Frost and Du@paLe (1957a). 
For that type of specimen there was no indication that the non-propagating crack 
ended in a fork, Earlier work on round bar specimens with circumferential grooves 
(Frost 1955, 1957) again showed no sign of non-propagating cracks ending in a 
fork. Further experimental work is necessary, however, before it can be decided 


(b) 


Fig. 9. Photomicrographs of non-propagating crack in mild steel specimen (MBLY) after 
12 x 108 cycles at 2 + 1} tons in®. (a) x 50; (b) enlarged view of end of crack x 500. 
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whether the non-propagating cracks in the sheet specimens necessarily end in a 
fork. Frost and DuGALE (1957) also stated that cracks would spread in mild steel 
if the maximum tensile stress in the cycle exceeded 3} tons/in®? over a range of 
mean stress from 2 tons/in? tension to 2 tons/in? compressi The present 

stress 2 S, 2 pression. The presen 
work shows that in thin mild steel sheet specimens it is certainly possible to have 
a non-propagating crack at 5 + 4 tons/in®, i.e. at a maximum tensile stress of 
54 tons/in?. 


11. MisceLLANEous REMARKS 


For the reasons stated, rigorous analysis has been restricted to overall crack 
lengths of the order of one eighth of the sheet width. However, previous workers 
have attempted to analyse the whole of the crack growth data up to complete 
fracture of the specimen. This has been done either by a purely empirical approach 
or by attempting to correct the applied nominal stresses to allow for the reduction 


5 +2tons/ in? 
(two tests) \ 


5 + Ip tons/ind 
5+ 5 tons /in? 


im 

| | a 

+ 5+24 tons/in® 
543 tons/ in? 


| (two tests) 


| 
| 
| 
| 
+ 
| 


*£ 
/ 
/ 


07 HAY 


-2 -08-0-4 O 


-O*8l 


Fig. 10. Log (rate of growth) plotted against log (half-crack length) for mild steel. 


in area of the specimen as the crack grows. The work of WEIBULL (1954, 1956) 
mentioned in Section 2 is an example of the latter type. WersuLt concluded 
that if the nominal stress across the remaining section was kept constant the rate 
of growth was independent of crack length. It is possible to make a rough analysis 
for these conditions. Taking A = 1 (Section 3), equation (1) transforms to 
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dN dx = (1 +.2)"/a where x = crack length sheet width, provided powers of 
x higher than 3 are neglected. From Section 9, n may be taken equal to 3; on 
integrating this equation, noting that x = 0-12 when N = 0 (WerBuLv’s initial 
condition), N plotted against 2 was found to give a curve with a long straight 
portion. The inference is that these lines happen to be straight because of the 
particular test conditions. 

A typical example of the empirical approach for the present tests is shown on 
Fig. 10. This shows log (dl dN) plotted against log/, dl/dN being obtained 
geometrically from the growth curves. Reasonably straight lines are obtained up 
to crack lengths of well over half the sheet width. There is a discontinuity in the 
lower part of the curves where the slope of the line becomes equal to unity corres- 
ponding to equation (1). Such methods are of course only approximate and, it 
must be emphasized, have no general application, as they are completely dependent 
on the particular test conditions. 

It is hoped that, when more work has been done on the stress dependence of 
the coeflicient & in (2), it may then be possible to predict the whole of the crack 
growth curve although theoretical difficulties appear formidable. 

The suggestion is sometimes made that the process of fatigue of a plain specimen 
can be thought of as the spreading of a very small crack which either forms almost 
immediately the test starts or previously existed in the virgin material. Consider 
the mild steel and aluminium alloy plain specimen tests mentioned in Section 5 and 
select a stress range above the fatigue limit ; then, for the mild steel at a stress of 
10 + 6 tons in®, the endurance was 3 x 10° cycles while for the aluminium alloy 
at 8 + 6 tons, in® the endurance was 1 x 10® cycles. From (2) the coefficient k 
has the values 18-6 and 650 respectively. If 
failure is considered to have occurred in the 
plain specimen when | = lin. then the life 
can be calculated from (1). For the crack to 
be propagating for 100 per cent of the life 
the initial lengths would need to be 10* and Os) finite width 


10 in. for the mild steel and aluminium 
alloy, respectively. These values must be 
considered most improbable. It is more 
realistic to note that about 12 per cent and 
1 per cent of the respective mild steel and 


Half -crock length 


aluminium alloy endurances would be spent in 
propagating a crack from an initial size of 


10 * in. P 
: . ; , Haif initio! 
It is interesting to consider the strength crack length O15 in 
reduction factors of the sheets containing O-4__Holf sheet width Sin 
3 


: = | 2 
central slits. Although the definition of the N(arbitrory scale) 


strength reduction factor is ambiguous when Fig. 11. Theoretical curves of crack 
mean stresses are involved, comparison with growth. 

the plain specimen values given in Section 5 

shows that apparently large reductions in strengths are obtained. As the mean 
stress values were not the same for both plain and slitted specimens the values 
must be considered approximate. The values of the fatigue limit and strength 
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reduction factors are given in Table 3. The strength reduction obtained with the 
aluminium alloy is particularly severe. 


TABLE 3 


Mean stress Fatigue limit Strength 
Material (ton /in*) (tons /in*) reduction factor 


Aluminium 
alloy 


Copper 


Finally, the foregoing methods of analysing crack growth offer a means of 


predicting the length of crack at which effects of the sheet width become noticeable. 


If the local stresses near the tip of the crack are increased by a factor 1 + A (1 /b)?, 
and the growth is accelerated according to stress raised to the power n, then 
(1) gives dl/dN =1[1 +nA(lb)?] when constants are omitted. Hence 
N = In(l1,) — nA (P — 1,7) 26", where |, is the length of crack when N = 0. 
This function is plotted in Fig. 11, for A = 1, n = 3, l, = O-15in., b = Sin. 
It can be seen that the error is negligible if the part of the curve | < 0-6 in. is 
considered. This agrees with the experimental observations. 


12. CONCLUSIONS 


(1) The experimental results suggest that, up to overall crack lengths of 
about one eighth of the specimen width, the rate of growth is proportional to the 
current crack length. 

(2) Crack growth may be erratic and dormant periods can exist ; at the lowest 
stresses non-propagating cracks may be obtained. This leads to difficulties in the 
formulation of any single law of continuous growth over the entire range of crack 
length. 

(3) In the suggested basic equations of steady crack growth, dl dN = kl 
and In l/l, = kN, the coefficient k can be expressed as k = o"/ N, where o is the 
alternating stress and N. a constant depending on material and mean stress. 
If was found that n = 3 for both the mild steel and the aluminium alloy irrespective 
of the mean stress. The value of N was not affected by mean stress for the mild 
steel but a dependence upon the mean stress was found for the aluminium alloy. 

(4) Where measurements of the length of the plastic zone ahead of the crack 
were made these showed that geometric similarity of the crack length and plastic 
zone dimensions was maintained up to the point where the latter extended almost 
across the sheet. 
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SUMMARY 

Tuts paper presents the results of an investigation of static and dynamic shear behaviour of two 
purities of zine single crystals. All the crystals tested were in the form of cylindrical rods with 
the [0001] crystallographic direction parallel to the rod axis. The static tests were performed by 
applying simple transverse shear loading in one of the slip directions to one end of the crystals 
with the other end of the crystals rigidly clamped. The static shear stress vs. shear strain relations 
are obtained from these tests. The dynamic tests were conducted by suddenly stopping (within 
a period of about 25 x 10° sec) one end of the crystals which were moving in the slip direction 
with various velocities. The resulting waves of plastic shear deformation which propagate from 
the stopped ends of the crystals toward the free ends are analysed. The analysis is based upon 
the assumption that elastic strains may be neglected in comparison with the plastic strains. 
The use of the results of this analysis in conjunction with measurements of the permanent lateral 
deflections of the crystals resulting from the dynamic tests leads to the determination of dynamic 
shear stress vs. shear strain relations. 

The results of this study show that the stress required to produce a given permanent basal 
shear strain in single crystals of zinc is considerably greater under the dynamic conditions employed 
than under static conditions. This stress decreases with increasing temperature. 


1. INTRODUCTION 


Tue behaviour of metals and alloys under dynamic loading conditions has received 
considerable attention in recent years. Many of these investigations have shown 
that, for a polycrystalline material, the stress for a given strain in a dynamic test 
is somewhat greater than the static stress for the same strain. The stress—strain 
behaviour of the material could be determined in only a few of these investigations. 
Careful attention must be given to the shape of the specimen, the boundary 
constraints, and the method of loading in order that the stress strain behaviour 
may be deduced from the results of a dynamic test. 

TayYLor (1948) devised a method of determining the dynamic yield stress of a 
flat-ended projectile by the use of a theory of wave propagation in a rigid—plastic 
solid. Lee and Tuprer (1954) applied the theory of von KAkrMAN (1950) to 
obtain the deformation a flat-ended projectile composed of a material for which 
the dynamic stress-strain curve was known. An analysis based on a rigid—plastic 


approximation of the stress-strain relation was also employed. The results obtained 


with both theories were shown to predict the experimentally determined deforma- 
tions satisfactorily. ‘The propagation of strain in a rigid—plastic solid is relatively 
simple to describe because elastic strain waves in such a material travel with an 
infinite velocity and the interaction between clastic and plastic strain waves 
may be treated as a continuous process. 
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The propagation of plastic strain under dynamic conditions in single crystals 
has received relatively little attention. Kramer and Mappin (1952) investigated 
the initiation of slip in short duration impact tests on single crystals. A delay 
time for the initiation of slip was observed at temperatures below room tempera- 
ture in 8-brass, but none was observed in a-brass and aluminium, Liv et al. 
(1956) determined the critical resolved shear stress in short duration impact 
tests on copper, zinc, and 8-brass. Crystals of zinc and £-brass were found to 
exhibit a definite increase of critical resolved shear stress at temperatures below 


room temperature when the stress duration was decreased below 10° sec. This 


phenomenon was not observed in the tests on single crystals of copper. 

The difference between the static and dynamic stress-strain relations of a 
material may be attributable to several mechanisms. If the deformation process 
requires or is aided by thermal activation, the deformation process would be time 
dependent and this would give rise to different static and dynamic behaviour, 
If there is some limiting speed at which the deformation process can proceed, 
different static and dynamic behaviour could result. The limiting speed of disloca- 
tion travel through a crystal lattice, which is theoretically less than the shear wave 
velocity in the lattice, is one example of a mechanism by which the speed of the 
slip process may be limited. 

A careful analysis of the factors involved in the dynamic testing of single crystals 
has indicated that it is desirable to use a stress system that is oriented properly 
with respect to the deformations produced in the crystal. If this proper orientation 
is not maintained, the deformation produced by the stress system may cause a 
considerable change in the stress and thereby complicate an analysis of the stress 
history of the crystal. Hence it is important to obtain crystals for the dynamic 
tests in which the desired deformations may be oriented properly with respect 
to the applied stress. 

In view of these considerations an investigation has been made of static and 
dynamic slip in zine single crystals. Zine was chosen because it was anticipated 
that suitable single crystals could be prepared with relative ease and because 
plastic deformation may be limited to the one set of [0001] crystallographic planes 
which have a relatively low critical shear stress for slip. Furthermore, the work 
of Liv et al. indicates that zine exhibits a definite difference in static and dynamic 
slip behaviour. 

The purpose of this paper is to present the results of an experimental investiga- 
tion of the static and dynamic slip behaviour of zine single crystals with specific 
reference to the stress-strain relations. 


2. MATERIAL 


Two purities of electrolytic zinc were purchased from the New Jersey Zine Company which are 
reported to have the following typical impurity content in percentages : 
Impurity 99-99 + purity 99-999 + purity 
Iron 0-003 0-0003 
Lead 0-0007 0-0007 
Cadmium 0-003 0-00005 
Copper 0-001 0-00005 
Arsenic 0-000004 
Tin 0-001 0-00005 
Total impurities 0-01 0-001 
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The single crystals were grown from the melt in precision bore Pyrex tubes, } in. in diameter 
(VREELAND ef al, 1955). The completed zine crystals are rods § in. in diameter and approximately 
20 in. long with the basal, [0001], plane perpendicular to the rod axis [ + 1°]. The 99-99 + 
per cent purity zinc was in contact with air during melting and growth of the single crystal rods 
while the 99-999 + per cent purity zinc was protected by a helium atmosphere. The specimens 
employed in the tests of this investigation were all taken from one of two original single crystal 
rods, one red of each of the two grades of zinc used. 

Some zone refining of the zinc takes place in the crystal growing process. Specimens taken 
from the middle portion of single crystal rods exhibit comparable mechanical properties, while 
the bottom and top portions may have different properties due to the differing impurity content 
produced by the zone refining. Specimens taken from the middle portion of the single crystal 
rods were used for the tests in this investigation. 

Both of the crystal rods contained a substructure consisting of a network of small angle disloca- 
tion boundaries. The crystallographic orientation of the lattice on opposite sides of these boundaries 
differed by a maximum angle of 10~? radian. There was a slight variation of the distribution of 
the substructure along the length of each crystal rod, but this variation was less than that 
observed by comparing the two crystal rods. 


Static Tests 
Test specimens 

The single crystal rods were cleaved or acid-sawed into segments approximately 3 in. long. 
These segments were annealed at a temperature of 750°F (400°C) for one hour in a protective 
atmosphere. Pure dry hydrogen was used as the atmosphere for the 99-99 + per cent purity 
zinc, and helium was used for the 99-999 + per cent purity zinc. Two copper pieces, 1 and 2 in. 
long and } in. in diameter, were cemented with Epon VI to the ends of the segment forming the 
test specimen. The coefficient of thermal expansion of the copper is nearly the same as that of 
the zine single crystal in the radial direction, therefore only negligible radial thermal stresses 
are produced when the temperature of the assembly is varied. Cementing the segment to 
copper is preferable to clamping the segment in a fixture because clamping stresses may induce 
undesirable deformations of the crystal. 

A slip direction of the crystal was located, either by observing the direction, [1120], of a twin 
trace on a basal plane, or by observation of the cylindrical surface of the crystal after etching. 
The etchant preferentially attacks the different crystallographic planes thus revealing the sixfold 
symmetry of the hexagonal crystal. All specimens were polished and etched prior to testing. 
The etchant consisted of equal parts of hydrochloric acid and water. The crystals were polished 
chemically with a mixture of 200g CrO3, 15 g Nag SO, 10 H,O, and 1000 ml H, O. 


Static testing Cylindrical 
The static tests on the crystal specimens were I copper rod 
made by clamping the copper piece on one end Mirrors 
of the crystal and applying a transverse load to / 
the copper piece on the other end in a direction 
parallel to a slip direction of the crystal. Thus Cylindrical 
, zinc crystal 
a shear stress was produced on the slip plane Cylindrical 
and in the slip direction. This method of loading copper rod 
also produced bending stresses which act normal | 
to the slip plane. However, these bending stresses ) = 
are not sufficiently large to cause twinning and eee = 
hence did not affect the results of the static tests. members 
The longer copper end of the specimen is Fig. 1, Schematic diagram of static testing 
clamped in the assembly shown in Fig. 1. The assembly. 
clamp in which the specimen is held is mounted . 
on flexural members which assures that the axial 
load will be negligible. The load is applied to the shorter copper end of the specimen. This load is 
applied through a load-cell by means of a screw mechanism. The sensitivity of the load-cell is 
approximately + 0-01 lb over the range of 0 to 50 lb that may be applied. This loading system 


| 
| 
| 
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is relatively stiff. Thus it is suitable for detecting a definite yield point when and if it occurs, 
whereas the use of a dead weight or other * soft’ loading system could prevent the detection of a 
yield point. 

The shear strain occurring in the specimens during static tests was determined by measuring 
the deflections of the image of a line filament reflected from a small mirror attached to the specimen. 
A strain sensitivity of approximately 3 » 10-5 was obtained by employing an optical lever arm 
of 147-4in. and measuring the image deflections to within 0-005 in. The elasticity of the 
erystal gripping system and of the specimen produces a change in slope of the crystal surface 
when a load is applied. This change in slope is determined and subtracted from the total change 
in slope to give the plastic shear strain in the crystal. A second mirror is mounted on the copper 
rod above the crystal as shown in Fig. 1. Slip on the basal planes of the crystal does not produce 
any deflection of the image of the filament reflected by this mirror, but if twinning or slip in a 
direction not lying in the basal plane occurs, a deflection will be produced. Thus a means is 
provided for detecting the presence of undesired deformation processes, should they occur. 

The static tests were made by a step-wise loading procedure in which one pound increments of 
load were applied at equal time intervals of 4min. The output voltage of the load-cell bridge 
circuit and the lamp image deflection were determined at the end of each time interval. Static 
tests were made only at room temperature. Tests at higher temperatures were unsatisfactory 
because of creep in the cement between the specimens and the copper end pieces. Reproducable 
results could be obtained from repeated static tests on a given specimen by annealing the speci- 
men at a temperature of 750° F (400°C) between tests. 


Static test results 


The results of the static tests are presented as shear stress—shear strain curves in 
Figs. 2 and 3. The degree of reproducibility of the static shear stress—shear strain 
behaviour of a single specimen tested twice with an intermediate anneal is shown 
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Fig. 2. Static shear stress vs. shear strain, 76°F 99-99 + per cent zine single crystal, grown 


in air. (Annealed in pure, dry H, at 750°F (420°C) between tests, lower curve, first test.) 


in Fig. 2. The elastic portions of the static stress-strain relation could not be 
determined in these tests because the maximum elastic shear strain in the crystals 
(of the order of 10-5) was less than the minimum strain that can be detected in the 
tests. The deflection of the image reflected by the mirror mounted on the copper 
rod above the crystal was observed to be directly proportional to the load in all of 
the static tests. This result indicates that only elastic deformation and basal slip 
took place in the zine single crystals. Slip steps were not detected when observa- 
tions were made at a magnification of approximately 600 x on polished surfaces 
of crystals after permanent straining in the static tests. 
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A crystal of 99-99 + per cent purity zine prepared by acid-sawing from the 
original crystal rod exhibited an upper yield point in the stress-strain relation. 
The maximum stress level attained before the occurrence of relatively rapid strain 
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Fig. 3. Static shear stress vs. shear strain, 80°F 99-999 + per cent zine single crystal, grown 
in helium. 


is indicated by the junction between the solid and dashed lines in Fig. 2. The 
screw of the loading mechanism was turned in an attempt to apply additional 
load after the onset of rapid strain in these tests so that the first stress after the 
upper yield point does not represent the lower yield stress. 

An upper yield point was not observed in a test of a specimen from the same 
original.crystal when the ends of the specimen had been cleaved instead of acid- 
sawed. The strain produced by cleaving and the effect of small twin bands that 
are formed in cleaving are probably responsible for the suppression of the static 
upper yield point in the cleaved specimens. The static tests on a crystal of 99-999 + 
per cent purity zine with acid-sawed ends did not exhibit an upper yield point. The 
minimum stress at which plastic deformation could be detected, for convenience 
called the * elastic limit’ stress in this paper, was determined to be approximately 
40 lb/in? and 60 lb/in® for the 99-999 + per cent purity zinc and the 99-99 + per 
cent purity zinc crystals respectively. 


4. Dynamic Tests 
Method of testing 

The dynamic loading for this investigation was accomplished by means of impact in which 
the loading is produced by the inertia of the test specimen. Initially, the specimen is moving 
with a uniform velocity of translation in a direction perpendicular to its cylindrical axis (c axis of 
the hexagonal crystal lattice) and parallel to one of the slip directions in the basal plane. One 
end of the specimen is suddenly brought to rest (ideally in zero time, but in practice within 
about 25 x 10°° sec) in such a way that the end is prevented from attaining any rotational motion. 
The other end of the specimen is free at all times. 

The resultant dynamic loading of the crystal specimen consists of both shear and bending 
waves propagating away from the fixéd end. The normal stresses acting on the basal planes of 
the crystal which are associated with the bending waves do not produce basal slip since they 
do not produce a shear stress in the crystallographic slip direction. These bending stresses may 
produce twinning deformation since they produce a resultant shear stress in the twinning direction. 


116 T. Vreevanp, Jr., D. S. Woop and D. S. CLarK 


However, in the present experiments the lengths of the specimens were chosen short enough in 
relation to the impact velocities employed that negligible amounts of twinning, if any, were 
produced. 

The shear wave produced by the impact consists of both elastic and plastic strains. The elastic 
shear strains are very small in comparison with the plastic shear strains. Therefore the process 
of dynamic shear deformation of the specimens can be analysed to a good approximation by 
neglecting the elastic strains. That is, a rigid—plastic approximation of the shear stress vs. shear 
strain relation is employed in the analysis which follows along lines similar to those employed 
by Tay Lor (1948). 

The details of the analysis of the dynamic shear deformation process pertaining to the present 
experiments are given in the next section. The results of the analysis provide a means for predict- 
ing the amount and distribution of permanent shear deformations along the crystal specimens 
if the shear stress vs. shear strain relation for the crystals is known. The results of the analysis may 
also be used in inverted form to deduce the dynamic shear stress vs. shear strain relations for the 
crystals from experimental measurements of the permanent shear deformations resulting from the 
tests. The latter process involves the additional assumption that all elements along the length 
of a given crystal followed the same shear stress vs. shear strain relation during the dynamic 
deformation This implies that the dynamic shear stress vs. shear strain relation 
is independent of time or strain rate. Although this cannot be exactly correct if the dynamic 
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stress-strain relation differs from the static relation, the dynamic stress-strain relation obtained 
with the aid of the analysis should provide a good first approximation, valid for total times of 
loading of the order of those existing in the experiments, namely, the times of the order of 10~* see. 


Analysis of dynamic shear deformation 

The deformation of a material with a single set of parallel active slip planes will 
be considered. The material will be assumed to behave as a rigid—plastic solid, 
that is, the material exhibits no elastic strain 


Region of 
axfat =u- 


under load, but may exhibit plastic shear strain a 


on the one set of active slip planes. The shear 


stress vs. shear strain relation for the active 


slip planes may be termed rigid—plastic. The 


minimum shear stress which produces plastic 


deformation in a specimen not previously 
deformed will be designated as r,, and will be 
called the ‘elastic limit’. 
that +, is independent of time (no load-rate 
or strain-rate effects), and is the same for each 


It will be assumed 


slip plane in the material. The slip planes are 
assumed to be sufficiently close together so 
that the strain may be taken as continuously 
distributed along a specimen. The material 
may exhibit workhardening. 

Consider a cylindrical specimen with all slip 
planes perdendicular to the cylindrical axis of 
the specimen, as shown in Fig. 4(a). This axis 
will be designated the y axis. The specimen is 
initially travelling with a uniform velocity u, u 


the x-direction which is perpendicular to the y-axis. The slip plane at y 


suddenly brought to rest at time ¢ 
strain to be initiated at y 
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Fig. 4. Dynamic test geometry. 
(a) Initial conditions : # = 0 at y = 0, 
# = uy for0<y<l. (b) Propagation 
front. (c) Final 

geometry. 


of wave specimen 


0 is 


0. This will cause a wave of plastic shear 
0, which will propagate along the specimen in the 


y-direction. At any stage during the period of wave propagation the material 
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behind the wave front is at rest, the shear stress immediately ahead of the wave 
front is 7, and the material ahead of the wave front has suffered no deformation. 
It is assumed that the stress is distributed uniformly over each slip plane. As the 
wave front propagates along the specimen, the particle velocity of the rigid section 
ahead of the wave is progressively decreased due to the action of the stress r,. 
Finally the remaining rigid section ahead of the wave is brought to rest, at which 
time the amplitude of the wave has decreased to zero, and no further motion 
or deformation takes place. 

The magnitude of the shear strain, y, immediately behind the wave front at any 
instant during the period of wave propagation may be obtained from the equation 
of continuity written for a longitudinal element of the specimen while the wave 
front traverses it. The result is 


dx u 


Y , (1) 


dy ov 


where u is the lateral velocity of the rigid material ahead of the wave front, and 
v is the velocity of propagation of the wave front along the specimen, as shown 
in Fig. 4 (b). 

The shear stress, 7, immediately behind the wave front may be obtained from 
the momentum equation for the element as the wave front passes over it. This 
momentum equation may be written as 


pu dy = (r — r,) dt 


or puv = rT — 7 


where p is the mass density of the material, and ¢ is the time. 
Equations (1) and (2) may be combined to give 


and 
pu* = (r , (4) 


When wu is set equal to the impact velocity, u,, 7 and y take the values + (y,) 
and y, respectively, which are the values pertaining to the impacted end of the 
specimen at y = 0. 

An expression relating the particle velocity of the rigid section, u, to the time, ¢, 
and the instantaneous position of the wave front, y, may be obtained from the 


equation of motion of the rigid section. This equation may be written as 


du 


= 
p(l—y) = 
where / is the total length of the specimen. Since 


du du 
; u - 
dt dx 


(5) may be written in the form 


pd (u*) 
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Using (1) and (4) to eliminate u* and dz from (6), the following relation is obtained: 
d {( T T,) Y} 
TY 


When the right-hand side of this relation is integrated over the range from y = 0 
to the instantaneous position of the wave front at y = y,, the left-hand side must 
be integrated over the range of plastic strains from y,, the value of strain at y = 0, 
to y,, the value of strain at the position y,. Therefore 


“a{(Z — 1 )y 


© ¥o Y 


2In (+ -“), (8) 


where y, may be found from (4) with u u,. The distribution of plastic shear 


Yo 
deformation along the crystal may be found by use of (8). 

The solution of the plastic wave propagation problem developed above may be 
put into a form which will facilitate the determination of the dynamic stress-strain 
relation followed by the material from measurements of the permanent deflections 


of the specimen after the impact test. Equation (6) may be integrated directly: 
"1 da 


‘Jel—-y 


7 (9) 
, is the transverse particle velocity of the undeformed portion of the 
specimen adjacent to the free end at the instant when the lateral deflection of 
that portion of the specimen is z7,. Performing the integration indicated on the 


where u 


left-hand side of (9) gives 


} p (u,* - ; (10) 


The velocity u, may be eliminated from (10) by using (4) for the particular case 


u=U,, T= 7, and y = y,, where 7, and y, are the maximum values of the 


shear stress and the permanent strain respectively which are produced during 
the impact test at the section of the specimen at which the deflection is z,. Thus 
"1 da 


— 


ol - y 


4 pu? — 3 (m4 — 2) = 7 | 


1 {pu,? 
7, T, 1 +- — PM 
Y1 Te 


(11) 


Considering (10) further, if u, is set equal to zero, the corresponding value of 
r, to be used in the equation is x*, the lateral displacement of that portion of the 
specimen which remains undeformed throughout the test, as shown in Fig. 4(c). 
Therefore ‘ 
fee dz } pu,” 

(ee dar 
ol—y 
Experimentally determined curves of lateral deflection vs. distance from the 
clamped end may be used together with (11) and (12) to determine the stress 
strain curve followed by the crystals. It is interesting to note that the determina- 


} pu,” (12) 
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tion of the elastic limit stress involves an integration of experimentally determined 


quantities. 


Equipment 

The equipment employed to produce the type of dynamic loading of the crystal specimen 
discussed above consists primarily of two hard steel bars of equal dimensions (1 in? cross section 
by 24 in. long). One end of the specimen is rigidly mounted at a position } in. from the end 
of one of these bars with the specimen axis perpendicular to the bar axis. This bar with 
specimen attached is suspended as a bifilar pendulum with the bar axis horizontal. Thus any 
desired longitudinal velocity can be imparted smoothly by displacing the bar from equilibrium, 
parallel to itself, and releasing it from an appropriate position. 

The second or anvil bar is placed at rest parallel to the pendulum bar in such a position that the 
pendulum bar impacts the anvil bar centrally and longitudinally when the pendulum bar reached 
the lowest position of its are of travel. The anvil bar rests on rollers so that it is free to move 
off after the impact, leaving the pendulum bar at rest at its equilibrium position. A dummy 
specimen is mounted on the anvil bar at the end remote from the impact end in order to ensure 
nearly perfect symmetry of the two bars and hence nearly perfect transfer of momentum during 
the impact. The arrangement of the two bars is shown in Fig. 5. The multiple wire type of 
suspension system shown supporting the pendulum bar is such that all five of the undesired 
degrees of freedom of the pendulum bar are suppressed. 


Fig. 5. Schematic diagram of dynamic test Fig. 6. Tracing of a record of longitudinal 
assembly. strain vs. time at the mid-point of the. 
pendulum bar during a typical impact. 


The impact between the pendulum and anvil bars produces equal longitudinal elastic strain 
wave fronts in each bar. These fr nts propagate away from the impact surface toward the free 
ends of the bars at a velocity of propagation of about 2 « 10° in/sec (velocity of sound in 
long steel bars). At the free ends they are reflected as unloading wave fronts and then return to 
the impact surface. Following this, both bars are unstressed and no further wave fronts pass 
through them, but all the initial momentum of the pendulum bar has been transferred to the 
anvil bar. 

The form of the elastic wave front in the pendulum bar is governed by the relative shapes of 
the impact surfaces of the pendulum and anvil bars. The impact end of the pendulum bar is 
lapped to a spherical radius of 5 ft, while the impact end of the anvil bar is lapped flat. This 
arrangement is employed for two reasons. First, it makes it possible to achieve a central impact 
of the two bars so that no yawing or pitching moments or bending waves are produced by the 
impact. Second, the relative curvature of the two impacting surfaces insures that the longitudinal 
impact force in the bar rises from zero to its final value in a finite time of sufficient duration that 
the radial modes of vibration of the bars are not excited. If such modes were to be excited, the 
longitudinal strain waves in the bars would exhibit an oscillatory component which might disturb 
the behaviour of the crystal specimen. 
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The form of the elastic wave front in the pendulum bar was checked experimentally by measur- 
ing the longitudinal strain-time relation at the mid-point of the pendulum bar for several different 
impact velocities by means of SR-4 wire resistance strain gauges and a suitable oscilloscope system. 
A tracing of a typical record is shown in Fig. 6. A time base is provided by superimposing a 
105 © /s signal on the strain signal. The rise time of the strain wave is approximately 20 x 10° see. 
No significant oscillatory strains are observed in the record. The decrease of strain to zero in 
Fig. 6 occurs when the wave reflected from the free end of the pendulum bar reaches the strain 
gauges. 

The time required for the velocity of the clamped end of the specimen to decrease to zero is 


the time required for the strain wave to pass the specimen (20 10°) plus the time required 


for the wave to reach the free end of the bar and reflect past the specimen (5 « 10 sec). Thus, 
this arrangement accomplishes the desired sudden change of velocity of one end of the specimen 
within a period of approximately 25 = 10~° sec. The method of mounting the specimen is designed 
to minimize any possible disturbances of the elastic wave front in the pendulum bar. The pen- 
dulum bar contains a tapered hole } in. from its free end. A tapered copper piece to which the 
specimen is cemented fits this hole tightly. 

The permanent lateral displacements of the crystal specimens after impact are determined by 
means of a cathetometer and a special fixture. The fixture holds the pendulum bar with specimen 
attached in a reproducible position with respect to a fixed vertical scale. The horizontal distance 
between the fixed vertical scale and a number of positions along a fine vertical scratch on the 
specimen are measured before and after the test. Lateral displacements of the specimen may be 
determined with this system to within + 8 = 10°¢ em. The lateral displacements of some speci- 
mens were determined to within + 2 « 10-4 em with a microscope fitted with a filareye piece 
and a travelling stage for traversing the specimen. 

The fixture mentioned above also incorporates an optical system which is used to detect any 
deformations that produce a change of the angle between the top surface of the crystal and the 
axis of the pendulum bar, i.e. any deformations other than basal slip. This system consists of a 
line filament and a lens, and mirrors. One of the mirrors rests on the top or free end of the specimens. 
The position of the image of the line filament reflected from this mirror and mirrors on the fixture 
is noted before and after test. A shift of the position of the filament image indicates the presence 
of deformation other than basal slip. A change of angle of 6 « 10-5 radian may be detected with 
this arrangement. 


Dynamic test specimens 


Sections of the single crystal rods were cut by acid machining into specimens of different 
lengths ranging from approximately 1 to 23em. The specimens were made long enough to 
secure measurable permanent deflection in the impact tests and at the same time short enough 
to prevent appreciable twinning deformation. This necessary compromise gives rise to the 
principal limitations upon the accuracy of results obtained and the maximum amount of basal 
slip which can be produced by this method of dynamic testing. This condition was found to be 
more severe than had been anticipated because of the relatively very large increase in shear 
strength of the crystals observed in the tests. One end of each specimen was attached to a tapered 
copper piece with Epon VI cement. The crystals were etched and polished with the same solutions 
used for the static specimens. 


Dynamic test procedure 


The pendulum and anvil bars are carefully aligned before each test to ensure central impact. 
The impacting surfaces are cleaned with acetone and cotton before each test in order to achieve 
the desired form of the elastic wave front in the pendulum bar. The copper piece cemented to 
the test specimen is inserted into the tapered hole in the pendulum bar with the slip direction 
of the crystal aligned with the axis of the bar. The copper end is then drawn into the taper by 
screwing a nut to a thread attached to the copper taper pin thus assuring metal to metal contact 
between the pin and the pendulum bar. This operation places the bottom surface of the zine 
erystal level with or slightly above (1/32 in. maximum) the top surface of the pendulum bar. The 
pendulum bar is drawn back to a position that will give the desired impact velocity when it strikes 
the anvil bar. The pendulum is held in this position by a cotton string which is then burned with 
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a match to release the pendulum without introducing undesirable disturbances into its motion. 
The impact velocity is determined from a measurement of the chord of the are through which the 
pendulum bar will swing and the known length of the pendulum suspension (150-25 + 0-1 in.). 

Dynamic tests were made at impact velocities of 49, 60, 80 and 114 in/see and at temperatures 
of 150°, 200° and 250°F as well as at room temperature. Attempts were made to conduct tests 
at a temperature as high as 500°F, but the tests above a temperature of 250°F were unreliable 
because of deformation of the cement between the specimen and the copper piece and oxidation 
of the surface of the specimen. The specimens were heated by a battery of infra-red heat lamps 
for tests at temperatures above room temperature. Special precautions must be taken in these 
tests to avoid thermal stresses which might result from the expansion of the copper holding piece 
in the steel pendulum bar. The copper pin is placed in the pendulum bar when the bar has reached 
the test temperature and the copper pin is approximately 50°F cooler than the bar. The expansion 
of the copper pin brings the tapered surfaces into positive contact. Temperatures were maintained 
to within + 2°F during the tests. 


Experimental results 
Curves representing measurements of permanent deflection vs. distance from the 


clamped end of three typical specimens tested at different impact velocities are 
presented in Fig. 7. The influence of temperature on the permanent deflection 
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Fig. 7. Permanent deflection vs. distance Fig. 8. Permanent deflection vs. distance from 
from the clamped end of three specimens the clamped end of three specimens tested at 
tested at different impact velocities, 76° F. different temperatures, 60 in/sec. 


for one impact velocity is shown in Fig. 8. The permanent deflection increases 
with increasing temperature and with increasing impact velocity. The permanent 
shear strain at any point along the crystal is given by the slope of the deflection 
vs. distance curve at that point. The maximum strain occurs at the fixed end 
and the strain decreases smoothly to zero at some position between the fixed 
and free ends of the specimen. The data determined for the deflection vs. distance 
curves by means of the microscopic technique were sufliciently accurate to permit 
the determination of the slope of the curves with reasonable precision. Slip steps 
were not observed on the surface of strained crystals at a magnification of approxi- 
mately 600 

Measurements of the angular change between the top surface of the crystal 
and the axis of the pendulum bar revealed a maximum change of approximately 
2 x 10% radian. This change of angle could be attributed to a permanent defor- 
mation of the crystal by processes other than basal slip, such as twinning, or to 
deformation of the copper taper pin or the cement by which the crystal was 
attached to the copper pin. Etching of the crystals after testing revealed small 
twin bands at the base of some of the specimens. These twin bands appeared on 
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the side of the specimen subjected to compression stresses. Twinning could not 
be detected on the specimen that was tested at the lowest impact velocity, namely 
40 in sec. 


5. Discussion 


The results of the dynamic loading tests may be compared with the measured 
static properties of the crystals in two ways, by employing the methods of analysis 
of the dynamic tests previously indicated, First, the permanent lateral deflections 
as a function of position along the dynamically loaded crystals may be predicted 
on the assumption that the statically determined shear stress vs. shear strain 
relation applies during the dynamic tests. This may be done by employing the 
static stress-strain relation, + 7, (y) in (4) and (8). The integration indicated 
in (8) is made numerically. Thus the expected distribution of permanent shear 
strains along the crystals are found. A simple numerical integration of these 
shear strain distributions then gives the predicted curves of permanent lateral 
deflection vs. position along the crystals. 

The static stress-strain relation of Fig. 3 has been used to calculate the expected 
deflection vs. distance curve of a specimen of 99-999 + per cent purity zine tested 
at an impact velocity of 80 in, sec. This curve is presented in Fig. 8 in dimensionless 
form where the values of displacement and 


distance are divided by the specimen length. = Calculated irom 
A linear stress-strain relation, coincident with 30 ‘cor = 
the linear portion of the static stress-strain 
relation was also used to calculate a deflection 2s 
vs. distance curve for the same impact velocity. I eaeclood 
The effect of the difference in the low strain eae nl 
portion of the two stress-strain relations used to T (Fig. 3) + 
calculate the deflection vs. distance curves may 
be seen in Fig. 9. As would be expected, 
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the major difference is in the portion of the 


deflection curve where the slope (strain) is 


the maximum lateral deflection, An experi- pig 9, Calculated and eupestmental 
mental deflection vs. distance curve for the  jateral deflection ratio vs. distance 
99-999 + per cent purity zine tested at an ratio for ug = 80 in. /sec., 99-999 + per 
impact velocity of 80in/sec and at a tem- cent zine. 

perature of 76°F is also shown in Fig. 9. The 

experimental values of deflection are considerably less than the values predicted 
by the analysis using the static stress-strain relation. However, the general shape 
of predicted curves and the qualitative dependence on impact velocity is in 
agreement with the experimental results, 

The duration of loading in the dynamic test, estimated by the use of the static 
stress-strain relation, is approximately 300 x 10sec. Thus, the time required 
to stop the base of the specimen in the dynamic test is approximately one twelfth 
of the duration of loading. Therefore the implicit assumption, made in the 
analysis, that the velocity change of the base of the specimen takes place instan- 
taneously, is a reasonable approximation, 
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These results clearly indicate that it would be necessary to use a stress—strain 
diagram that lies considerably above the static stress-strain relation in the analysis 
in order to give a deflection vs. distance curve the same as the experimental curve. 

The second way in which the results of the dynamic tests may be compared 
with the static stress-strain relations is to calculate dynamic stress—strain relations 
based upon the measured permanent deflection curves by means of (11) and (12). 
Dynamic shear stress vs. shear strain relations caculated in this manner for the 
99-999 +- per cent pure zine crystals tested at temperatures of 76° and 200°F 
and at impact velocities of 80 and 60 in/sec respectively are shown in Fig. 10. 
The static stress-strain relation for crystals of this material tested at 80°F is also 
shown in the figure for comparison. These results show clearly that the dynamic 
stress-strain relations are very much higher than the static relation. Elevated 
dynamic stress-strain relations have been found previously for polycrystalline 
metals such as aluminium by Jonunson et al. (1953) and Kino et al. (1955). How- 
ever, in the latter cases the degree of elevation of the dynamic relation above the 
static is much less than for the zine single crystals of the present investigation. 

Values of the apparent elastic limit stress under dynamic loading have been 
computed from the results of the dynamic tests by means of (12). The results 
of these computations for the zine crystals of the two purities employed and for 
the various temperatures and impact velocities at which the tests were conducted 
are given in Table 1. 


TaBLE 1. Calculated values of the elastic limit for dynamic loading tests 
| 


Test temperature | Impact velocity Crystal length Elastic limit 
(°F) (in/sec) (Ib /in*) 


99-99 + purity 
70 ) : 660 + 10% 
76 640 + 10% 
150 . 592 + 20% 
200 580 + 10% 
250 . 442 + 10% 


99-999 + purity 
76 | BE 430 + 10% 
7 55 395 + 20% 
76 . 547 + 10% 
200 5 200 + 10% 
200 j 5 358 + 10% 


The probable errors assigned to the values of elastic limit stress in Table 1 are 
based upon estimates of the uncertainties in the experimental measurements of 
lateral deflections, These uncertainties were estimated independently for each test. 

These results show that there is no definite relation between the apparent dynamic 
elastic limit and the impact velocity in the range of 40 to 114 in/sec. However, 
the elastic limit stress decreases with increasing temperature. The zine of higher 
purity exhibits a lower elastic limit stress than the lower purity material and the 
decrease with increasing temperature is greater for the higher purity material up 
to a temperature of 200°F. 
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While these values of ‘ elastic limit’ stress are only approximate, they give 
definite evidence that the material does not have a unique ‘ elastic limit’ stress 
since the apparent values of the dynamic elastic limit are so large in comparison 
with the static elastic limits. In view of this fact, the assumption used in the . 
analysis that the material has a unique ‘ elastic limit’ stress and stress-strain 
relation must be examined. The average strain rates produced by the dynamic 
loading are many orders of magnitude greater than the strain rates in the static 
tests. For example, it may be reasonably estimated that a strain of 0-1 per cent 
in the dynamic test occurred in a time of about 25 = 10sec, i.e. the time for 
the change in velocity of the base of the specimen. Hence the strain rate was of 
the order of 40 sec"'. An equal strain in the static test would be associated with 
a strain rate of approximately 10° sec"'. Thus it may be seen that a change in 
the strain rate by a factor of the order of 4 « 10° produces a change in the stress 
level for a given strain by approximately a factor of ten. The differences in strain 
rate occurring at different positions along a specimen in a given dynamic test 
and the differences between the various dynamic tests are considerably less than 
the differences in strain rates between the static and dynamic tests. The actual 
variation in the stress-strain relation followed by different portions of a specimen 
in a dynamic test should therefore be relatively small compared to the variation in 
the stress-strain relation of the material between the static and dynamic tests. 

The durations of loading in the dynamic tests from which the stress—strain 
relations were deduced (Fig. 10) are approximately 60 « 10° sec and 140 « 10° see 
for the 76°F test and 200°F test of the 
99-999 + per cent purity zine respectively. Thus 
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the duration of loading in these tests was 
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approximately 2-5 and 5-5 times as long as the OF 8Oin fsec 
time required to stop the base of the specimen. 


The assumption of an instantaneous change in 
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velocity which was used in the analysis is 
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therefore not as reasonable an approximation 
of the actual specimen base velocity vs. time 
relation as would be expected if the material 


0 04 08 12 16 20 
followed the static stress—strain relation. Sheor strain *le 


| BOF static . 


The assumptions involved in the analysis pig 19, Static and calculated dynamic 
of the dynamic tests give rise to overestimates shear stress vs. shear strain. 
of the stress under dynamic loading for 
the crystals of zine. Furthermore, the 
insensitivity of the deflection measuring system to small strains of the order of 
elastic strain contributes to an overestimation of dynamic stresses. Nevertheless, 
the experimental results clearly indicate that, for a given strain, the stress under 
dynamic loading is several times as great as under static loading. The results 
are sufliciently accurate, however, to establish definite trends in the effects of 
purity of the zine and the test temperature upon the elastic limit under conditions 
of dynamic loading. 

The temperature dependence of the dynamic elastic limit stress indicates that 
thermal activation plays a relatively important role in the slip process in zine 
single crystals. Thermal activation may aid the generation of new dislocations 
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in the crystal. Some of the energy needed to release a dislocation from a Cottrell 
atmosphere may be supplied by thermal energy. Thermal activation may aid 
dislocations to pass obstacles such as small angle boundaries, intersecting disloca- 
tions, and inclusions, 

The effect of a substructure of small angle dislocation boundaries on the dynamic 
slip properties of a crystal has not been determined. Wastpurn (1955) has 
shown that the effect of boundaries of approximately 2 « 10 radian in angle is 
to raise the static yield stress in zine single crystals approximately 50 per cent. 
The effect of these boundaries in dynamic loading may be considerably greater 
than in static loading as a consequence of the role of thermal activation discussed 
above. The differences between the elastic limit stress found for several crystals 
of the same purity at a given temperature might therefore be attributable to 
differences in the substructure of those crystals. 

The differences of static and dynamic elastic limit stresses of the crystals of 
different purity may be due to the difference in purity and to a difference of the 
substructure of the crystals. The impurity content of all of the crystals tested 
in this investigation was suflicient to form Cottrell atmospheres around all of 
the dislocations in the annealed crystal. An interesting investigation would be 
to make static and dynamic tests on crystals containing controlled amounts of 
substructure and of the same purity. Crystals having this substructure variation 
are not available at the present time. 

The relatively greater decrease of elastic limit stress with increasing temperature 
for the purer material may be explained by a change in the Cottrell atmosphere 
around the dislocations when the temperature is increased. The atmosphere in a 
material of higher purity would * boil off’ to a greater degree as the temperature 
is increased according to Wess (1957). Thus, the strength of the more pure 
material would decrease more with increasing temperature until a temperature is 
reached which causes the loss of the atmospheres in both materials. 

The effect of the small twinning deformation observed in the tests at velocities 
of 60 in/sec and greater on the results of these tests appears to be negligible. 
Twinning deformation gives rise to lateral displacement of the specimen which is 
approximately equal to or less than the minimum reading possible with the deflection 
measuring system. The consistent results obtained in the determination of the 
elastic limit stress over the range of impact velocities, including velocities which 
did not produce observable twinning, indicates that the small amount of twinning 
did not substantially influence the stress system or the propagation of plastic 
strain in the specimens. 
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SUMMARY 


A vueorem due to Bisnor ef al. (1956) which leads to a method for determining the extent of 
the deformable region in a rigid—plastic body at yield is shown to be applicable to structures. 
As an example the extent of the deformable region is determined for the bending of a clamped 
thin plate of arbitrary shape under a concentrated transverse load. 


1. INTRODUCTION 


In a recent note Bisuop et al. (1956) have presented a procedure for finding the 
greatest extent of the deformable region in a rigid—plastic body yielding under 
given boundary conditions. The procedure was established for an ideal work- 
hardening rigid—plastic material whose yield function and plastic potential are 
identical. The method can be extended without difficulty to rigid—plastic structures, 
the yielding of which is characterized by generalized stresses and strain rates, 
as introduced by Pracer (1955). Approximate plasticity theories for beams, 
frames, plates and shells are then brought within its scope. 

The method of Bishop et al. is based on a theorem due to Hiut (1951), which 
states that in a region of deformation the state of stress is uniquely defined. A 
theorem and a corollary which follow from this uniqueness theorem provide the 
general basis for determining the deformable region and are re-stated here. 

Theorem. A deformation mode associated with the stress field in one complete 
solution is compatible with the stress field in any other complete solution. 

Corollary. Any region of the stress field in a known complete solution which is 
shown to be necessarily rigid for that field (i.e. by arguments based solely on the 


geometrical and other properties of that field) must be rigid in all complete 
solutions. 
The corollary is of immediate use in limiting the extent of the deformable 


region when the velocity equations are hyperbolic, and examples have been given 
by Bishop et al. 

The yield surface in nine-dimensional stress space is necessarily convex (DRUCKER, 
1951), but the uniqueness theorem of Hi.t. (1951) requires a strictly convex yield 
surface. As mentioned by Hi. (1956) this theorem requires modification when 
the yield surface is not strictly convex but contains a flat, consisting of a family 


*The results presented in this paper were obtained in the course of research conducted under Contract Nonr 
562 (10) by the Office of Naval Research and Brown University. 
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of points lying in a tangent plane to the surface or consisting of a family of singular 
points lying in a supporting plane of the surface. By a singular point is meant a 
point where the yield surface does not have a continuously turning tangent plane. 
At a point of the material where deformation is occurring with a strain-rate vector 
associated with a flat, the stress state is not necessarily uniquely defined but must 
be represented by a stress point on the flat in question. However, each alternative 
stress state is compatible with the deformation and it follows that the theorem 
and corollary stated above are still valid. 

In a particular case in which the strain-rate vector is associated with a flat 
over a finite regidn of the material, equilibrium conditions may impose further 
restrictions that enforce uniqueness of the stress field in that region. 


2. STRUCTURES 


In the analysis of structures, an exact three-dimensional analysis is usually 
either too diflicult to carry out or too unwieldy to be of practical use. Important 
information on the plastic behaviour of structures such as beams, frames and 
shells can be obtained from an approximate theory formulated in terms of genera- 
lized stresses such as the moments and force resultants across a section of the 
structure. The state of stress at a point of the structure is specified by generalized 
stresses Q,, Q,. . - - . Qy. During deformation of the structure the corresponding 
generalized strain rates q,, q,. - - - » Gy are chosen so that the rate at which energy 
is dissipated is given by 


D=Q,4%, 4 Qody +--+» + Qn dy: (1) 


In the bending of a thin plate, for instance, the generalized stresses are two bending 
moments and one twisting moment and the corresponding generalized strain-rates 
two rates of bending and a rate of twist. Shear forces, which enter into the equations 
of equilibrium of the plate, are in the nature of reactions as they do no work 
during bending of the plate. 

The extension of the theory of limit analysis (Drucker et al. 1952) to structures 
of rigid—plastic material has been carried out by PRAGER (1955) in a general manner. 
The structure yields when the stresses Q, (n = 1, 2,..., N) are such that the 
point Q, lies on the yield surface 


F (Q,) = K (2) 


ina generalized stress space of N dimensions. The strain-rate vector with components 
proportional to g, is normal to the yield surface (2) at a regular point and at 
singular points lies in the fan bounded by the normals to adjacent points. For 
a convex yield surface it then follows that 


(Q, — 2°) 4, > 0 (3) 


where Q,* is any other state of stress within or on the yield surface. 


The uniqueness of the generalized stresses Q, in a plastically deforming region 
can now be examined as for conventional stresses and parallel results can be 
obtained. The Q, must satisfy equilibrium conditions and it is assumed that the 
velocity field describing the deformation of the structure is such that the principle 
of virtual work may be applied. The corresponding theorem and corollary on 
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the extent of the deformable region also apply. As for conventional stresses the 
corollary can be applied directly to delineate the deformable region when the 
velocity equations are hyperbolic. An example follows. 


3. EXAMPLE 


Within the framework of thin-shell theory, there are a number of complete 
solutions in the literature to problems involving cylindrical shells and circular 
plates. The statements on the uniqueness of the generalized stress distribution 
and the extent of the deformable region apply to such complete solutions. In this 
Section a complete solution is derived for the problem of a plate of arbitrary 
shape clamped along its edge and loaded by a concentrated lateral force, and the 
extent of the deformable region is found. 

A complete solution is obtained by 
assuming rotational symmetry about the 
point of application of the load. The 
material of the plate is assumed to be a 


rigid—plastic material which obeys the yield 
condition of Tresca. For a rotationally 
symmetric moment distribution involving 
two bending moments M_, M,, limiting com- 


binations of these moments are represented 

by the points on the hexagon of Fig. 1 (see Fig. 1. 

for example Hopkins and Pracer 1953), 

M, is the magnitude of the maximum moment which the plate can carry and 
has the value o, h?/4 for a homogeneous plate of (constant) thickness h, o, being 
the yield stress of the material. For equilibrium 


d (rQ)/dr + rp = 0, 

d(r M,)/dr — M, — rQ = 0, (5) 
where ry measures distance from the point of application of the load, Q is the 
transverse shear force per unit length in the circumferential direction and p is the 


surface pressure. For a concentrated load P at the origin, p is zero except at 
r = 0 and integration of (4) gives 


Q = — P/2ar. (6) 
Taking the moment field 
_— M,, M, = 90, (7) 


for which all elements of the plate are at the moment state represented by the 
point A of Fig. 1, equilibrium equation (5) now gives 


P = 2nM.. (8) 


0 
The moment field (7) is not the only moment field which satisfies yield and the 
equilibrium condition (5) when P = 27M). Any constant value of M, between 
— M, and zero and 


(9) 
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represented by a point on the side 4B of the yield hexagon, will satisfy (5). How- 
ever, in order to complete the solution an associated pattern of deformation must 
be found and this enforces the moment state A of Fig. 1. The generalized strain- 
rates corresponding to the generalized stresses M_, M, are the curvature rates 


x,, x» The rate of twist «,, is zero in this case as «,, «, are principal curvature 


r’ 6 r 
rates. For the moment state 4 of Fig. 1, the curvature rates must be such that 


0 < kK, ° Ky. (10) 


For a rotationally symmetric deformation pattern, the normal rate of deflection 
w of the middle surface of the plate is a function of r only and 


d? w 1 dw 


dr? 


(11) 


Many functions w,(r) can be chosen such that conditions (10) and the boundary 
conditions of zero deflection and slope at the edge of the plate are satisfied. The 
deflection rate w must be continuous but discontinuities in dw/dr implying an 
infinite (negative) value of «, are permissible. One deflection pattern is given by 


a 
We | 1 — > r<a 
w= r 


(12) 
0, r>a 


where w, is a positive constant and the circle r = a lies wholly within the plate. 
With the exception of the hinge circle r = a, where deformation takes place, «, 
is equal to — 2x, for this collapse mode. A common feature of all the possible 
deformation patterns is that they involve a deflection rate at the point of applica- 
tion of the load which is indefinitely high compared with that at all other points. 

A possible deformation pattern has now been associated with the moment 
field (7), so the value (8) is the limit load and the solution is now a complete one. 
The limit load value, 27M, has_ been 
obtained previously by ScuumMann (1957) 
by using limit analysis to bound the limit 
load from above and below. A complete 
solution for the special case of the centrally- 
loaded circular plate was given previously 
by Hopkins and PraGer (1953). 

Point loading is not met in practice but 
the result obtained here may be regarded as 
the limiting case which will be approached Fig. 2. 
as the area of the loaded region is reduced. 

The largest value of the radius a which can be taken in (12) is the radius R of the 
circle centred at the load and passing through the point on the clamped edge 
nearest to the load (Fig. 2). Thus, deformation can take place in this circular area 
of radius R. It follows that the moment field (7) is the unique plastic moment 
field in this region, because the strain rate vector («,, «,) with x, 2K, Is 
compatible only with the moment state A of Fig. 1. Further, the remainder of 
the plate outside this circular region is necessarily rigid for the moment distribution 
(7). The condition «,, = 0, which follows from isotropy of the material, requires 
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The characteristics of the hyperbolic equation (13) for wr are the circles 
r = constant and the radial lines 0 = constant, and so the boundary conditions 


of zero deflection and slope at the clamped edge enforce w to be zero throughout 
the region outside the circle of radius R. It follows from the corollary that the 
plate must be rigid in this outer region in all complete solutions. 
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SUMMARY 


Tue relevant theoretical work under plane-strain conditions with both overhanging and indenting 
smooth and rough dies for various geometrical configurations is reviewed. The frictional conditions 
under which certain postulated solutions are valid are established. The known exact solutions 
are examined in relation to an approximate solution of the compression of a rectangular slab 
between rough dies for small values of the coefficient of friction ». It is demonstrated both by 
exemplification and deduction that the modified approximate solution gives reasonably good 
results for all relevant coefficients of friction. The approximate solution (Stepe.) for the axially 
symmetric problem is examined in the light of these results and it is suggested that it can be 
expected to give reasonable results for all 4. An approximate solution for the compression of 
a square slab between rough dies is given. The plane-strain, axially symmetric and square slab 
deformation results are presented graphically with mean pressure plotted as a function of 
and the relevant geometrical shape factors. 


1. INTRODUCTION 


Ix two typical forging operations material is compressed between overlapping 
dies as in upsetting, or indented between narrow platens as in edging and fullering. 
The simplest idealization of the former process is the compression of a circular 
cylinder. An approximation to the second process is the plane-strain indentation 


between narrow parallel-sided dies of a flat 
slab with overhang (see Fig. 1). 
The compression of a circular cylinder 
constitutes a problem with axial symmetry. 
Very few non-trivial exact solutions of pro- 
blems of this kind are available. Sure _p 
(1955) has considered the indentation of a 
semi-infinite slab by a smooth circular 
cylindrical punch for a material obeying 
Tresea’s yield criterion and with a Tresca 
plastic-potential. A solution along similar 
lines could be obtained for the compression se ae 
of a circular cylinder between rough dies Wig. 1. Plane stenin indentation. 
provided the coeflicient of friction between 
the dies and the specimen were sufficiently small. As in the solution obtained 
by Sute.p, this would involve lengthy iterative numerical computation. SreBe. 
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(1923) has given an approximate solution to the problem of the compression of a 
circular dise with small friction at the die-disc interface. A modification of this 
theory due to ScuroepER and WesstTeErR (1949) extends it to the range in which 
the maximum stress in shear occurs at the die-dise interface. 

Since these approximate theories are the only ones available for examining 
the effect of friction on forging loads, it is desirable to determine how valid they are. 
It is suggested that this can be done by considering the situation under plane- 
strain conditions. The plane-strain compression of a slab both by indenting and 
by overhanging dies has received considerable attention. Theoretical work by 
PrRaNpDTL (1923), Hitt, Lee and Tupper (1951) and Green (1951) has covered 
variations in friction and height “width ratio of the block. An approximate solu- 
tion for small coeflicients of friction analogous to that of SreBe. has been given by 
HILi (1950a, p. 236). This enables the accuracy of this approximate solution to 
be determined. 

Strictly speaking an analysis of the forging process should take into account the 
effect of details of change of shape, e.g. barrelling, and of non-uniform hardening 
on loads. This topic is only just coming under consideration and involves considerable 
difficulty (see Hitt 1956). For the purpose of this paper simplifying assumptions 
will be made about change of shape. In the compression of a cylinder, for example, 
it will be assumed that the specimen remains cylindrical and that the only geome- 
trical variable is the height to radius ratio. Thus the problem of finding the forging 
load in upsetting a cylinder is reduced to that of finding the yield point loads for 
cylinders of different height/radius ratio. Recourse must be made to the limit 
theorems to examine the significance of these loads in relation to the yield point 
loads of actual deformed bodies. The results will be more or less in error depending 
on how good the assumptions are. At the moment the only available method for 
checking this in the majority of cases is by comparison with experiment. 


2. PLANE DEFORMATION 


For a comprehensive discussion of this topic up to the date of publication, 
the reader is referred to Hi. (1950a, pp. 226-236). A brief summary only is given 
here. 

The theory for plane strain is relevant when one principal axis of strain is fixed 
in space and the corresponding strain component is zero. This condition may be 
brought about in a variety of ways, e.g. constraint of non-plastic material, edge 
constraint, frictional restraint. Throughout this note it will be assumed that the 
material is rigid-plastic and non-hardening. In this section the compression of 
rectangular slabs under plane-strain conditions with varying height to width 
ratios is considered, and the following notation is adopted. 

When the dies overlap the specimen (Case I, Fig. 12) the specimen dimensions 
are taken as height 2h, width 2w. When the dies indent the specimen (Case IT, Fig. 12) 
the specimen height is 2h and the die width 2w: the specimen width, where 


specified, is 2b (Fig. 1). 


Smooth flat dies 


When the dies overlap the specimen the compressive pressure is 2k, where k 
is the yield stress in shear. This result is independent of height/width ratio of 
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the specimen. A geometrically possible deformation mode, compatible with the 
stress state, preserves the rectangular shape of the specimen. 

When the dies are narrower than the specimen (w < 6) the problem is consider- 
ably more complex. Three types of deformation must be distinguished. When 
b > w the deformation occurs by material being forced out at the surface adjacent 
to the dies for h/w > 8-75; when 0 < h/w < 8-75 the two ends of the slab move 
apart as rigid masses with a simultaneous deformation of the material between 
the dies. With narrower blocks and depending on the 4 w, h 6 ratios, deformation 
will extend to the sides of the block. Thus Huit. (19506) has shown that for large 
hw the dies cause the corners of the bar to rotate when 6 w < 8-6 rather than 
force material out at the surface. When wh > 1 Green (1951) has shown that 
the indentation pressure oscillates with increasing wh, being equal to 2k for 
integer values of wh. The results due to Hitt and Green are shown graphically 
in Fig. 2. The indentation pressure divided by 2k is plotted against the height 


a 


Pione strain indentation 
“=O 


a 
Fig. 2. Mean indentation pressure for smooth dies. 


width ratio. The dotted line for wh 1 is due to Hitt. and gives an upper bound 
to p/2k. Experimental investigations in the regime w/h > 1 by Warts and Forp 
(1952) strikingly confirm the theoretical work of Green. 


Rough flat dies 

In the following discussion the coeflicient of friction » is regarded as the value 
that would be obtained from a slider and plate test using the relevant materials. 
A solution of a problem of plastic deformation will be regarded as valid if the 
conditions at constraints are 


(1) Ratio of tangential to normal force, A, less than or equal to ju, the coefficient 
of friction, where no sliding motion occurs in a suggested deformation mode. 


p where sliding occurs. 


It is assumed that where the maximum stress in shear is reached at the constraint, 
this corresponds to not sliding. It is presupposed that the solution is satisfactory 
in all other respects. 

Consider first the compression of a slab between overhanging dies. For h w > 1 
the compressive stress is 2k for all ». A geometrically-possible yield point mode 
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compatible with the stress for a typical case is shown in Fig. 3. The regions AOB, 
A’ O' B’ move rigidly with no relative motion at the interfaces AB, A’ B’. It is 
clear that this mode would result in a type of ‘ barrelling ’. 

When 1 > w/h > 3-64 a solution has been proposed by Hit (1950a, p. 230). 
A typical slip-line field is shown in Fig. 4. The material in AOB, A’ O' B’, APA’, 
BQB’, remains rigid. The range of validity of the solutions is not specified and 


ee 


a | 


8 y , B’ 
Fig. 3. Deformation mode for plane strain Fig. 4. Slip-line field ; compression between 


compression between rough dies. rough dies. 


0-4 . a 


o-3+- - (Fig 4) 


1@) 10 2:0 
R ws 
Stress state in an Fig. 6. Range of validity of solutions for compression between 
angle. rough dies: w/h > 1. (Figure numbers in parentheses indicate 
type of solution valid.) 


Fig. 5. 


may be determined as follows. Consider the configuration of Fig. 5. Hi. (1954) 
has shown that considerations of yield and stress equilibrium enable bounds to be 
placed on the possible variations of (p, — p,). q,;. G7, and «. This configuration 
exists at A in Fig. 4 with p,. q, and « given. An examination of the inequalities 
given by Hit enables the least possible ratio of q, /p, to be found. This is plotted 
as uw, in Fig. 6 as a function of w/h. At this stage it can be stated that for a given 
w/h ratio the solution of Fig. 4 is not valid for all » < y,. To determine whether 
a solution exists for values of « as small as y, it is necessary to construct a stress 
solution in the rigid regions AOB, A’ O B’ which has A = y, at A, B, A’ and B’ 
and such that A < », on AB and A’ B’. A stress state corresponding to A = pu, 
at A can be obtained from the fully plastic continuation of the slip-line field into 
AOB based on the slip-lines 40, BO. It is simple to demonstrate that the values 
of A obtained from this solution are such that A < », on AB. Hence the values 
of », gives the least value of the coefficient of friction for which the relevant solution 
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is valid. The solution is acceptable for all larger values of ». The largest value of 


u, is obtained when one family of slip-lines coincides with AB at A. All values of 


uw larger than this correspond to what are called ‘ perfectly rough’ dies in the 
literature. For values of « < y, for a given w,h in the range under consideration, 


there is a region of slipping at the die face with a slip-line field determined by yu 


(Fig. 7). 


Velocity 
discontinuities 


my 


4 


. 
Fig. 7. Slip-line field; compression Fig. 8. Slip-line field; compression between 
between rough dies, hp < p,, w/h < 3-64, rough dies, w/h > 3-64. 


For w/h > 3-64 Hint (1950a, p. 231) has indicated the general nature of the 
solution. The slip-lines are ultimately normal and tangential to the die face for 
all « > O as typified in Fig. 8. 

Computations covering various values of » for varying w/h have been made from 
the relevant slip-line fields. The results are conveniently shown in Fig. 9 where 
the normal pressure acting across AA’ in Fig. 8 is plotted as a function of 2/h, 
where a is the distance from the edge of the block and < w. The mean die pressures 
can, therefore, be obtained by integration from this diagram. 


f= 0-39 


2-0 3-0 
Yn 


Fig. 9. Plane-strain compression. 


When wh is very large a solution proposed by Pranpri becomes valid. It is 
for the limiting state in which the maximum stress in shear is achieved at the 
die faces and neglects the edge conditions. Hitt, Lee and Tupper (1951) have 
pointed out that their solution for perfectly rough plates rapidly asymptotes to 
this solution. All the slip-line fields for non-zero » will eventually asymptote to 
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it for large enough 2,/h. This implies that ultimately the die or centre-line pressure 
will increase linearly with w/h. 

When the slab extends beyond the dies, again the position is modified. In the 
range h w > 1, the identation pressures are the same for all values of » as for 
smooth dies. It is interesting to note that the Pranpr. deformation mode as 
opposed to that due to H1ILt is taken in the range h /w > 8-75 (see Hi. 1950, p. 254). 
When 1 < w/h < 3-64, ie. in the range corresponding to Fig. 4, the solution is 
as for overhanging dies if » > w,. For other values of « the solution differs from 
that with over hanging dies since velocity discontinuities emerge at the edge as 
in Fig. 7. When w/h > 3-64 and » = 0-39 the solution is as for overhanging dies. 
For smaller values of « the solutions are similar to those for overhanging dies 
when the velocity discontinuities terminate at the corners of the die. For other 
values of wh the slip-line field must be modified in an analogous manner to that 
given by GREEN (1951) for» = 0. It can be inferred from his work that the inden- 
tation pressures will differ by only a few per cent at most from those for over- 


hanging dies. 


Approximate solution 

Of considerable interest in the current analysis is an approximate solution due 
to Hini (1950a, p. 236). This theory was formulated for small values of « and 
w > hk. It is valid for indenting or overlapping dies. It is proposed to examine the 
solution in some detail because of its importance in assessing the validity of 


approximate solutions. 


+ + + 


+ + + 


567 89 101 l2 13 14 15 


*/h 


Fig. 10. Plane-strain compression p = 0-08, 


Let p be the normal compressive stress at a distance x from the edge of a block 
of thickness 2h, and g the mean transverse compressive stress in the x direction. 


From equilibrium considerations 
(up <k). 


If » is small, the yield criterion is expressible as 


Pp —q = 2k. 
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Since gq = 0 at a = 0, 
p= Qhev= lh. (2-3) 


In Fig. 10 the pressure given by (2-3) is compared with the centre-line pressure 
derived from slip-line field calculations for » = 0-08. The agreement is very good. 
In Fig. 11 the comparison is made for « = 0-21. It is seen that initially the agree- 
ment is good but at w/h ~ 4 the approximate curve diverges from the slip-line 
field results. This is because equation (2-1) should be replaced by 


(2.4) 


Fig. 11. Plane-strain compression ~ = 0-21. 


for values of # greater than 2, where 
up =k = 2pkeni, 


otherwise shearing stresses larger than the maximum stress in shear of the material 
will be assumed to be occurring at the die face. Surprisingly the slope of the 
(p, x) curve derived from (2.2) and (2.4) is identical to that obtained from the 
Pranpt_ solution although (2.2) itself is certainly not true. The reason for this 
is that in deriving (2.3) or the analogous result from (2.4), strictly speaking it is 
not equation (2.2) which is used, but the equation dp/dx = dq/dzx. Reference to 
the Pranpt_ solution shows that this holds for the limiting value of p (= 0-39). 
Hence a composite expression for p given by 


p = 2ke!, 0 <@ <4, 


is a reasonably good approximation for all yp. 


Summary of plane-strain results 


For all practical purposes the results in plane strain may be summarized as 
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follows (w/h is taken to refer to the die width to material thickness for indenting 
dies and to the block dimensions for overhanging dies). 


(i) Overhanging dies. p = 2k for all u. (ii) Indenting dies. Pressure as for smooth 
dies for all p. 


(2) w/h> 1. 
Overhanging and indenting dies similar. Pressure given by 
p = 2kev!, 0<2@<a% 


p=? + ple —a)| 
ab 


- 
| 
20 10 10 10 20 30 40 50 


hhy w/, h 


Fig. 12. Mean pressures for indentation and compression in plane strain. 
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From these the mean pressure is 


2kh 


Pp = —— (¢"P — 1), Ww <2 
pw 


uv’ 


- Bhi k w—Z 
P= (a, 1) + ee — 20) + ; 2, Ww > Zo 


The results are summarized graphically in Fig. 12. 
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3. AXIAL SYMMETRY 


The only exact non-trivial solutions of problems of axial symmetry which are 
relevant here are due to Surety (1955). These are based on the Tresca yield 
and potential functions, which are singular and lack physical reality ; the importance 
of the solutions lies partly in the fact that the Haar-Karman hypothesis (viz., that 
the circumferential stress and one of the other principal stresses should be equal) 
can be justified a posteriori by reference to the velocity solution. 

In this Section the compression of circular cylinders between overlapping parallel 
dies is considered. It can be inferred from the work of Sute.p that, when the 
height /radius ratio h r is greater than two, the compressive stress is 2k (= Y, the 
uniaxial yield stress) for all values of y ; & is the maximum stress in shear. This is 
because Surety has obtained deformation modes which allow cones of material 
making contact with the dies to remain rigid. 

Forr h> 4, an approximate solution has been given by Sreser which is analogous 
to that due to Hirt. This solution is based on 


(a) Small values of p. 


(b) The assumption that the radial and circumferential stress components 
are equal. 

ScuRoEDER and WessTeR (1949) have used the same analysis to deal with large 
values of ». The analysis is very similar to that given in Section 2 for plane strain. 

When , is small the hypothesis that the radial and circumferential stress com- 
ponents are equal is not very different from the Haar-Karman hypothesis, which 
can be justified in certain circumstances as stated above. When yw is large, in 
particular when the maximum stress in shear occurs at the die face, the term which 
is neglected by assuming that the circumferential and radial stress components 
are equal is not important unless r is small. Hence although, as Hi. (1950a, p. 277) 
remarks, the assumption that the two stress components are equal introduces 
an unknown error, the considerations given here suggest it will not be serious. 

The theory uses a yield criterion in the form p + o, = 2k, where p is the die 
pressure and o, the radial stress, to derive the relation dp dr do,/dr. Since 
this form of the criterion breaks down at the die face for large jy, the question 
arises as to whether it is still reasonable to use the theory when yp is not small. 

Let 0, r and z be circumferential, radial and axial co-ordinates. Consider a dise 
of thickness h and radius a. Let the maximum stress in shear occur at the die 
faces, i.e. \7,.| k at z + h/2. Then, at z t h/2, do,/dr do, dr. At the 
o,atr =O and o,>o, >, atr=—a. It is reasonable 


6 6 


to take the Tresca criterion as o, a, = 2k, z = 0, and hence do,/dr do,/dr 


midsection z 0. o 


z = 0. It cannot be too erroneous to take do, dr = do, dr for all z. In any event 
the maximum range of o, — a, is 2k and hence for large r the value of do, /dr cannot 
be largely different from do, dr for most r. It follows from equilibrium considera- 
tions that the normal pressure at the die face is 


p Qhee2vla) jh, 


This relation must be modified when the maximum stress in shear occurs at the 
die face. ScnroepER and WessTER give the maximum possible value of uw as 


0-577. This is based on the conditions at the edge of the disc in the approximate 
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solution. A more realistic estimate can be obtained from the analysis using the 
Haar- Karman hypothesis, giving the value » < 0-39. 
The results for axial symmetry may be summarized as follows : 


(1) h/a> 2. Compressive stress 2k for all yp. 


Pheer'= r) Lo ro << - « ¢ 


(2) ajh>}. p 
k & ; 
p | j (Ty r). 

The mean pressure 


Pp 


B) - 


2ur, 
where a ; B 7 , 
‘ 


These results are shown graphically in Fig. 13. 


Allt ” 
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h/g af, 


Mean pressures for compression of circular cylinders. 


4. GENERAL DEFORMATION 


So far two important types of deformation have been considered, namely plane 
and axisymmetric. In practice a large number of forging operations can be reason- 
ably approximated by one or other of these types. A further common type of 
deformation which does not fall into either of the above categories occurs in which 
a blank is compressed between overhanging parallel dies. Hi. (1950c) has discussed 
the general theory in some detail, and has given an approximate solution of the 
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compression of a rectangular strip of large length/breadth ratio between rough 
parallel dies. The semi-breadth is assumed to be of the same order as the thickness. 
In this solution both the mean pressure and the change of shape are evaluated. 
With 26 as the breadth, 2a the length and / the height, the mean pressure p was 
found to be 

=) y, Hb — 6.088, 


2h 


h , b 
0-051 my. a 
pu ‘ 


> 0-288. 


1 for” — v.28s, 
2 ’ 

In the latter case the central portion of the 
strip deforms in the breadth of the strip under 
plane-strain conditions. 

The compression of a rectangular slab of 
breadth length ratio of order unity and with 
thickness small compared with the other 


dimensions does not appear to have been con- 
sidered. Consider a square block of side 2a 
and thickness A. For 2a < A it is reasonable 
to suppose that the compressive stress is 2k for 
all » having regard to the results given pre- 
viously. For 2a > A, the following approximate 


analysis is suggested. Let the yielding be 
governed by Tresca’s criterion, Le., 


oo). « 
a) Ts 2k . a, % > os: 


Let p be the compressive stress normal to the slab and q and r the mean compressive 
stresses in the z and y directions (Fig. 14). 
On OC, q = r at O by symmetry and at C p > r >g. Hence on OC the yield 


criterion can be taken as 
p—q = 2h (4.1) 


Let Con be the mean shear stress averaged over the thickness. From equilibrium 


considerations : 
« oT 
h 4 — 2up + h , 
Mw oy 
For large 2 or » the deformation near y 0 is sensibly independent of y and 
the term in dr,,/dy may be neglected. For small x and « the equation for axial 
symmetry, namely 
o”g 2up 
Ala h 
will not be largely in error on OC, Hence on OC the equilibrium equation may 
be reasonably approximated by 
MM 
h d 


a 


2up. 
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From (4.1) and bearing in mind the arguments of Section 2 (iii) when yp is not 
small :— 
op 


alas 2up/h, p = 2he*\=-2)/4 ; pp <k. 


Now along AB,q = Vand p> r >q. Hence on AB p = 2k. A functional relation 
which satisfies the conditions on AB and the value of p on OC is 


p= 2he*#(=-=) [A . a k, 0O<2 <a, xz > ly|. (4.2) 


For this relation it is seen that the contours of equal pressure are squares. It is not 
difficult to establish that for large a/h these contours are more nearly circular for 
small z. However, it hardly seems worthwhile to refine (4.2) for practical purposes 
at the moment. 

If up =k at a = a, 
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Fig. 15. Mean pressures for compression of a square specimen. 


The values of the mean pressure derived from (4.2) and (4.3) are 
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It is suggested that the best available estimate for the maximum value of y is 0-39. 
The results are presented graphically in Fig. 15. 


J. F. W. Brsnor 


5. Discussion 


The summarized results of Figs. 12, 13 and 15 give what are believed to be 
reasonably accurate figures for the mean die pressures for different geometrical 
shapes and for varying constraint, friction and ratios of geometric parameters. 
It is of course well known that, qualitatively, friction considerably raises the mean 


pressure in forging operations such as disc-forging. How important friction is 
can be deduced from Fig. 13. Bearing in mind that the volume of material remains 
constant, it is seen that the load ultimately varies as the fifth power of the radius. 

Under impact conditions two inferences can be drawn from the results. In 
the first place the energy necessary to effect a desired reduction can be computed 
from the data given. Secondly, the elastic energy stored in the specimen will be 
related to the current mean pressure. The analysis leading to the above results 
ignores elastic deformation. Nevertheless the strain-energy calculated from the 
stresses would probably be a good approximation to the actual energy. In practice 
the energy lost will depend very much on the characteristics of the forge. It cannot, 
however, be less than the elastic strain-energy of the specimen and hence drop 
forging will become increasingly ineflicient with reduction in the presence of friction 
until finally no reduction occurs under a blow of given energy. All the results given 
relate the mean die pressure to the yield stress either through the uniaxial yield 
stress Y or the maximum stress in shear k. These values must be interpreted 
as the mean values for the current state of hardening and will depend on the 
conditions of working and on the total work of plastic deformation. 


ACKNOWLEDGMENTS 


The author wishes to acknowledge his indebtedness to his colleague, 
M. T. Warktns, for helpful suggestions. The work described forms part of the 
research programme of the Mechanical Engineering Research Board of the Depart- 
ment of Scientific and Industrial Research. It was carried out in the Plasticity 
Division of the Mechanical Engineering Research Laboratory and is published by 
permission of the Director. 


REFERENCES 


Green, A. P. 1951 Phil. Mag. 42, 900. 
His, R. 195¢a The Mathematical Theory of Plasticity (Clarendon Press, 
Oxford). 
1950b Phil. Mag. 41, 745. 
1950e =©Phil. Mag, 41, 733. 
1954 J. Mech. Phys. Solids 2, 278. 
1956 J. Mech. Phys. Solids 4, 247. 
Hint, R., Len, BK. H. and 
Turrer, S. J. 1951 J. Appl. Mech. 18, 46. 
Pranpti, L. 1923 Z. Angew. Math. Mech, 3, 401. 
Scuroeper, W. and 
Weesrer, D. A. 1949 J. Appl. Mech. 16, 289. 
Smenp, R. T. 1955 Proc. Roy. Soc. A 233, 267. 
Sieper, EF. 1923 Stahl und Eisen 43, 1295. 
Warrs, A. B. and 
Forp, H. 1952 Proc, Inst. Mech. Engrs. 1B, 448. 


Journal of the Mechanics and Physics of Solids, 1958, Vol. 6, pp. 145 to 162. Pergamon Press Ltd., London 


ANELASTIC CREEP OF POLYMETHYL METHACRYLATE 


By O. D. Suersy* and J. E. Dorn’ 


University of California, Berkeley 


( Received 11th September, 1957) 


SUMMARY 


Tue deformation of polymethyl methacrylate over the temperature range 263° K to at least 
410° K is entirely anelastic. That is, removal of the stress causes the material to return com- 
pletely to its original length, provided sufficient time is allowed to permit complete recovery 
to take place. In the temperature range 263° K to 320° K it is shown that the activation energy 
for creep is independent of the strain but decreases linearly with an increase in the applied creep 
stress. These results are strikingly dissimilar from the results obtained for metals where the 
activation energy for creep is known to be insensitive to the applied creep stress. Above 320° K, 
the activation energy for creep increases rapidly with increasing temperature. In this range, 
transients are observed in the creep curves when sudden changes in temperature are made. These 
transients are best explained by a second order phase change occurring over a range of 
temperature. 


1. INTRODUCTION 


CREEP is generally defined as the time-dependent deformation of a material under 


constant load or stress which occurs as a result of some thermal activation process. 
Most theories of creep (Becker 1926, KauzMANN 1941, Serrz and Reap 1941, 
Nowick and Macuiin 1947, Morr 1954) can be formulated to appear as follows : 


é = Aexp(— Q/RT) when o = constant, (1) 


where € = creep rate at specified state, 4 = constant, Q = experimental (or 
observed) activation energy for creep, R = gas constant, T = absolute tempera- 
ture and o = applied creep stress. Generally, these theories postulate that the 
applied creep stress decreases the thermal energy fluctuation necessary to cause 
flow. KavuzMANN (1941), Serrz and Reap (1941) and Morr (1954) suggest that 
Q varies with the stress according to 


Q = AH* — Bo, (2) 


where AH* = activation energy for unit flow process in the absence of stress 
and B = constant associated with the volume of the flow unit. Thus, according 
to (2), the observed activation energy should be linearly dependent on the applied 
stress o, and the true value of AH* can be obtained by an extrapolation of the 
@ — o relationship to zero stress. 
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Application of these theories to creep of metals has not been rewarding (SHERBY 
et al. 1954, 1957, Trerz and Dorn 1956, Hvuanc et al. 1956, WerertMan and 
SHAHINIAN 1956). A large discrepancy arises from the experimental fact that the 
observed activation energy for creep, Q, appears to be insensitive to the stress. 
An example of this discrepancy is shown in Fig. 1 for creep of pure aluminium at 
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Fig. 1. 
elevated temperatures. This suggests a separation of the stress and temperature 
terms into two separate parameters, namely 


é Aexp(— AH_/ RT) f (ce) (3) 


where AH, — activation energy for creep and f(e) is some function of stress 


which does not include a temperature term. This discrepancy undoubtedly arises 
from the type of deformation occurring in creep of metals at high temperatures. 
It is now an established fact that AH. for most pure polycrystalline cubic and 
hexagonal metals equals the respective activation energies for self-diffusion, 
(Suersy et al. 1954, Dorn 1954, Frenken et al. 1955, WrertMan and 
SHAHINIAN 1956). These results suggest that high temperature creep in metals is 
thermally controlled by dislocation climb where dislocations are imagined to 
surmount barriers by climbing away from their original slip plane through an 
atom-vacancy exchange process. WEERTMAN (1955) has presented a detailed 
model for creep in metals based on dislocation climb and has obtained a theoretical 
expression equivalent to (3). 

High polymeric materials are structurally quite different from metals. Deforma- 
tion of such materials is believed to occur by a motion of large chain segments 
one past another rather than by motion of dislocations as in metals. No known 
data on high polymers are believed to be currently available to suggest whether 
the observed activation energy for creep ts dependent on the applied stress or 
whether the situation is similar to that for metals. The current investigation 
was initiated to check these two alternative possibilities for the creep mechanisms 
of a typical high polymeric material. 

2. Mareriat, Equipment AND ExpreriMentaL Tecunieues 


The material chosen for investigation was a polymethyl methacrylate commer- 
cially available under the name ‘Plexiglas’ (Rohm and Haas). Several reasons 
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prompted the use of this material for the current investigation : (1) Polymethyl 
methacrylate is a typical thermoplastic material. (2) It does: not absorb water, 
and therefore the mechanical properties will not change with changes in atmos- 
pheric humidity. Furthermore, it is unattacked by most inorganic reagents and 
some of the more common organic solvents. (3) Commerical polymethyl metha- 
crylate contains little, if any, plasticizing agents. (4) The mechanical properties 
of this material are known to be strongly affected by temperature, thus permitting 
a wide range of investigation. (5) The material has been extensively investigated 
for its tensile and creep properties and such data might be useful in cross- 
correlations with the data of the present investigation. 

Specimens were prepared from 0-125 in, thick sheet, with gauge dimensions 
of 0-25 in. in width and length of 1-80 in. Extensions were obtained by means of 
extensometers which were sensitive to 10“ in., thus permitting a strain sensitivity 
of about 5-10° in. per in. Creep testing was conducted in machines having specially 
contoured Andrade-Chalmers type lever arms (ANDRADE and CHALMERS 1982) 
served to maintain the stress constant within + 1 per cent of the indicated value. 
A check on the constancy of the true stress during a creep test was made by means 
of a specially calibrated proving ring placed in series with the specimen. Constant 
temperatures above room temperature were obtained with silicone oil baths 
controlled by mercury thermoregulators. The temperatures used below room 
temperature, namely, 263° K and 273° K, were conducted in silicone oil baths 
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surrounded by baths containing a eutectic mixture of ice and potassium chloride 
solution for the 263° K bath, and an ice-water mixture for the 273° K bath. 
Specimen temperatures were maintained constant to within + 0-2° C at any given 
temperature. All strains recorded in this investigation are reported as true strain 
«, name « = In(l//,), where In is the natural logarithm, / is the total length of 
the specimen at any time during creep (including elastic strain), and |, is the 
original length. This appears to be a common procedure in reporting tensile and 
creep data on plastics (MARIN et al, 1951), 
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A natural difficulty arises in the determination of activation energies for creep 
of materials from the fact that in the usual creep tests under constant stress the 
creep rate is constantly changing as a function of time. This change in creep re- 
sistance of the material is a result of structural changes that occur during creep 
deformation. It is therefore necessary to isolate the structure in order to determine 


activation energies that are free from possible errors arising from neglect of 
structural differences. A simple and direct technique was recently utilized in the 
determination of activation energies for creep of pure copper (Tietz and Dorwx 
1956) and pure aluminium (HUANG ef al, 1956, Suersy et al. 1957). This technique 
involves rapid changes in temperature during creep under constant stress. A 
typical example of such a test for polymethyl methacrylate is shown in Fig. 2. 
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The material is allowed to creep under a constant stress of 8000 psi at 7, = 264-8°K 
to a strain of about « = 0-0155, whereupon the temperature is rapidly changed 
to a new higher temperature 7, = 272-9° K. After further creep at the new 
temperature T,, the temperature is again rapidly changed to the previous low 
temperature 7',, etc. It is readily appreciated that the rates of creep immediately 
preceding and immediately after a change in temperature, ¢,, and é, respectively, 
refer to the creep rates at the two temperatures for the same prescribed strained 
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state «, and the same creep stress o. Thus, the activation energy is readily deter- 
minable from (1), namely 


é, exp (Q, RT) = € exp (Q RT,). (4) 


Actually, activation energies for creep were obtained from a graphical differentia- 
tion of curves such as those in Fig. 2, the resulting creep rates being plotted as a 
function of the true strain (Fig. 3). Extrapolations of the creep rate — true strain 
curves to the strain where the temperature change is made permits an unambiguous 
and reliable method of determining activation energies. 
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Because high polymeric materials are known to expand considerably with 
temperature, it was necessary to correct for this change in length when a rapid 
change in temperature was made. For this reason the linear thermal expansion of 
commercial polymethyl methacrylate was determined and is recorded in Fig. 4. 
Measurements at low temperatures were made by the use of a 10~ in. sensitivity 
dial gauge on a six inch long specimen, whereas measurements above room were 
made by means of a travelling stage microscope on a three inch long specimen which 
was heated in a silicone oil bath. Each temperature at which a measurement 
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was made was kept constant for 12 hr before a change was made to the next higher 


or lower temperature. The data in Figs. 2 and 3 and all similar data recorded in 


subsequent figures reveal creep strains that are corrected for thermal expansion 
following temperature changes. 


3. Precowinary Tests 


In order to determine the nature of creep of commercial polymethyl methacrylate many 
preliminary creep tests were performed 

inelastic creep. Materials deformed under constant stress exhibit three types of deformation 
elastic, anelastic and plastic. Elastic deformation refers to the strain occurring on application of 
i stress which is completely recovered immediately on removal of the load. Anelastic deformation 
(ZENER 1948) is also recoverable after removal of the load but is time-dependent. On the other 
hand plastic deformation refers to permanent deformation which does not recover after removal 
of the load. Metals normally exhibit elastic and plastic deformation with very little anelastic 
behaviour. Plastics on the other hand are known to exhibit large elastic and anelastic com 
ponents of creep. A few preliminary tests performed on polymethyl methacrylate revealed that 
over the temperature range mw ct 14) © (268) Koto 415) RK) and up to creep strains of at 
least 200 per cent the material exhibited only elastic and anelastic behaviour always returning 
to its original shape and dimensions after removal of the creep stress provided suflictent time was 
ziven for complete recovery to occur, A typical example of this behaviour is shown in Fig 


where after creep at 365 ’ ' reep strain of O42) the temperature was decreased to 


one in order to study the anelastic recovers 

= wus reasonably possible. At a strain of 0-425 the 

overy was observed as a function of time. Becaus« 

recevery rate was observed to decay rapidly with the recovered strain it was decided to speed 

up the process by increasing the temperature in abrupt increments. It can be seen that by the 
time a temperature of 304 K was reached approximately 70 per cent of the original deformation 
had been recovered. It was not possible to measure additional recovery of the specimen at this 


point because the weight of the extensometer was sufficiently large to impose a stress on the 
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material preventing further recovery. However after removal of the extensometer the specimen 
was immersed into a 450° K bath for 2 hours and complete recovery of the material was observed 
to take place as measured by precision micrometers. 

This result, together with many additional tests up to 410° K clearly revealed that only one 
time-dependent mode of deformation occurs during creep of polymethyl methacrylate, namely, 
anelastic creep. The common report made by many investigators on creep of high polymeric 
materials that constant rate creep is due to a ‘ viscous’ component of deformation which is 
not anelastic but plastic must be subject to question. Moreover, recovery tests performed at the 
same temperature as the creep test do not reveal the amount of creep due to a viscous component 
(as assumed by many investigators, e.g. Roprnson et al. 1944, ALFREY 1948) since the rate of 
creep recovery decreases so rapidly with time. For example, a rough estimate from a knowledge 
of the effect of temperature on the creep recovery rate as shown in Fig. 5 reveals that it would 
have taken about 25 x 10° hr or about 3000 years to recover the material from 0-425 to 0-11 at a 
temperature of 353° K. Thus, creep recovery of polymethyl methacrylate would appear to 
have ceased for all practical purposes after the first few hours but in reality it would be 
contracting at a monotonically decreasing rate. 

Heat treating procedure. In order to assure the best possible reproducibility of the creep data 
many tests were performed to determine the effect of previous heat treatment on the subsequent 
creep properties. The importance of this factor is clearly revealed in Figs. 6 and 7. 
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The data of Fig. 6 reveal that retention of the high temperature structure by air quenching 
from 450° K results in a vastly less creep resistant structure than a similar material quenched 
from 380° K. Apparently the structure of commercial polymethyl methacrylate is strongly 
dependent on temperature in the range of high annealing temperatures used here. This effect 
of quenching is discussed in greater detail later. 

The data in Fig. 7 reveal three pertinent and interesting facts : 

(1) The results on Specimens A reveal the effect of a re-annealing cycle on the creep pro- 
perties of commercial polymethyl methacrylate. Since it has already been established that this 
material exhibits only anelastic creep, it would be expected that the structure after complete 
recovery would be identical to the initial state of the material. That this is reasonably so is shown 
by the series of experiments on specimen A shown in Fig. 7. This specimen was initially annealed 
at 450° K for 20 min then air cooled. It was then creep tested under the variable stress conditions 
documented in the Figure until a total true strain of « = 0-18 was achieved, at which point the 
test was terminated and the specimen annealed at 450° K for 20 min and air cooled ; measurements 
on the specimen revealed complete recovery of the elongation. The same cycle of stressing was 
then repeated on the same specimen. It will be seen that the two tests revealed about the same 
creep properties, although some scatter is evident in the resulting creep curves. The scatter, 
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however, is approximately the same as that achieved in creep of identically treated specimens 
which can be seen from the individually tested specimens as quenched from 380° K shown in 
the same Fig 7 

(2) The tests on specimen 1 also suggest that there is no apparent effect from the silcone 
oil on the creep properties of polymethyl methacrylate. 

(3) Although the ereep resistance is increased by a low temperature anneal, the elongation 
properties are adversely effected. The specimens annealed at 380° K all began to craze at about 
. strain of 0-04 and failed soon thereafter. 

In order to minimize the presence of crazing it was decided to adopt a standard heat treatment 
it 450° K for 20 min followed by an air quench. 
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4. Resutts anp Discussion 


Tensile creep of polymethyl methacrylate in the temperature range 260° K to 
320° K. 

Activation energies for creep of polymethyl methacrylate were obtained over a 
stress range from 10000 psi to 1000 psi. It was observed that the activation 
energy for creep did not vary with the creep strain for any one given creep stress, 
An example of this strain insensitivity of Q can be seen in Fig. 3. On the other 
hand, the observed activation energy appears to be strongly affected by the applied 
creep stress. The higher the applied stress the lower the observed activation 
energy. This point is clearly revealed by the data in Fig. 8 where the average 
observed activation energy for each stress is plotted as a function of the creep 
stress. In fact, an excellent linear relationship between Q and o is apparent 
showing that the applied stress lowers the activation energy for creep in complete 
harmony with those theories of creep (KauzMANN 1941, Serrz and Reap 1941, 
Morr 1954) which suggest that the stress linearly decreases the thermal energy 
fluctuation for activation of the flow process. Extrapolation of the Q — o curve 
to zero stress suggests that the true activation energy for the process is equal to 
about 48,000 cal/mole. KauzMANN (1941), using Eyrina’s reaction rate theory 


Anelastic creep of polymethyl methacrylate 1538 


(GLASSTONE et al, 1941), has shown that B in equation (2) can be related to a volume 
of a flow unit by B =Nq AAd/2 4/3, where N = Avogadro’s number, ¢ = stress 
concentration factor usually assumed equal to unity, and AA = volume of flow 
unit. B is equal to the slope of the curve in Fig. 8, and simple calculations reveal 
that AA (20-3 A)*®. This appears to be a reasonable value for the average 
volume of the flow unit in a high polymeric material and suggests that each unit 
of activation involves the motion of only a segment of a molecule. Unfortunately, 
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there is nothing available in the literature on other properties of polymethyl 
methacrylate to suggest what segment of the polymer might be involved nor is 
there any hint as to the significance of 48,000 cal/mole that was obtained for the 
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activation energy for anelastic creep. It is interesting to note that this value of 
A H* is a rather high value when compared with the activation energies for high 
temperature creep of pure metals where a comparable melting metal (7',, = 600° K) 
would possess an activation energy of about 20,000 cal/mole (Dorn 1954). It is 
entirely possible that the high activation energy for polymethal methacrylate is 
associated with its rather large flow unit. In certain respects it is not clear why 
the activation energy is insensitive to the creep strain although this fact is readily 
apparent from the composite graph of AH* values versus the creep strain, shown in 
Fig. 9, where AH* = Q + Bo. Since creep of polymethyl methacrylate is anelastic 
and therefore refers to simply an uncurling process of the large intertangled 
molecules, it might be thought that creep might occur by a spectrum of activation 
energies. The easier ones might take place early in the creep process and the more 
difficult processes might take place later, and this would account for the 
diminishing creep rate. Since this is not the case, however, it must be concluded 
that even though AH* remains constant other structural changes take place during 
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creep which account for the diminishing creep rate characteristics of polymethyl 
methacrylate. In terms of the KauzMANN—Eyrinc theory this would mean changes 
in the unit jump distance or in the entropy of activation for the flow process, 
which is incorporated in the constant A of (1). 

The most significant conclusion of the results however, is that the stress appears 
to lower the free energy of activation as would be anticipated from the KauzMANN 
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Eyrinc types of creep theories. This fact is in sharp contrast to the results 
obtained for metals and suggests a fundamental difference in the creep behaviour of 
metals and high polymeric materials. 

The validity of (1) and (2) suggests that, for a constant stress creep test, the 
following creep expression might be valid for creep of polymethyl methacrylate 
at low temperatures : 


é exp |(AH* — Ba)/RT| = F (e) when o = constant, (5) 
P 


based on the reasonable assumption that A is some function of the creep strain e. 
Here AH* = 48,000 cal/mole and B = 2-4 cal/mole/psi. The validity of (5) is 
readily revealed for creep of polymethyl methacrylate at o = 8000 psi (Fig. 10). 

In terms of creep strain-time data it might be suggested that, since € ~ 1/t, 
a similar expression to (5) is applicable for correlation of such data under constant 
stress, namely 


t exp [— (AH* — Bao/RT| = F (ec) when o = constant (6) 


An example of the validity of (6) is clearly revealed for creep of polymethyl metha- 
crylate in Fig. 11. 
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In a report (SueRBY 1956) on which this paper is based it was shown that data 
on creep of polymethyl methacrylate obtained by other investigators can be 
satisfactorily correlated with (5) and (6). Such correlations again suggest that 
the creep stress appears to decrease the thermal activation energy necessary 
for anelastic flow. 


Tensile creep of polymethyl methacrylate in the temperature range 320° K to 
380° K 

Evaluation of AH* and Ad. A typical example of the effect of temperature 
on the creep rate of polymethyl methacrylate in this temperature range is revealed 
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by the data recorded in Fig. 12. The results of this test are not immediately 
apparent although, for any one test covering a small temperature interval, it 
appears that the creep strain again does not affect the observed activation energy 
for creep. Fig. 13 reveals the effect of stress on the observed activation energy 
for creep, where each line refers to the values obtained over the indicated 
temperature interval. 
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It will be noted that two new trends are evident. Firstly, the activation energy 
AH* appears to be increasing rapidly with temperature and, secondly, the slope 
of the Q — o curve increases with increasing temperature, suggesting that the 
volume of the flow unit increases with temperature. 

The rapid change of AH* and AA with temperature above 320° K is not easily 
understood, although it is reasonable to assume that a larger activation energy 
would be related to a larger flow unit size. These results might be associated with 
certain important changes in other properties that take place in polymethyl 
methacrylate above 320° K. For example, Carswei. and Nason (1944) reveal 
that the ductility of polymethyl methacrylate increases abruptly above 320° K, 
and the thermal expansion characteristics are known to change rather sharply 
above 320° K to yield a much higher coefficient of thermal expansion (Fig. 4). 
A plot of AH* and A) as affected by temperature from 263° K to 370° K is shown 
in Fig. 14. To be sure, increased thermal vibration occurs at higher temperatures, 
and the so-called transition temperature (about 320-340° K for polymethyl metha- 
crylate) is ascribed to the initiation of free rotation about carbon-carbon bonds 
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(Boyer and Spencer 1945). If one considers that the energy for flow is associated 
with the breaking of the van der Waals’ bonds between adjacent segments, then 
it is difficult to conceive why the thermal energy for this process should increase 
so drastically with temperature. Obviously, other processes with higher activation 
energies begin to predominate. One possibility for such an occurrence would 
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arise if the weight factor (frequency of occurrence) for such a higher activation 
process were sufficiently greater than the weight factor for the lower activation 
energy process. It was shown that such considerations permitted a correlation 
of the observed activation energies for creep of pure aluminium at low temperatures 
(Suersy et al, 1957) where AH, is no longer a constant. Thus, if creep were to take 
place by the mutual interaction of several thermal activation processes acting 
additively, the creep rate would be given by 


é= F S[W,exp(— AH*/RT)), o and ¢ constant, (7) 


where W, = weight factor for ith process, AH; = activation energy for ith process, 


o stress, and « specified strained state. Since the observed activation energy 
is derived from the relation 
d (In é€) 


. d(1/T) 
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it is readily seen from a differentiation of (7) with respect to 1/T' that the observed 
activation energy should be related to the various actual activation energies 
AH;* by 
2 W, AH;* exp (— AH*/RT) 
~ J W,exp(— AH*/RT) ~ 
It was shown that the assumption of four activation energies in the temperature 
range 78° K to 250° K yielded perfect agreement with the experimentally observed 
activation energies which decreased linearly with a decrease in temperature for 
high purity aluminium (Suersy et al. 1957). The current results do not suggest 
whether anelastic creep of polymethyl methacrylate above 320° K occurs by the 
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presence of a spectrum of activation energies or by the co-operative interaction 
of several (at least two) characteristic activation energies. One characteristic 
activation energy appears to have been obtained below 820° K equal to 
AH* = 48,000 cal/mole. It is possible that at yet higher temperatures, above 
370° K, another constant activation energy would have been obtained over another 
temperature interval. Unfortunately, the creep resistance of polymethyl metha- 
crylate was so small above 370° K that it was not possible to accurately determine 
the effect of temperature on creep with the presently designed equipment. It can 
be readily shown that the results obtained cannot be accounted for on the assump- 
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tion that only two activation energy processes exist, one equal to 48,000 cal mole 
and one high activation energy, say equal to 110,000 cal mole which might pre- 
dominate above 370° K. On the basis of such an assumption the weight factors 
can be readily calculated. Arbitrarily assigning W, = 1 for AH,* = 48,000 
cal/mole, W, can be calculated by the use of (8) from a knowledge of the observed 
activation energy in the intermediate temperature range such as T = 345° K 
where Q = 82,000 cal mole. By such a procedure, W, was found to be extremely 
large, equal to about 9-6 « 10°. The activation energy for creep can now be 


solved for at any temperature from a knowledge of the constants W,, W,, AH,*, 


and AH,*. The curve predicted by such an analysis is revealed by the dotted line 
in Fig. 14. It can be readily seen that in no way is there a correlation between 
the predicted and the actual curve. This analysis strongly suggests that, if several 
characteristic activation energies exist that are co-operating additively, then there 
must be several closely spaced ones. Indeed it is entirely possible that a spectrum 
of activation energies and weight factors exist which control the creep process of 
polymethyl methacrylate in the temperature range 320° K to 370° K. 


Transients observed upon sudden temperature changes 


In addition to the trends of Al7* and AA with temperature, it was also observed 
that transients were obtained in the creep behaviour of the material after a rapid 
decrease or increase in temperature above about 340° K. A typical example 
illustrating the type of transient obtained at high temperature can be seen in 
Fig. 12. It will be observed that after the temperature was increased from 352-5°> K 
to 360-9 K (and the new temperature was attained) the creep rate continued to 
increase with creep straining until a certain maximum rate was attained and then 
the creep rate began to decrease as creep continued. On the other hand, when the 
temperature was decreased the rate would appear to be much more rapid than the 
rate as predicted from an extrapolation of the creep curve at the original low tem- 
perature, But with subsequent creep straining the rate of creep appears to decrease 
very rapidly and soon coincides with an extrapolation of the previous creep curve 
at the same temperature. These results are highly suggestive of a second-order 
phase change occurring within the plastic as a function of temperature. The reason 
for considering it a second order phase change is based on the fact that the transient 
phenomenon persists over a wide range of temperature. Perhaps polymethyl! 
methacrylate can be considered as a crystalline polymer where there are regions of 
high order and regions of disorder (ALFrey 1948). A single polymer molecule 
would probably extend through several zones of order and disorder. Such a material 
does not have a sharp melting point but gradually loses its crystallinity as the 
temperature is increased. Of course, such a disordering of the polymer with 
increase in temperature would be time dependent, perhaps requiring the diffusion 
of holes from the surface to the crystalline region in order to permit accommodation 
for the larger volume of the amorphous phase. Such processes would be reversible 
with temperature. However, there are several experimental facts for polymethyl 
methacrylate which reveal that, if such a second order phase change is present, 
complicated controlling mechanisms occur. If it were a true order-disorder 
phenomenon then it might be suspected that the thermal expansion curve for a 
specified temperature at high temperatures (Fig. 4) represents the coeflicient of 
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thermal expansion for the specified thermodynamically stable disordered state. 
Therefore, if a polymethyl methacrylate sample were quenched from a high 
temperature, the coeflicient of thermal expansion at low temperatures should be 
approximately equal to the coeflicient of expansion at high temperatures if the 
high temperature structure were retained. This does not appear to be the case 
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as revealed by such an experiment recorded in Fig. 15. Apparently, the high tem- 
perature quenched state exhibits the same coeflicient of thermal expansion as a 
slowly cooled sample. It must therefore be concluded that the high temperature 
coeflicients of thermal expansion are not real but reflect a change in volume due 
to other changes in structure. Such results suggest the strong probability that 
holes diffuse into the structure as a function of increased temperature (ALFREY 
et al. 1943), perhaps, as mentioned previously, in order to attain the thermodynamic- 
ally stable disordered state. Therefore, if the temperature is increased rapidly, 
the specimen will contract according to its normal low temperature expansion 
curve but because no time is permitted for diffusion the specimen is larger than 
the equilibrium length. 

The quenching experiments described earlier in the paper are in complete 
harmony with the suggested structural changes occurring in polymethyl metha- 
erylate as a function of temperature. Thus, the high temperature quenched 
state represents a disordered open sturcture which would be expected to cause 


creep to occur at a more rapid rate than a more ordered compact structure. The 


results in Figs. 6 and 7 bear out this suggestion. 


Anelastic creep of polymethyl methacrylate 
CONCLUSIONS 


(1) The deformation of polymethyl methacrylate at constant stress over the 
temperature range 263° K to at least 410° K is entirely anelastic. That is, removal 
of stress causes the material to return completely to its original shape, provided 
sufficient time is allowed to permit complete recovery to take place. 


(2) The experimental activation energy for anelastic creep of polymethy! 
methacrylate, Q, was determined by rapidly changing the temperature during 
creep under constant stress. In the temperature range 263° K to 320° K it was 
shown that the activation energy for creep remains constant as a function of strain 
but decreases linearly with an increase in the applied creep stress. These results 
give strong support to the KauzMann—Eyrinc types of creep theories which 
suggest that the applied creep stress linearly decreases the energy of activation 
for the flow process. The true activation energy for anelastic creep, obtained by 
extrapolation of the observed activation energy-creep stress relation to zero 
stress, is AH* = 48,000 cal mole. The flow unit size, calculated by means of the 
KavuzMANN-—EyrincG theory, was determined to be (20-3A)*. 


(3) Creep strain-time data at various temperatures in the low temperature range 


of creep for polymethyl methacrylate can be correlated by the relation 


« = F {texp[— (AH* — Bo) /RT)} 


when o is constant, where « = strain, t = time under constant stress o, R 
constant, 7' = absolute temperature, AH* = 48,000 cal/mole and B 
cal ‘mole / psi. 


(4) Above 320° K the activation energy for the unit flow process, as well as the 
volume of the flow unit, increases rapidly with increasing temperature. It is 
believed that the factors responsible for these results are the same factors involved 
in the rapid increase in the coefficient of thermal expansion above 320° K. 


(5) Transients were observed in the creep curves above 320° K when sudden 
changes in temperature were made. These transients are best explained by a 
second-order phase change occurring over a range of temperatures. The results 
of low temperature creep tests on specimens quenched from various high tempera- 
tures are in harmony with the observed transients. 
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CREEP BEHAVIOUR OF CIRCULAR PLATES* 


By B. VENKATRAMAN and P. G. Honce, Jr. 
Polytechnic Institute of Brooklyn 


( Received 3rd June, 1957) 


SuMMARY 


AN analysis of creep in circular plates under the action of uniformly distributed lateral loads is 
presented. The creep law used is based upon a flow rule associated with a condition of maximum 
shearing stress. It is assumed that steady creep conditions prevail and that the creep rate is equal 
to a function of moment multiplied by a function of time. The method is applied to plates with 
simply supported and clamped edges. Closed form solutions for moments and creep deformations 
are presented. 


1. INTRODUCTION 


Most engineering theories of creep are based on assumed empirical relations between 
stress and creep rate. A great number of these relations have been obtained from 
experiments in which the stresses were essentially one-dimensional. Various 
attempts at generalizing these relations have been made for the analysis of creep 


in a multi-dimensional state of stress. To this end, theories which have proved 
successful in plasticity theory may provide a reasonable basis. 

The essential ingredients of a theory of plasticity are a yield condition for initia- 
tion of plastic flow, and a flow rule for its continuation. The yield condition is 
generally regarded as the plastic potential for the flow rule. The two most com- 
monly used yield conditions are Tresca’s condition, based upon the maximum 
shearing stress, and Mises’ condition, based upon the octahedral shearing stress. 

BalLey (1935) in his paper on the design use of creep test data was one of the 
first to adapt plasticity theory for use in creep problems. SoDERBERG (1936) and 
Opevist (1934) based their theories of creep on the octahedral shearing stress 
criterion. Popov (1947) and MILLENSON and MANson (1948) used this criterion for 
the determination of stresses in turbine disks under creep conditions. In the cal- 
culation of creep deformations in rotating disks, WAaunL and his co-authors (1954) 
made use of both the Mises and the Tresca criteria and the flow rule associated 
with the Mises criterion. 

For stresses in a plastic solid, use of Tresca’s yield condition frequently leads to 
a simpler system of equations than the use of Mises’ yield condition. PRaGER 
(1953) and Korrer (1953) have discussed the further simplification obtained by 
using the Tresca criterion and the associated flow rule for certain types of problems 

*The results presented in this paper were obtained in the course of research sponsored by the Air Force Office of 
Scientific Research of The Air Research and Development Command. The paper is part of a thesis submitted by one 


of the authors (B.V.) in partial fulfilment of the requirements for the degree of Doctor of Philosophy in Applied 
Mechanics at the Polytechnic Institute of Brooklyn. 
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involving plastic flow. Want (1956) showed that the use of this procedure con- 
siderably simplified the analysis of creep in rotating disks. The present paper is 
concerned with the application of the Tresca criterion and the associated flow rule 
to problems of calculating creep deformations and moments in circular plates. 

A brief review of the Tresca criterion, the associated flow rule, and the equilibrium 
equations in problems relating to bending of circular plates is presented in Section 2. 
The discussion is restricted to rotationally symmetric types of loading and edge 
support. In particular, simply supported and built-in plates are considered, and 
the load is assumed to be uniformly distributed over the entire plate. 

Next, the assumption is made that the elastic deformations are negligibly small 
in comparison with deformations due to creep. Further, steady-state creep 
conditions are assumed to prevail, i.e., the transient change in stress has already 
occurred, and creep takes place under essentially constant stress. Finally, the 
creep rate is considered equal to a function of moment times a function of time 
(Baitey 1951, Jounson 1951). 

With the above assumptions the simply supported plate under normal pressure 
is analysed in Section 3. Solutions for moments and creep deformations are pe- 
sented for both a power-function moment-creep-rate law and an exponential 
moment-creep-rate law. Section 4 outlines the use of the method for a built-in 
circular plate under the same conditions. The conclusions are briefly summarized 
in Section 5. 


2. Basic Equations 

In plasticity theory it is convenient to represent the yield condition geometrically 
in a stress space whose coordinates are the stress variables. The plastic flow laws 
can then be formulated in terms of a vector whose components are the corresponding 
strain rate variables. Such a representation may be made in terms of the three 
dimensional stress and strain rate components or in terms of suitably chosen 
stress and velocity resultants. 

The stress state in a rotationally symmetrically loaded circular plate is fully 
specified by the principal bending moments M, and M,. It can be shown (Hopkins 
and Pracer 1953, Pavut and Hopce 1956) that the yield condition has the same 


form in terms of M, and M, as in terms of the plane stress components o, and-o,, 


provided the tensile yield stress o, is replaced by the maximum bending moment 
M,. The corresponding strain rate variables are the middle surface curvature 
rates k, and &,. In terms of these quantities the plasticity flow law states that the 
curvature rate with components «,, &, must be normal to the yield curve. 

For the particular case of Tresca’s yield condition, the yield curve is the hexagon 
defined by 

(la) 

where 


M = max [|M, |, M, M, — M,|}. (1b) 


| r 


On each side of the hexagon, the curvature-rate vector must be normal to the side; 
at the corners it may take on any value between the limiting normals (Fig. 1). 
For a perfectly plastic material the length of the curvature-rate vector is undeter- 
mined. For strain-hardening plastic materials an additional relation between 
the curvature-rate vector and the stress intensity must be provided. 
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A creep flow law can be formulated in quite similar terms. The essential difference 
is that creep is assumed to be present at any stress intensity so that, effectively, 
the “ yield moment ” M, is zero. However, although the yield curve as such is 
thus reduced to a point, various domains in stress space are distinguished by 


Fig. 1. Curvature-rate vectors. 


different forms for the flow law, as indicated in Fig. 1. For example, in the octant 
defined by 
O< i : (2) 


(6) 
the curvature-rate vector has arbitrary direction, subject only to the inequalities 


k, > 0, k, > 0. (7) 


Similar results hold for the other regimes, as indicated in Table 1. 

The magnitude of the strain-rate vector is assumed to be expressible as a 
product of a function of the stress intensity and a function of time. Thus, in 
regime BOC (Fig. 1), 


k, = F(M)G(t) = F(M,) G(t). (8) 


Equation (8) is generalized to the other regimes by requiring that the dissipation 


function 


(9) 
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be an invariant function of the stress intensity. It follows from (8) and (8) that in 
regime BOC 
U = M,k, = M F(M) G(?). (10) 


Equation (10) is to be valid in all regimes, In COD, for example, 
U = M,( — &) + M, & = Mk, = MF (M) Gt); (11) 
so that (8) holds in this case also. However, in regime OB, 
U=Mk, + Mk, = M F(M)G(t); (12a) 


so that 
K 


+k, = F(M) G(t). (12b) 


r 


Similar results are available for all twelve regimes; they are summarized in Table 1. 


TABLE 1. Creep flow laws for Tresca condition 


| 
| 


AOB | M-=! - My > tg = 0, &, > O ¢, = F(M)G(t) 
OB J J M,> {, > 0, ky > 0 ip + kg = F(M)G(t) 
BOC ] ] -M_> 0, &y > 0 kg = F(M)G(t) 
oc | 3 J >] fy < 0, & + &y >O ko = F(M)G (tb) 
COD | | > O> M,,! ; + ky = O, ey ky = F(M)G(t) 
oD d M, <1 tg 0, &y + &, <O i. = F (M) G (t) 
DOE é M, < Mg - : *® - F(M) Git) 
OE J J M, - tp + he = F (M) G (t) 
EOF -M = M,<M,.- a F(M) G(t) 
OF ] Ms, <: . + th, < ig = — F(M)G(b 
FOA | . ] k = F(M)G(b) 
OA ] i > J <0, , = F(M)G(b 


Regime Moments Curvature rates 


Creep law 


In addition to satisfying the appropriate entry in Table 1, the bending moments 
must be in equilibrium, and the curvature rates must be derivable from a displace- 
ment field. These conditions are expressed mathematically by 


l - 
a (rM,) — M, + a 0, (13a) 


dw 1 dw 
= »? Ke = ~— - ae 
dr? r dr 


(1b) 


Here the z axis is vertical downward and the r coordinate is measured from the 
plate centre. Bending moments and curvatures are positive if they correspond to 
tension on the lower plate surface. 

Equations (13), together with any row of Table 1, provide three equations for 
the determination of M,, M,, and w. Therefore, each row of Table 1 can provide a 
‘solution’ and the problem is to determine which such ‘solution’ is correct. 
In order to be acceptable, not only the appropriate equations, but also the corres- 
ponding inequalities must be satisfied. The general method of attack is to assume 
a stress profile in relation to the stress space (Fig. 1). Points on the plate may be 
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represented by points on this curve. For instance, regimes CF and AD would 
correspond, respectively, to points on the plate where M,=0 and M, =0; 
similarly regime BE corresponds to points on the plate where M, = M,. On the 
other hand, if 0< M, < M,, the corresponding stress point will be in the interior 
of regime BOC. 

If the entire plate corresponds to only one of the twelve regimes, then the 
appropriate row in Table 1 and equations (13) provide the necessary three equations 
and the solution of the problem is relatively simple. However, in general, a central 
circular region and surrounding annular regions correspond to different regimes. 
Then, the continuity of M,, M,, w, and dw/dr at each circle separating two such 
regions provide the additional equations for the solution of the problem. How an 
incorrect hypothesis with regard to the stress profile manifests itself will be 
illustrated in the next section. 

With the equations (13) and Table 1 as basis, examples of the creep behaviour 
of circular plates will be discussed in the remaining sections of this paper. The 
analysis will be carried out on the assumption that F (M) is either a power function 
or an exponential function of the moment : 


F (M) = (M/u)", (14a) 


F (M) = AM, (14b) 


where yp, n, and A are creep constants depending on the material and the 
temperature. 


3. SimpLty SupportTeD EpGE 


In the case of a plate on simple edge support 
0< M, = M, = M at the centre. Thus, the centre 
of the plate must be represented by point B in 
regime BE (Fig. 2). For r > 0 the point representing 
a state of stress can not be in regime AOB, since here 
0< M,< M,=4M and with p positive this is not 
compatible with (13a). Hence, points near r = 0 
must be in either regime BE or BOC, At the 
simply supported edge M, = 0. Therefore, the point 
corresponding to the edge of the plate must be in 
regime OC. 

As a first choice let it be asumed that the entire 
plate 0 < r < ais in regime BOC, It follows from 
Table 1 that 


Fig. 2. Stress profiles-simple 
support. 


(15a) 


so that 
w= O0<r<a (15b) 


This violates the condition that the slope be zero at r =0. Therefore, line BC is 
unacceptable as hypothesis for the stress profile. Since the proposed solution 
was unacceptable at r = 0, it appears reasonable to modify the hypothesis near 
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the centre of the plate. Since the only alternative to regime BOC is regime BC, 

it will be assumed that a finite circular region 0 <r < p of the plate is on BB in 

regime BE and an annular region p < r < a is on B C in regime BOC (Fig. 2). 
These considerations, together with Table 1 and equations (13), may now be 

formulated as the following mathematical problem. 


dt Ww 
iM p o 


(16a, b) 
dw 
r 4 G (t) F(M) 


dw 
~ — Git) F(M) 


ray 
The boundary conditions are 


dz 
= (0) — 0, w (a) = 0. M. (a) =0. (18a, b, e) 
“ur 


and it is further required that M_. M,, w, and dw, dr be continuous at r 


1. Poawer-fanction moment-curvature-rate lima 
The case where F is the power function given by (14a) is considered first. A trivial integration 
of (Ga) vields the stress solution 


M, = M, | pe i. O<r<p. (19) 


The constant 1 will be determined by the moment continuity condition, Substitution of (19) into 


(14a) and use of (16b) vields the creep deformation equation 


ld au . e 
(" G [(, p* 1) a". 
‘ 


rar uv 


Integration and use of boundary condition (18a) vields 


2G e 
, ae Ay" 1 i” '). 


B | 
p r a. (22a. b) 


ut Bia —r) | 


Hence, by virtue of (14a) and (17¢) the equilibrium equation (16a) reduces to 


d(rM,) ‘ 
pl BR Gr)! ad j pr-. 
dr 


Integration and use of boundary condition (18¢) yields the stress solution 


7 e e n” 
ym (a/r s - (B/Ga)' "l(a/r) — (a r)'/") 
6 7 1 


(24a, b) 


uw (B/Gr)'/" 


Creep behaviour of circular plates 169 


The requirement that M, and M, be continuous at r = p may be now enforced to yield the following 
values for A and B in terms of p : 
A = (pa® 2? /4) + (pa? /6)(n — 1) (1 x®)/(na'/” — a), 
B = G[(pa®*"/"/6y) (mn — 1) (1 — 24) /(n — ay)", 25) 


where « = p/a. These values together with the condition that dw/dr be continuous at r = p, lead 
to the following equation for the evaluation of « : 


(38/2 + 1)"*' —a3(n + 1)8B : (26a) 
where 


B = a2 (na!/™ — a)/(n — 1901 x*), (26b) 


These equations may be solved for « by a numerical procedure for known values of n. 
For the creep deflection rates near the centre of the plate (21) may be integrated and used with the 
condition that w (p) be continuous, to yield the expression 


. 26 “p p 2 nil dr 
w = Bla — p) | A) Ant ° 
pu" (n 1) a @ 4 r 


The values of p are known for given values of n from equations (26), and the integral may be evaluated 
numerically for various values of r in the region O <r < p. 

Finally, incorporation of the values of B and A from (25) into (19), (22b), (24), and (27) and 
simplification lead to the following expressions fur the moments and deformation rates : 


O< §< a: 


8B “yy || 


2 2% 


(pa* x" 68) [(8 2") By £ V/é'")/n 
(po. 2* /GB) (x/€)"", 
Ga? (pa® «* 6yB)"x (1 — £), 

where £ r/aand «and £8 are obtained from (26). 


B. Exponential moment-curvature-rate law 


The exponential moment-curvature-rate law of (14b) is used next. The stress solution in the 
region O <r < p is again given by (19). The creep deformation equation in the region now becomes 
ld dw 


GArexp [(A | pr*) n}. 0 « <p. (30) 


r dr dr 


so that 
dw rs 
.< (2GAu/p) {exp [(4 — | pr? /u] — exp(A/p)}. 0 « , (31) 
dr 
The creep deformation solution in the region p <r <a is still given by (22). The equilibrium 
equation in this region is reduced to 


d(rM,) 


p In (GAr) 
dr 


Hence, the stress solutions are 


M (pa® 6)(a/r r?/a*) 4 p {ln (a/r) [in (B G)a) 4 1} (a/r 


r 


(33a, b) 
M, = »in(B/G)r), p< 
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The constants A and B may be found by the continuity of M, and M, which yield, in terms of 
a = p/a, the expressions 
A = (pa*/6) (1 + 37/2 — a3) — pw (1 — a + Ina), | 
, (34) 
B = Graexp [(pa® 6y) (1 a®) —(1 — x)]. J 
The equation for the evaluation of « is obtained by the continuity of dw/dr and may be written 
1 + 2ha* exp (ka?) 0 


where 
k 3 ty. 


For a given value of load p, (35) may be solved for « by a numerical procedure. 


F(M)=(M/p)” 


O 0-2 0-4 0-6 0-8 a @) 
r/a 


Fig. 3. Moment distribution-simple support. 


Finally, it follows from a procedure similar to that of the power-function case that the expressions 


for the moments and deformation rate are 
O<f <a: 


M, = Mg (pa* /6) [1 3+ 3(a7 — ¢%) 2] — w(l —« + Ina), 


- (37) 
. , , ‘ “ 1 
w = (Gda* /2k) {exp [2k(1 — «9)/8—(1 —2)]} lake a) 4 [exp (k? ina] | (1 —exp( “en 


| 


é 
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Fig. 4. Moment distribution-simple support. 
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Fig. 6. Deformation rates-simple support. 
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a<f<l: 
M, = (pa? /6)[x® — @ + (1 — a5) €)/€ — w[x(1 — 6)/€ + In €], 
M, = (pa*/6) (1 a) — w(l a + In &), 
w= Gr? (1 — exp [2k (1 — 2*)/3 — (1 — «)), 
where £ = r/aand « is obtained from (35) for given values of k. 


The radial and tangential moment distribution along the radius is shown in Figs. 3, 4, and plots 
of the deformation rates along the radius are shown in Figs. 5, 6. For the power-function case plots 
are given for four different values of n, and for the exponential case for three different values of the 
load. 


4. Buiur-1n Epce 


The analysis presented in the previous section may now be extended to the 
corresponding problem of the circular plate with built-in edge support. Again 
0< M, = M, = M at the centre and, as in the case of simple support, the stress 
profile cannot be in region BOA (Fig. 7). The centre corresponds to the point B. 
At the built-in edge M, < 0 and the portion near 
the edge of the plate may be represented by any 
one of the profiles indicated in Fig. 7. It is readily 
verified that all except one may be eliminated as 
incorrect. 

The assumption that appears acceptable is that 
B, BO and OD apply, respectively, to the centre of 
the plate, the circular region 0 <r < p, and the 
annular region p <r <a. The choice of D to 


correspond to the edge of the plate seems reasonable, 
since k, = 0 at the edge and so M, may be assumed 
to be zero there. A similar argument to that pre- 
sented for the case of simple supports leads to the 
formulation of the following mathematical problem. 


Fig. 7. Stress profiles-built-in 
edge. 


dM 


(39a, b) 
G (t) F(M) 


Ke 


1d (| dé 
; (rc) 


r dr 


“(M,) +t pr=—o0 


; (40a, b) 
8 an 
es G(t) F(— M) 


dr® 
The boundary conditions are 


dw dw 
0 0, = 0, ’ 
ir (0) = (a) w(a) = 0, 


and the continuity of M,, M,, w, and dw/dr at p must be satisfied. 
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A, Power-function law 


The solution of the equations is first carried out for the power-function of (14a). Equation (39a 
together with the condition M (p) = 0 yields the stress solution 


M, M, lp (p? r), O<r<p. (42) 
Thus, (39b) with the use of (14a) and (42) may be written 


G(p 4)" (r? py", 


r dr dr 


1d dw 
Integration and use of boundary condition (41a) yields 
dw G(p/4p)". , P , 
r : (p~ r ; < . At 
dr 2(n +1) p (44) 
Now, (40a) may be solved for M, and with the use of the condition M, (p) = 0 yields the solution 
M, = (p/6r) (p® — r*), par<a, (45) 
By simple substitution it follows from (40b), (14a) and (45) that 


d? w 


3 = G(p/6p)" [(r* — p®)/r)", 


a 


Integration and use of boundary condition (41b) yields 


dw “a p® = r3 n 
G (p/6p)" dr, parca. (47) 
dr SF r 


The condition that dw/dr be continuous at r = p yields the following equation for the evaluation of 
x p/a: 


B\" 42n>1 1 3 x3 |" 
d 
(;) 2(n +1) "| é es (*) 


. 


This equation may be solved for « by a graphical procedure for given values of n. 

The deformation rates may be obtained by respective integrations of (44) and (47) and use of the 
conditions that w (a) = O and w (p) be continuous. Thus, the final expressions for the moments and 
deformation rates are 


E<a: 
M, = (pa® 4) (x? — €%), 


= ocean ("| (SEE aed an « " 
» = Ga (pa*/6 dé| dé + 
Serra, © se 


a<€<l: 
(pa® /6) (a® — €%)/€, 


M, = 0, 


; ; 1 1/43 3)n 
tw = Ga? (pa®/6y)" é — ) dé| dé, 
é € é 


where ¢ = r/a, and the integrals may be evaluated by graphical procedure once the value of « is 
known from (84). 


B. Exponential law 


With the exponential-function assumption of (14b) and a procedure similar to the one outlined in 
Section 4A, the following solutions are obtained for the moments and creep deformation rates. 
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Fig. 8. Moment distribution-built-in edge. 


Fig. 9. Moment distribution-built-in edge. 
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Fig. 10. Deformation rates — built-in edge. 
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Fig. 11. Deformation rates — built-in edge. 
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where k is given by (36) and the equation for the evaluation of « is 


1 [ox /g8 — 8 
1 — exp (ka*) + ats | exp F ( )| dé = 
a € 
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Plots similar to those for the simply supported plate are shown in Figs. 8, 9, 10, and 11 for both 
the power-function law and the exponential law. 


5. CONCLUSION 


The creep deformations and stress distributions in circular plates subject to 
normal pressure have been analysed in the present paper with the use of a creep 
law based upon a flow rule associated with a maximum shearing stress. Steady- 
state conditions are assumed, and it is shown that solutions may be obtained in 
relatively simple forms. 

In the case of the simple supported plate it is seen from Figs. 5 and 6 that the 
value of « decreases as the values of the power n and the load p increase. This may 
have been expected from the plastic flow behaviour of a rigid plastic plate. On 
the other hand, in the case of the clamped plate the value of « remains approxi- 
mately constant for all values of n and p. However, it is seen from Figs. 10 and 11 
that for larger values of » and p the curves approximate to the plastic flow 
behaviour of a rigid-plastic plate. 

It should be mentioned in conclusion that the basis for the theory presented here 
is of a comparatively recent origin and adequate test results are not available to 
test its relationship to real physical materials. A similar basis was used by Wan. 
(1954) in the analysis of creep in rotating disks, and the theoretical predictions 
there show reasonably good agreement with experimental results. Additional 
such evidence is necessary before the theory is confirmed. However, the analysis 
is mathematically consistent and comparatively simple to apply. Therefore, it 


appears to be a reasonable method for solving creep problems, at least in our 


present state of limited knowledge concerning the creep phenomenon. 
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STRESS PROPAGATION IN VISCO-ELASTIC BODIES 
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Research Association of British Rubber Manufacturers, Shawbury, Shrewsbury 
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SUMMARY 


THE correspondence between the wave propagation problems of isotropic elastic and visco-elastic 
solids is discussed, The visco-elastic materials are supposed to satisfy linear stress-strain relations 
of the form 
“t ) "t > 
Ait r) A(r)dr +2 p(t — r) €;; (7) dr. 
oT \e V 
. 0 * 0 . 


y 


Two problems are solved. The first, that of forced torsional vibrations in a finite cylinder, leads 
to a simple method of deriving the “complex shear modulus” of the material from experimental 
measurements at high frequencies. The second, that of stress waves due to an impulsive pressure 
acting on the surface of a spherical cavity in an infinite solid, is solved by Laplace transform 
methods, which yield a solution for the displacement in the form of a real integral in the particular 


case of a kind of Maxwell solid. 


1. INTRODUCTION 


Tuts paper is concerned with the application of three-dimensional visco-elastic 
theory to problems of wave propagation. It is assumed that the components of 
strain are infinitesimal, so that the general linear theory of visco-elasticity is valid. 
The two well-known general stress-strain relations for one dimension, one involving 
a relaxation function and the other a creep function, were originally based on 
Boltzmann's principle of superposition (LEADERMANN 1943, Gross 1953). The 
first of these relations has also been derived by the use of non-equilibrium thermo- 
dynamics by STAVERMAN and Scuwarzt (1952), whose treatment shows that the 
relaxation function must correspond to an assembly of Maxwell elements or to a 
continuous relaxation spectrum if the number of notional elements is very large. 
The three-dimensional stress-strain relations for an isotropic solid are obtained 


by a simple extension of the phenomenological method, while a derivation from 


thermodynamical considerations is given by Bror (1954). 

Laplace transform methods bring out a close correspondence between visco- 
elastic and elastic problems (Sips 1951, Manne. 1955, 1956), while their use in 
the one-dimensional case enables a formal solution of the equation of motion 
to be obtained under any type of boundary condition (Berry and Hunrer 
1956, Berry 1956)*. In fact, any problem of wave propagation in a visco-elastic 
medium can be reduced to a Laplace inversion problem, so long as a solution can 


®Previous solutions to particular problems of uniaxial stress propagation in simple visco-elastic models were obtained 
by Laplace transform methods by Leg and Kanter (1953) and by Giauz and Lee (1954). 
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be found for an elastic solid subject to the same boundary conditions. Moreover, 
explicit steady state solutions are always possible if they can be found in the 
elastic case. 


2. Tue Srress-Srrain RELATIONS 


Referred to rectangular Cartesian axes Ox; (i = 1, 2, 3) the stress-strain relations 
may be written 
= . d y d 
a,; (t) = 6, | A(t— 7) : A(r)dr +2] w(t — 7) . €4 (7) dr, (2.1) 
“0 OT /0 oT 
where 4,, is the Kronecker delta and A (¢) the dilatation, so long as the strain 
components ¢,; are zero for t <0. The stress and strain tensors, a4 (t), &§; (t), 
are understood to depend on the coordinates, x,, as well as on the time t. The 
functions A(t), «(t) are analogous to the relaxation functions of the one- 
dimensional theory, except that they include the ultimate values reached after 
relaxation of a set of constant strains has run its full course. The classical 
stress-strain relations may be regarded as a special case of (2.1) where A (¢), « (0) 
are independent of ¢ and reduce to Lamé’s constants. A formulation of the 
stress-strain relations in terms of creep functions is possible but will not be 
presented here. 

A difficulty arises when we have to consider finite instantaneous increases in 
the strain components ¢,;(f). Sips (1951) overcomes this problem by writing the 
stress-strain relations as Stieltjes integrals, while MANpe. (1955, 1956) allows 
for discontinuities at t — 0 by explicitly including terms due to the initial values 
of the «,. Here we account for discontinuities in the ¢,, by means of the convention 
that their derivatives are represented there by the Dirac delta function, which 
can be regarded as the derivative of the Heaviside unit function (SNEDDON 1955). 
Thus, if 

€,9 (t) = & H(t) 
then 

€' ya (t) = €& 5 (t) 
and substitution in (2.1) gives 


“1 
Oy = 2] w(t — 7) ey 8(7) dr = 2e, pn (0). 
0 


If the components of strain vary sinusoidally with time we write 
<, (t) = «j* 


where the ¢,,* are functions of the spatial coordinates alone. Substituting in (2.1) 
we have 


oy (t) = iwett B At 


‘ 
A (7) ete" dr + 2¢,;* | p (7) eto? ar]. 
0 


~ 0 
Letting the upper limits of the integrals tend to infinity we find the steady state 
relations 

o,* = iw [3 A* A (iw) + 2¢,;* B (iw)], (2.2) 


y 
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where 


i; (t) = o,;* eit 


and A(s), @(s) are the Laplace transforms of A (t), yu (t). 
In tensor notation the equations of motion are 


(2.8) 


where X; are the body force components, while the components of the strain 
tensor are given by 


= ou, , du; : 
€ij ifs + } (2.4) 


3. CORRESPONDENCE wWitri CLASSICAL ELASTICITY 


We assume that the components of displacement are continuous and the com- 
ponents of stress and strain sectionally continuous, while the components of displace- 
ment and velocity are zero at t = 0. In practice the latter restrictions are un- 
important, since they can only apply at the point of initiation of the disturbance. 
They are required to enable a general theory to be established but it is usually 
found that, by systematic use of the Heaviside unit function and the Dirac delta 
function, all types of discontinuity can be allowed. 

We denote the Laplace transform of a function f (t) by f (s), so that 


f(s) = S(t) e* dt. 
~ O 
Then from (2.1), (2.3) and (2.4) we have 


o,, = 6, 8AA + 2spé,,, (8.1) 


dG;; i 
0G; + X, = ps* Ui, (3.2) 


2) Tj 


— ot, %), (3.8) 


ww; ov; 


where the o,;, €, %, are functions of the 2, as well as of s. Equations (3.1) to 
(3.3) form a system of fifteen equations in the Laplace transforms of fifteen com- 
ponents of stress, strain and displacement, which, with suflicient boundary con- 
ditions, will have a unique solution. 
In the purely elastic case, A(t),  (t) are constants, A,, 4, say, and 
A A,/8, L = p,/8. 


€ 


It follows that the Laplace transforms of any elastic problem will immediately 
yield those of the visco-elastic problem with the same boundary conditions if 
A, and yp, are replaced by sA (s) and sj (s). 

A similar result holds under steady state conditions. We suppose that after a 
sufliciently long period of sinusoidal excitation all the dependent variables have 
reached the steady state. The sinusoidal stimulus may be a body force, but 
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otherwise we must assume all body forces zero. In the latter case we have from 
equations (2.2) to (2.4) 


oF A* A(w) 4 2e,;* M (w), (3.4) 


=— pw" u,*, (3.5) 


du.* * 
“j° = (5 + —2}, (3.6) 
, Mw; 


where, as before, the starred quantities are the amplitudes of oscillation, and 
A (w) = iwd (iw), M (w) iwpl (tw). 


In the elastic case, A (w) = A,, M(w) = p,, so that the solution to a visco-elastic 
problem is obtained from that of the corresponding elastic problem by the sub- 
stitution of the complex quantities A, M for Lamé’s constants A,, u,. M(w) is 
usually known as the complex shear modulus. 


4. TorsionaL OSCILLATIONS IN A CIRCULAR CYLINDER 


So far as the author is aware, the solution of the problem of forced torsional 
vibrations in an elastic cylinder does not appear in the literature, although free 
vibrations are considered by Love (1952). The generalization to visco-elastic 
materials may have important practical applications, the more so since it leads to 
a simple method of deriving the complex shear modulus, as a function of frequency, 
from experimental measurements at high frequencies. 

Referred to cylindrical coordinates (r, 0,2), the cylinder is bounded by the 
surfaces r = a,z = 0, h. The end z = 0 is fixed, while the other, z = A, oscillates 
sinusoidally in its own plane about the centre point, r = 0, with a small angular 
amplitude « and frequency w,27. The cylindrical surface is free of external stress. 

In this coordinate system the stress-strain relations (3.4) take the form 


= (A + 2M) «,* +A (c,* + €,*) } 


2My,,* 


while the equations of motion become 


* 
-@o 

6 2 * 7 
— Pb pw u,™ = 0, 


: Te" + pw* u,* = 0, 


o@ 
‘ i » 

SS + - + — + pw* u* = 0, 

or 


The components of strain are given by the equations 
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* 
a ou, 
or 


™ 1 du,* . u,* 


+] 
r 06 r 


du,* 
¢° = S_ 


. sz? 


The boundary conditions are 


= 7,,.° = 7,,* = 0 r=>a, 


=u,* = u,* = 0 z=0, 
=u,* = 0, u,* =ar 2 = kh, 

It is clear that all the physical quantities must be independent of @. Using 
this condition and eliminating the components of stress and strain between equa- 
tions (4.1) to (4.3) we find that the components of displacement must satisfy the 
equations 


2 


r ow r- 


2 
(A + 2M) (° be 
ore 


> tm “) 


a 


The second of these equations describes the propagation of torsional waves, while 
the other two are satisfied identically if u,* = u,* = 0 everywhere. If we seek 
a solution for u ,* with separable variables, it is clear from the boundary conditions 
that it must be proportional to r. Making the substitution u,* = rf(z) in the 
second equation we obtain the ordinary equation 


Sf" (@) +P f(z) =0 (4.5) 
where 
e- pe. (40) 
The solution of (4.5) which is zero at z = 0 is 
f(z) = Asin g, A a const. 
Then, using the boundary condition at z = h, we obtain the solution 


ar sin gz , 
sin gh 


iwt 
. 
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The non-zero components of strain and stress are then found to be 


oe eft (4.8) 


Ye @sin gh 


ar Mq cos qz fut 
T,. = ——_—_ : 
7 sin gh 


(4.9) 


From equation (4.9) we find that the total forces acting on the ends of the cylinder 
are equivalent to the couples 


2 tan gh 
We write 


Gy = Ag exp [i (wt + 8,)], G, = A, exp [i (wt + 4,)], 


where Ay, A,, 5p, 5, are real. Then, eliminating the circular functions between 
equations (4.10) and remembering the definition (4.6), we have 
Nid = 4S. An’ ~ toa (4.11) 
7 a” pa® w* 
If the amplitudes, Ay, A,, and phase angles, 55, 5,, are known experimentally 
for a sequence of values of w, (4.11) provides a simple means of determining the 
complex shear modulus, M (w), over that range of frequency. 

Knowledge of the visco-elastic properties in the specified frequency range is 
complete if the complex Young’s modulus can be determined also, either by a 
similar analysis of longitudinal waves in a thin rod (Berry and Hunter 1956) 
or by a vibrating reed method (BLAND and Ler 1955). 


5. SPHERICAL WAVES IN AN INFINITE SOLID 


We consider here an infinite visco-elastic solid in which stress waves are initiated 
by a uniform time-dependent pressure f(t) acting on the surface of a spherical 
‘aviiy in the solid, assuming the displacement to be zero at infinity. We use a 
spherical coordinate system (r, @,¢) in which the surface of the sphere is given 
by r=). 

Because of the spherical symmetry of the problem, all derivatives with respect 
to @,¢ are zero, and the only non-zero components of displacement, stress and 
strain are U,, ¢,, Gy», Oy, €» €g €g The Laplace transforms of the non-zero strain 
components are then given by the equations 


a du, 
— “. ’ 
or 


(5.1) 


« 


and hence the transformed stress-strain relations corresponding to (3.1) can be 
written 


Stress propagation in visco-elastic bodies 


™ ~ [du u 0%, 
= gh (om ao rh 4 on OM 
ititide (= + =) + eS 


(5.2) 
* . 5 (wu u u 
B, =a, = 0h (™ +2") + 20%, 
or r r 
the others being identically zero. Two of the equations of motion are identically 
satisfied : the remaining equation, in the radial direction, yields upon transformation 


da. 1 7 . 2 = » 
= + - (26, — Gg — G) + X, = ps" ti, (5.3) 
in the case of spherical symmetry, provided u, = du,/dt = 0 at t= 0. These 
conditions will be satisfied in the present problem except possibly at r = 6b. 
When the body force component X, is zero, we find by substituting from (5.2) 
into (5.3) that @, satisfies the equation 

ea, 

wr 


where 


Under the Laplace transform the boundary conditions become 
a, = 8(\ + 2p) Mr + 26d“ = — F(a), 
or r 
u, = 0, r= 0, 
The general solution of equation (5.4) is 
i,=r4 [ AI 5,2 (pr) + BKs,. (pr)] (5.7) 


where A, B are functions of s alone to be determined by the boundary conditions. 
Since |I, , (z) > 00 as |z| > 0, A must be zero in this problem. Putting the other 
Bessel function into exponential form and using the first of conditions (5.6) the 
function B(s) can be determined, and we find that 


f (s) b3 e-Pr-d) (1 + pr) 


~ gg [(A + 2j) p? b? + 40 (1 + p)| (5.8) 


provided p is determined from equation (5.5) so that |arg p| < $7 when s is in the 
half-plane of convergence of u,. The Laplace transforms of the components of 
strain and stress can now be obtained by means of (5.1) and (5.2), but here we shall 
confine our attention to the displacement. 
If the pressure at r = } is impulsive we represent it by a Dirae delta function, 
putting f(t) = P8(t), so that 
f(s) = P. (5.9) 
Under the boundary condition the solution of the problem can be expressed as 
a real integral for a material analogous to the Maxwell solid of one-dimensional 
visco-elasticity. If the Poisson’s ratio of the material is independent of time under 
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constant stress, the relaxation functions have a common relaxation time, «" 
say, and we can write 


A(t) = Ae™, p(t) = poe™. 
Then 
ro + 20 


s a 


A(s) + 2p (s) 


and, by substitution in (5.5), 
x? s(s + a) 
where 
p 
No ' 2Ho 
from which p is determined so that it is positive when s is positive. By substitution 
from (5.9) and (5.10), equation (5.8) becomes 
Pp 
P , 


pr* 


“) d(r4 s(s + a)), (5.11) 


eoslr 6) (1 j Krs) 


(s cy? y* 


hy K 
P 


éd (r, 8) 


bytg (Ay t fg) I | 
p (Ag Zuo) 


The Laplace inversion of (5.11) can be found by using some results by Erxpéry1 


et al. (1954) and some wellknown properties of the Laplace transform : notably, 
the inversion of the function (5.12) is given by 


L* $4 (r, s)} w(r, tH It «(r — b)| 
where 
# (r, t) eclt-« (roi) | Kr COS y [t «(r b)| ' . — sin y (t —«(r b)}}, (5.14) 


to which can be applied the results 


t 


a 7) 
L Fy s(s x))} e* if = rAGY i? u*) /, (5) au, 


LaF (Vs (> &))| 


| V/s(s + a) | sad . l's (u) lo (54 e u*) du, 


We put equation (5.11) into the form 


_ Pb 2) (r,s (8 + @) 
ii, - [s(n 8(s + @)) + (as + 2°) — + a) : | 


and after some calculation find that the radial displacement is given by 
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_ Pb | 


pre 


a ft x wag 
,t) 4 , ~- Y (r,u) Ig {-Vt 3 
(r,t) + a (r,t) + Jw (r, u) (5 v! u*) du 
L, (5 Je 8) 7 
+ sf [wy (r, uw) + ot (r, u)| — a dul H [t—«(r—b)] (5.15) 
2 J nlrb) 7 ' Vj— uv | . 
where yf (r, t) is given by (5.14) and 
Y (r,t) = | wb (r, 7) dr 


«(r-b) 


_i-e elt-«(r-0)] cos y [t — x (r — b)] 


ety 
<_) erelt-xtr-0)] sin y [t — w (r — b)]. (5.16) 
3 


By putting « = 0 in (5.15) we easily obtain the solution for a purely elastic solid: 


u,= a. (r,t) H [t ~K(r— b)). (5.17) 


The velocity of propagation of the wave front, «' = [Ay + 29)/p]?, is independent 
of the relaxation time, «', and is that of a dilatational or P-wave. 
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IMPULSIVE LOADING OF PLASTIC BEAMS 
WITH AXIAL CONSTRAINTS* 


By P. S. Symonpst and T. J. Menrert 


(Received 16th September, 1957) 


SUMMARY 


Tuts paper concerns the plastic deformations of simply supported and clamped beams whose 
ends are prevented from displacing axially, and which are subjected to transverse impulsive 
pressure loading. Finite axial forces arise as soon as the beam acquires a finite deflection, and the 
paper describes the transition from the initial simple beam behaviour to the final stage in which 
deformations are governed primarily by catenary effects. It is shown that when loads are such 
that deflections are of the order of the beam thickness, or greater, the treatment as a simple 
beam becomes unrealistic, the deflections being greatly reduced by the action of the axial force. 
For example, in a problem of a continuous beam on many supports where full axial constraint 
would be realized, the deflection may be a small fraction of that predicted by the treatment where 
ixial forces are disregarded. Curves are presented showing how the reduction depends on the 
span-depth ratio of the beam and on the intensity of loading. 


INTRODUCTION 


Tue solutions presented in this paper for problems of impulsive loading of a 
beam with axial constraints are based on a rigid-plastic type of analysis, elastic 
deformations being disregarded as negligible by comparison with plastic ones. 
This approach is held to be appropriate if the energy absorbed in plastic deformation 
is very large compared to the maximum strain energy the structure could absorb 


in an elastic manner. We assume also that the properties governing the plastic 
behaviour are those measured in static tests, strain rate effects being ignored. 
In the present analysis shape changes are taken into account, but it is assumed 
that deflections are so small that the length of a segment does not differ appreciably 
from its projection on the axis passing through the support points. This requires 
the square of the slope of the deflection curve to be small compared with unity. 
With this assumption the normal force N on a cross-section is taken as constant 
along the beam. Finally, the closing phase of the motion, in which the beam 
behaves like a plastic string, is treated by an approximate method that is believed 
to give reasonably close bounds on the final deformations. The present paper 
supplements earlier reports which were concerned primarily with the treatment 
as a simple beam (Symonps 1955) and with the transition from behaviour as a 

* The results presented in this paper were obtained in the course of research sponsored by Norfolk Naval Shipyard 
under Contract N189-15164A with Brown University. 


t Brown University. 
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simple beam to that in which both bending moments and axial forces occur (MENTEL 
and SymMonps 1955)*. 


2. FLexuraL RESPONSE 


The problems considered are indicated in Figs. 1 (a) and 1(b), which refer 
to pinned and clamped end conditions, respectively. In both cases the end sections 
are constrained against both axial and transverse displacements. The loading 
is taken as a very short pulse of uniform pressure that imparts a uniform velocity 
V to the beam, with zero initial displacement. The span of the beam is 2/ and 
its mass per unit length is m. 


. 


Bw 
CS Ft @ 
7 


y 


is (b) 

-1 A A 
tee 

Fig. 1. Problems treated: Fig. 2. (a) Moment-curvature Fig. 3. Patterns of deforma- 
(a) simply supported (pin- relationforrigid—plasticbeam; tion: (a) first phase, (b) second 
ended) beam; (b) built-in (b) interaction curve between phase. 
(clamped) beam, both with bending moment M and axial 
ends constrained against axial force N in fully-plastic state. 
motion, with uniform initial 

velocity IV’. 


If effects of axial constraints are ignored the plastic-rigid solution is obtainable 
very simply (Symonps 1955). In this case the plasticity condition is that indicated 
by Fig. 2(a). No curvature change occurs if the moment is less than the limit 
moment M,, while if this is maintained at a cross-section unlimited plastic flow 
can occur there. The pattern of deformation in the first phase of motion is found 
to be as indicated in Fig. 3 (a). The central portion moves with the original velocity 
V while segments at the ends rotate as rigid bars about the support points. It is 
verified a posteriori that the bending moment in the end segments decreases 
monotonically from M, to zero at the supports in the case of pinned ends, and 
from M, to — M, at the supports in the clamped end case. The motion in either 
case will be determined if the length €/ and angular velocity w of the end segments 
are found. The required equations are that expressing continuity of velocity 
at the junction of the rigid segment AB with the central region BB’, namely 


* HAYTHORNTHWAITE (1957) has described analytical and experimental work showing large effects of end 
constraints in static loading of beams. 


P. S. Symonps and T. J. MENTEL 
wél = V, (1) 


and that for moment of momentum with respect to A. For the simply supported 

beam this equation is 

rl 1 
Vem daz — | Vam dx = — Mgt. (2) 


él 0 


rel 
| w x? mdx + | 


0 


From these it is found that 


. 73 
= ee, at = (3) 
ml? V 6Myt 


The type of configuration shown in Fig. 3 (a) holds until the time t, when € = 1, 
i.e. when the rigid segments have increased in length to l. After this time the two 
halves rotate with a central plastic hinge joining them, motion continuing until 
the kinetic energy at time ¢, is absorbed in work at the plastic hinge. For the 
simply supported beam the final central deflection 6, and slope angles @, at the 
centre and @, at the support are easily found to be 
mi* V* ml V* ml V* 


bese eS 


oe 

f* Mo 
For the beam with clamped ends the patterns of deformation are the same as 
with simple support, and the only change in the analysis is the replacement of 
M,, by 2M, in (2) and hence in all the results of (3) and (4). 


(4) 


3. Errecrs oF ENp CONSTRAINTS 


We now consider the effects of preventing motion at the ends. At any section 
there is now an axial force N as well as a bending moment M. In order for plastic 
deformation to occur M and N must satisfy a plasticity condition, which we take 
as 


{(M/M,, N/N,) = M/M, + N2/N—1=0 (5) 


where M, is the limit moment in pure bending, as before, and N, is the axial 
force at yield in simple tension or compression. The formula applies strictly 
to a rectangular section. If the width is b, depth A, and yield stress o,, then 
M, = }¢,bh®?, N, =o, bh. Whenever (5) is satisfied plastic deformation con- 
sisting of both curvature change and extension (or contraction) of the middle 
surface takes place. These two types of plastic deformation take place in definite 
proportions governed by the value of M and N. The flow rule appropriate to 
the present problem was discussed by Onar and Pracer (1953) who showed 
that it takes the form 

Noé 3 (6) 

My, & No 
where « is the strain at the beam centre-line and y is the curvature; dots indicate 
time rates. The flow rule of (6) expresses the general fact that the direction of the 
strain rate vector is that of the normal to the yield curve. When the yield curve 
is plotted as in Fig. 2(b) the appropriate strain-rate vector has components 
My, Nyé. 
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In deriving the equations it is again assumed that successive stages of deforma- 
tion occur as indicated in Figs. (8a) and (3b), the difference now being that an 
axial force N occurs together with axial deformations as well as curvature changes. 
Consider the first stage in Fig. (3a) in which the central plastic region BOB’ moves 
with velocity V and the outer segments AB and A’ B’ rotate as rigid bodies 
with angular velocity w. If the axial force in the central region BOB’ is N, that 
at any point 2 is N’ = N/cos ¢ where ¢ is the slope angle. We assume that ¢ 
is so small that N’ can be taken as equal to N everywhere; this requires that the 
slope dy/dx be so small that (dy/dz)? < 1. 

Consider first the simply supported beam (Fig. 4) when a segment AB of length 
él is rotating about the support point A with angular velocity w. The bending 
moment in 4B varies from zero at A to M at B. The segment BO has constant 


4 
. gy 8 — et § 
(A) Ling 


(c) 


Fig. 4. (a) Free body diagram for segment .1B in first phase ; (b) diagram for deriving constraint 
relation ; (c) bending moment diagrams for supported and built-in ends (dashed curve). 


moment M throughout its length. Since shear force is zero in this segment all elements 
in it move with the initial velocity V. The axial force is N at this instant. The 


unknowns in this phase of the problem are M, N, w, and €. To find these we have 
to solve simultaneously four equations, two of which are the equation (1) expressing 
continuity of velocity at the plastic-rigid junction, and the plasticity condition 
(5) relating M and N in the plastic zone. The equation of angular acceleration 
of segment AB about the fixed point A is 


im? & & = — M — Nb (7) 


where the central deflection 6 is equal to Vt in this phase. The fourth equation 
needed is that expressing the condition of axial constraint. Referring to Fig. 4 (b), 
in a small time interval At the segment AB rotates through an angle A@ while the 
length of the segment increases by an amount Az, the interface between rigid and 
plastic zones moving to B’. The average strain « and the curvature change ¢ 
occurring in the segment Av are as follows : 
eAr = (AA) 4, yb = AO/ Aa, (8) 
The relation between linear strain and curvature change required by the flow 
rule (6) therefore furnishes the equation 
N N,8 


pe 9 
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In this phase 6 = Vi, so that (9) gives N/N, directly in terms of known quantities. 
The determination of M, N, w, & in this phase are found by simultaneous solution 
of (1), (5), (7) and (9). These may be combined to give 


mV? @ mV%°d eve 


ian a : 2 mM el 10 
3M, w* 6M, dt ali 4M,* —_ 


The solution of this is 
6M, w" 1 (1 N?2 y2 a J 
t 


12M,2_ (11) 


mV* 


This phase of the motion ends at time t, when § = 1, lw = V. From (11) ¢, is 
given by 
r2y2,2 2 
(14 No —) nvr (12) 
12M,* 6M, 


It is convenient to use dimensionless parameters as follows : 
Vs N - 
e=z— Pf , : (13)* 
l . 
In terms of these (11) and (13) are 


(= a (14) 


in) m (1 + BP y?Y’ 
m (1 + B? 9,*) = a, 
where », Vt, /l. The angle @, attained at the end of the first phase is given by 


ony dy 


(16) 


0 / — 
' ve} ven + Bn"); 


With substitutions 
z* = Bn, sin ~ = 22/(1 + 2°), (17a) 


0 a fn  2dz a fh dy | 
1 a), vil + sf) an Yul } sin? ) (17 ») 


where z,* = 8», is the solution of 
z,7(1 + 2,*) = Ba (18) 


and furnishes ¥, by (17a). The angle @, is given by 


0, - Je F (1/y/2. dy) (19) 
B 
where F (1/4/2, #,) is the elliptic integral of the first kind with modulus 1/4/2, 


*The parameter 8 determines the importance of axial constraints. Note that =o, Al/y 12 0, kZ=th/2\/12 ki2, 
where A is cross-section area, Z is section modulus and & is the shape factor of plastic beam theory i.e. ratio of limit 
moment to yield moment. For a rectangular section k 15. For I-sections Z = 2] h 2412 kh, where i is the 
radius of gyration, and for many commercial sections i~0-4h. Hence we have 


Rectangle L-section 


Pislh Os8lA 


For these sections therefore 8 can roughly be identified with the length-depth ratio JA. 
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amplitude y¥,. The central deflection 5, at the end of this phase is 
8, = Vt, = In. (20) 
In the second phase of the deformation the two halves of the beam rotate as 
rigid bars pivoted at the supports and attached at the central plastic hinge, where 
permanent curvature change and axial extension occur. The unknown quantities 


are M, N, w = 6 and 8. These are found by simultaneous solution of (1), (5), 
(7) and (9) after placing € = 1. Equation (1) then furnishes at once 
8= Vt, +(0—9,)L. 

In terms of », 8, and « as defined in (13), we obtain the following differential equa- 
tion for @: 

d* @ 
x . 

dy" 


» 


— 1 — 3f*(n, + 0 — @,)*. 
This has the first integral 


1 (“°) = 0— BF (0 0, ”,)* 1. C, 
dn 


The integration constant C is found from the conditions at » 
d@ dy = j, 
a+, + BP "e 


Deformation ends at time ty ny l V when d@/dyn = 0, 0 = 0,. 
From (23), therefore, 
0, ‘ait A, T p? (0; = 0, 4 ™)° =a+ p? 1° (24) 


The final deflection 5, is given by solving the equation 


where (15) giving », has been used. It is seen that 6, is obtainable directly from 
knowledge of the parameters x and 8; however, the determination of the final 
deflection curve and strain and curvature functions require numerical integration 
based on (14). 

Equation (25) satisfies the requirement that for 8,/1 +0 or for 8 +0 the 
solution becomes that found above neglecting axial forces, given in equation (4). 

We next show that the corresponding results for a beam with built-in ends 
may be solved by a simple modification in the results obtained above for simple 
support conditions. Of the previous governing equations, (1) and (5) remain 
unchanged. The equation of angular acceleration of segment AB becomes (from 
the free-body diagram, Fig. 4 (a)) 


i ml* & & = — 2M — NB, (26) 


where the bending moment at the built-in end A is taken as equal to that at B; 
this follows from the assumption that the deflections are so small that the axial 
force is N throughout the segment. In this case both axial strain ¢ , and curvature 
change ¢ 4 take place at the built-in end A as well as at B, where axial strain «, 
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and curvature change #, are not necessarily equal to the respective quantities at 
A. Suppose that in a small time interval At a rotation A@ of segment AB occurs, 
with the rigid-plastic interface at A moving Ar, while that at B moves Az,. 
Then, replacing (8), we have 


€, At, + €, Atty = (AO) 5, 


Aé A@ 
py 


va ~ Au a 7 Aa » 


(28) 
But the flow rule (6) shows that «,/W, and €,/~%, are both equal to 2M, N/N,?, 
(again assuming deflections small so that the axial force is N at both hinges). 
Hence we obtain, replacing (9), 


N N,8 
No 4My 
In the first phase in which 6 = Vi the result of combining (1), (5), (26) and (29) is 


mV?! & 


te 30 
6M, «* (30) 


It is seen that this equation could have been obtained from the corresponding 
equation for the supported beam, (10), by substitution of 2M, for M, in that 
equation. 

The same result is found to hold for the second phase of motion ; (22) furnishes 
the correct equation for the built-in beam if M, is replaced by 2 M, in (22). Thus 
the expressions (24) and (25) for final deformations of supported beams give correct 
results for clamped beams when M, is replaced by 2 M,. 

This analysis, which is surprisingly simple, furnishes results for the influence 
of axial constraints on flexural behaviour of beams under the rigid-plastic assump- 
tion. It is subject to important limitations as discussed in the following Section. 
Comparisons between the deflections of a simple beam (no axial constraints) 
according to (4) and those of the beam fully constrained against axial motions 
are given by curves A and B in Figs. 10-12, which are for 8 = 5, 15, 30. (As 
pointed out above in footnote equation (18a), 8 ~ l/h). 


$. TRANSITION TO PLastic STRING 


Reference is now made to the case of a supported beam, results for which were 
given in detail in the foregoing Section. Results for beams with clamped ends are 
immediately obtained by replacement of M, by 2M,; thus « — mlV?/6M, is 
replaced by 2/2 and 8 = N,l/4/12 M, is replaced by £2. 

The foregoing treatment provides NN, in terms of the central deflection, 
and is valid only so long as N/N, <1. From (7) in the first phase we must have 


N,Vt N 


2M, No (31) 


Since Ny l/M, = v/ 12 8, the requirement for validity of the results obtained for 
the first phase is 


V3Bm <1. (32) 
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But 7», is the solution of (15), and combination of the inequality (82) with (15) 
gives the result that the first phase is valid if 


(33) 


A similar result expresses the necessary condition for the complete solution 
obtained above to be valid, rather than merely the first phase. The basic condition 
is 

N N,8 = 9 oy _ 
—L=1/8BL <1. 34 
No 2M, vA l aa 
Combining this with (25), we obtain the following condition for validity of the 


complete solution : 
9 


«8 S 3/3 


It can be seen from (34) that the beam solution is valid only for deflections smaller 
than the depth of the beam, since 8 ~ l/h. 
Suppose that, at time »* = V¢t* /I, 


N(t*) | 
) 
In a succeeding interval of time it is surmised that the axial force remains constant 


and equal to N, while the bending moment is zero throughout the beam. If the 
assumption of small deflections is retained the equation of motion is 


(35) 


1. (36) 


2 2 
oe ee oe (37) 
dr? No 0? 


Thus the beam now behaves as a plastic string with tension N,, whose motion is 
governed by the velocity and displacement functions at time ¢*. Behaviour as a 
string, however, can continue only so long as the deformation at each point satisfies 
conditions set by the flow rule. If the structure behaved strictly like a plastic 
string the only condition on the deformation would be that the centre-line should 
undergo extension, rather than contraction. The fact that the beam has finite 
thickness means that the ratio of curvature to centre-line strain must lie within a 
certain range. All points of the cross-section are assumed to be at the yield stress 
in tension. This requires all strains likewise to be tensile strains. If the strain 
varies linearly across the depth of the beam then the minimum strain is 


where « is the strain at the centre-line, ~ is the curvature, and c, is the distance 
from the centre-line to the extreme fibre on the concave side. To have all strains 
positive we must therefore have 


(39) 


fm Cy 


b 
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If the curvature and centre-line strain are expressed in terms of the centre-line 
deflection y (x), the two requirements can be written as 


1 dy /, (ry\*_ 1 


-— 41 
Cy Me / (3 ~ ey (41) 


For a rectangular section, to which (5) strictly applies, the limiting conditions are 


2 My /\ (v . 
» / 
AY i 


9 
ei 42 
h ar! Sh qeany 


These conditions may also be derived by using the fact that the plastic strain 
rate vector (M, ¢, N, é) is normal to the loading surface f(M/M,, N/N,) = 0 
wherever the latter has a continuously turning normal ; at a corner the strain-rate 
vector may have any direction between the normals defined at opposite sides 
of the corner. At the point NN, = 1 of the interaction curve Fig. 2(b) the 
strain-rate vector must lie between the outward normals to the two branches 
of the curve above and below the NN, axis, respectively. Since from (5) the 
normal to the curve for a rectangular section has components (2N/N,, 1) we 
have at the point NN, = 1 

4 < Me cy, (42b) 

Noe 

But for a rectangular section M,N, = h 4, and this substitution yields conditions 
(42a). 

Continuing now with the solution beyond time {*, the string equation (37) 
is to be satisfied subject to the special conditions (42) and corresponding to given 
functions of velocity and displacement at time t*. The general solution can be 
written in the form 


y = F, (a — et) + F(a + et), where ce = V/No/m. (43) 
We take a new time origin corresponding to the instant f*, and specify initial 


conditions 
y (a, 0) Y (2), y, (a, 0) = v (a). (44) 


The end conditions are 
y (0, t) = y (21, t) = 0. (45) 


These will be satisfied if the travelling waves F (a — ct) and F, («x + ct) satisfy 
the following relations : 
F, (2) F, ( 


F, (z) = F,(z 4.41 (46) 
F, (z) = F, (z + 4) 


where z = @ + et. Finally, the initial conditions require that the complete solution 
take the form 
y(a,t)= 3 Y¥ (a ct) + 4 ¥ (@ + ct) — }S(a — ct) + 4S (a + et) 


where 


S (z) = . k (s) ds. 
c 


*¥c 
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The initial velocity and displacement functions have the shapes shown in Fig. 5 
if (* <t,, i.e. if the transition from beam to string behaviour occurs during the 
first phase of the beam motion. Then the function S (z) is shown in Fig. 6 and 
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Fig. 5. Initial displacement and velocity functions for plastic string phase of motion. 
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Fig. 6. Function S(z) used in travelling wave solution. 
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travelling wave contributions to displacement, slope, and other 


. “ Plastic string * phase : 
functions arising from initial velocity distribution. 


by the solid curves in Fig. 7 (a) which show — $S (a — ct) and 4S (a# + ct) at 
= 0. The dashed curves in Fig. 7 (a) indicate the positions of the two travelling 
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waves after a small time has elapsed. The corresponding curves in Figs. 7 (b) 
and 7 (c) show the contributions to the slope and to the curvature, respectively, 
from the two travelling waves. Finally, Fig. 7 (d) shows the variation of curvature 


(x) 


Fig. 8. “ Plastic string’ phase: travelling wave contributions to displacement, slope, and 
other functions arising from initial displacement configuration. 
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Fig. 9. Time variation of displacement contributions at midpoint. 


at the beam midpoint as a function of time ; this is the contribution arising from 
the initial velocity distribution. The curves of Fig. 8 (a) show the travelling 
waves 4 Y (2 — ct) and } Y (w + et) that express the contributions to the motion 
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arising from the initial displacement configuration. The shape of the curve Y (z) 
in the range 0 <a < é/ is approximately parabolic; the derived travelling 
waves expressing the slope and curvature are shown in Figs. 8(b) and 8 (c) as 
they would be if the corresponding arc of Y (v) were a parabola. Fig. 8 (d) shows 
the time variation of curvature at the beam centre resulting from the initial 
displacement configuration. 

In order to determine strictly when behaviour as a string ceases, the time 


2 
variations of both °Y and 4 would have to be plotted for a series of closely 
Or c 


2 2 
spaced stations along the beam. For each station the quantity “ / } (<" 
x 


could then be plotted and the instant when one of the equalities (42) is first satisfied 
could be found from these plots. At subsequent times the behaviour of the 
beam would apparently be extremely complicated. Presumably the axial force 
would remain constant (approximately) at N,. In certain regions of the beam 
one of the equations (42) (rather than inequalities) would be satisfied, so that in 
these regions the deflection would be such that N,« = 2M, ¥. Outside these 
regions all of the inequalities (42) would be satisfied, and motion would continue 
to be governed by (37). The problem of matching solutions at the various moving 
boundaries is obviously a difficult one. This problem is not attacked in the 
present paper; instead, we present an approximate solution which may never- 
theless show the main effects of the end constraints in this type of problem. 

The approximation consists in disregarding altogether the limiting conditions 
on the string solution set by inequalities (42). Thus, for all times ¢ > ¢*, the 
governing equation is taken to be (37) subject to the appropriate initial conditions. 
This neglect of constraints actually present will lead to an overestimate of final 
deflections. Therefore the actual final deflection would lie between the curve 
obtained in the present paper and that obtained in the previous Section. 

According to the present approximation the travelling waves of Figs. 7 (a) 
and 8 (a) are combined to determine the maximum displacement. The midpoint 
displacements y, (/, t) and yz (I, t), corresponding to the initial displacement and 
the initial velocity, respectively, are shown in Figs. 9 (a), (b). These add to give 
the curve Fig. 9(c). It is easily seen that the maximum displacement occurs 
roughly midway between the times } (1 — €) T and } T, since the values at these 
times are equal. This is shown as follows. At the time }(1 — €) 7 the total 
displacement is, from Figs. 7 (a) and 8 (a), 


y(bd(l —€) 7) = vie + —- (49) 


At time } T the total displacement is, from Fig. 7 (a), 


_ Wij, _é 
y(t T) =— (3 :} 


These can be evaluated easily. We have first from (31) that 


25 
**0 


To evaluate ¢ in terms of the basic parameters of the problem, we use the result 
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(11) that, during the first phase, 


6M, .. N,? V? y 
é@—t(1 +29 #). 
mV*® - 12M,? 


Putting in ¢* from (51), and simplifying, we obtain 


y 2 
6 (t*) :,/% “2 
Vo Mo 


— V_ 4M, No _ 4Myc 
lé ING VN m_ INAV 
Using these results and ¢ = 4/No/m, we obtain 
2M m 4M m 2M 
L140 -—67T)=—°+ Vl . = Vi - — 9, 55 
y(Le(l — o) 2) = Jt iN, Ji IN, my 


2M 
Lima 8. J- «Se 
y(l,¢ 7) l J N.7 IN, (56) 


Then we find 


To obtain an approximation for the maximum value of y (/, 4) we assume the 
displacement configuration at time ¢* is a parabolic curve betweena = O anda = 1. 
Then the curve for the displacement-—time function is also parabolic in the range 
4(1—€)T <t<}T, and the maximum value of the displacement occurs 
midway between the instants }(1 — €) T and } 7. Its value is 


vl a. ' 
y (l, 4 (1 — €/2) T) he +a—t+a ve vim. 


2c 


We may take this as an approximation to the final deflection 5, of the beam, 


ry m M 
I[1~ V - 0 58 
|= JS iN, (s8a) 


= oa 
{=8 Ji 2.88 (58b) 


Use of the dimensionless variables « = mlV?/6M, and B = Ny l/\/12M, +U/h 
facilitates comparison with previous results. 

The result expressed by (58) involves approximations which would make its 
errors positive ; the actual deflection would be less than that computed from (58). 
This is so because (58) ignores the constraints which would be imposed on the 
beam when the equations included in inequalities (42) become satisfied. On the 
other hand, the actual deflection is probably greater than that which would be 
computed from (55). This equation gives the value at time t = }(1 — &) 7, 
which is the instant when one of the inequalities (42) would just cease to be 
satisfied at the beam centre. Thus we can probably bound the final deflection as 


m 2 
vl - — < - Vi 59a 
J 77 ore) 


and thus have 


follows : 
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Impulsive loading of plastic beams with axial constraints 


or, equivalently, 


7 1 ) a l 

& |S-5;< reat [f-G (59b) 
All of the above discussion and results pertain to simply-supported beams 
whose supports are fixed against axial motion. However, the corresponding 
solutions for built-in beams may be easily obtained. It was shown that the governing 
equations for the part of the motion governed by beam theory may be derived 
from those applicable to simple support conditions by replacing M, everywhere 

by 2M,. Thus the bounding deflections for built-in beams are as follows : 


r) m 2M 
f V1 a = aunt 60. 
< < J No Nol (60a) 


or, equivalently, 


33 a 3B 8 = a 
“i ; <7 =. (60b) 


In Figs. 10-12 are shown curves of the final deflection ratio 5,/1 as function of 
a= mlV* 6M,, for three values of the parameter B = Ny l/4/12 M, ~ L/h. 
In each case the upper bound, according to (59) and (60), respectively, is plotted 
as curve J). Curve C in each case shows the final deflection that would occur if 
the beam behaved like a plastic string throughout the motion. This is 
Vie Vl Vm N, = 3! Vu 8. Curves A and B are respectively the deflections 
according to simple beam theory and to the beam theory with axial constraint 
effects of Section 3. 

The curves of Figs. 13 and 14 show final deflections according to the complete 
theory of this paper, equations (59) and (60), using the upper bound as an approxi- 
mate value. 


5. CONCLUSIONS 


The present analysis is approximate, within the framework of rigid—plastic 
theory. Nevertheless it is believed to represent the behaviour of beams with 
constrained ends elosely enough for many practical purposes. The curves of 
Figs. 10-12 show that in any case where there is full constraint against axial 
motion, as would happen for example in an interior span of a beam on many 
supports, the deflections suggested by a simple beam treatment will be much 
greater than the actual ones. A major role in the reduction would be played by 
the tensile forces arising from the constraints against axial motion, as indicated 
by the deflection response curves, Figs. 13 and 14. 

It should be kept in mind that the whole analysis has assumed ideally plastic 
behaviour, and thus has neglected both strain hardening and strain—rate effects. 
Both these effects tend to reduce deflections. In addition, elastic vibrations 
would be expected to decrease final deflections, since their influence is partly to 
spread out plastic deformations which appear concentrated in the rigid—plastic 
analysis. No simple estimates of the magnitude of these effects or of their mutual 
interaction can be given. 


P. S. Symonps and T. J, Mewre: 
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EXTRUSION THROUGH SINGLE HOLE STAGGERED 
AND UNEQUAL MULTI-HOLE DIES 


By W. Jounson*, P. B. Mecior’ and D. M. Woo! 


(Received 16th September, 1957) 


SUMMARY 


Meruops and the results of calculations for the pressure to cause end extrusion through perfectly 
smooth and rough wedge-shaped dies of small unequal angles are given and an examination is 
made of the effects on the pressure and obliquity of the emergent sheet of inclining the die orifice 
to the direction of the punch travel, using approximate methods. 

End extrusion through three holes of unequal size is considered for two different hypotheses 
and some calculated results are presented. 

Some cases of side extrusion through single and then two oppositely situated orifices are 
examined. Finally, a case of combined end and two side extrusions is considered. 


1. INTRODUCTION 


Tue extrusion process is undoubtedly one of the fastest growing metal-working 
methods and the variety of shapes that can be achieved by it using variously 
shaped dies makes it an econonomically attractive process. The increase in com- 
plexity of extruded product shapes attainable through the ingenious use of dies 
and die-changes, and the continued upward trend in section sizes is apparent from 
many articles in the trade press (e.g. Wick 1957). For these reasons it is worthwhile 
exploring the cases to which the theoretical mechanics of the process can be extended 
for use as a guide in press design. The mechanics is examinable, however, only as 
a two-dimensional or plane-strain process, mainly by use of the theory of slip-line 
fields**, but it may usefully be coupled with experimental work on common axisym- 
metric products (Jonnson 1954 and 1957a, Doprsa and Jonnson 1957a and 
THomMseEN 1954). Further, results obtained for extrusion may well be adapted to 
other forming processes such as closed-die coining (e.g. Jounson 1957b, Wanc 
1957, Pracer and Hopce 1951) and indenting and forging (HLL 1950 and Jounson 
1957c). 

This paper examines four main types of extrusion problem: end extrusion 
through wedge-shaped dies and extrusion through unequal multi-hole dies of large 
total reduction ; side extrusion; combined end and side extrusion. In the first 
Section computational methods and some results are given for pressure variation 
with reduction for end extrusion through perfectly rough small-angle dies, for die 

* Department of Mechanical Engineering, University of Manchester. 

+t Department of Mechanical Engineering, University of Liverpool. 

| Department of Mechanical Engineering, University of Sheffield. 


*® For an account of the theory of plane plastic strain see R. Hus, The Mathematical Theory of Plasticity, ch. V1 
(Clarendon Press, 1950). 
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combinations in which the wedge angles are unequal and such that orifice eccen- 
tricity becomes a factor. There follows a brief reference to analytical methods and 
an example of a graphical construction dealing with unequal semi-angle dies 
positioned so that the orifice is not at right-angles to the punch travel direction. 
The latter example is included since it provides a simple and approximate, but 
effective approach which should commend itself particularly to engineers. 

Secondly, there is presented an extension of an earlier paper giving the theoretical 
and experimental results of an investigation into the end extrusion of equal thick- 
ness sheets (DopEsa and Jounson 1957 b). The extension examines the con- 
sequences of using orifices of unequal size. Since the amount of computation is 
large, results are given only for a restricted range of total reductions. 

Thirdly, some cases of full sideways extrusion are examined; in particular, a 
novel solution is encountered in the problem of sideways extrusion through an 
orifice which is more than twice as wide as the sheet is thick. This solution together 
with those given by Hitt (1948) and Green (1955) makes clear the mechanics of 
sideways extrusion for the full range of reductions in this particular case. A brief 
reference is also made to the possible use of more than one ram, either for side 
extrusion or the commonly employed combined direct and reverse end extrusion. 
in addition, two instances of multi-hole side extrusion are obtained by compound- 
ing the earlier solutions. 

Fourthly, and in conclusion, a single example of combined direct and side 
extrusion is presented to illustrate how many of the slip-line fields hitherto 
presented may be combined to yield solutions for circumstances which super- 
ficially appear rather complex. 


2. Enp Extrusions 
(i) Unstaggered symmetrical dies 


In a previous paper (JOHNSON 1955) methods of calculation and results were 
given for p, 2k versus r for extrusion through smooth wedge-shaped dies using the 
kind of slip-line field shown in Fig. 1 (a). These results can well be summarized 
by an empirical equation of the form 


p/2k =a + bin {1/(1 —7)} 


TABLE 1. 


Die angle 80 70 50 


0-62 0-514 0-41 
0-892 0-907 0-825 
0-52 0-5 . 0-35 
0-90 0-9 0-80 


where p is the extrusion pressure, k the yield shear stress in plane strain, r the total 
fractional reduction and a and b empirical constants whose values for the various 
wedge-angles are given in Table 1. r,; and ry denote the lower and upper values to 
the range of reductions for which the constants apply. 
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For dies which are so rough that the slip-lines meet them tangentially and 
orthogonally, as in Fig. 1(b), the calculated values of p/2k versus r for certain 
wedge angles are as given in Fig. 2. 


Fig. 1. Slip-line field for extrusion through (a) smooth symmetrical wedge-shaped die for 
r > 2 sin a/(1 + 2 sin «); (b) perfectly rough symmetrical wedge-shaped die. 


| 


r 


Fig. 3. Slip-line field for extrusion through a smooth unsymmetrical wedge-shaped die. 


(ii) Unstaggered dies of unequal wedge angles 


The analysis here is a simple extension of the method referred to in the previous 
Section. Two earlier papers concerned with dies which are unsymmetrically dis- 
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posed are GREEN (1955) and Jonnson (1957d). Attention here is restricted to 
instances in which the reduction is so large that the slip-line field is drawn by 
starting from the assumption that the radial slip-lines OM from the singular 
points O are equally inclined to the orifice OO (Fig. 3). 

Following Fig. 3 the eccentricity ¢ is defined by 


e= (1 —a2)/(1 + 2) where H,/H,. (2) 
The total nominal reduction r is 


r=1 —2h/(H, + H,). (3) 
Also, 


e) (1 —T) 
and 1(1 —r,) = (1 —e) (1 iy 


(4) 


The extrusion pressure assumed to be exerted uniformly by the punch is 
easily shown to be 
p=tp,(l+e)+4p(1 e) (5) 


in which p, and p, are the pressures to cause extrusion through wedge-shaped 
dies of angle a, and «, respectively. p/2k can easily be evaluated for given values of 
r and e by using (4) in conjuction with (1) and Table 1, and then substituting for 
p,/2k and p,/2k in (5). 


(a) 


o- 


o-7,_! 
“04 -O2 0 02 
e 


Fig. 4. Variation of (a) p/2k with e for particular values of r; (b) p/2k with r for particular 
values of e, for smooth die having wedge-angles of 60° and 30°. 


Corresponding velocity fields for these particular stress fields can be drawn and 
a simple particular case is given in Fig. 8 (b). The range of applicability for these 
compound asymmetrical dies may be derived by reference to Table 1. It is em- 
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phasized, however, that the reductions are nominal ones, since the extruded 
product will not in general emerge at right angles to the line of the orifice. 

Fig. 4 (a) shows the effect of eccentricity on the extrusion pressure for given 
values of r for a smooth die, one side having a wedge-angle of 30° and the other 60°. 
Fig. 4 (b) shows the variation of p/2k with r for given values of e for the same 
30° — 60° die. Since the accuracy of the initial empirical formula is only correct to 
about 2} per cent, the curves in Figs. 4 and 5 are similarly correct to about the same 
amount. Figs. 5 and 6 again show how p/2k varies with e for a die combination of 
wedge-angles 20° and 40°, for both smooth and rough dies, for values of r between 
0-4 and 0-7. 


ps . ae 
He) r=0°4_| 
0-6 I Ae 
-O°4 1@) O2 O4 -O'4 -0-2 1@) O02 O04 
e e 
Fig. 5. Variation of p/2k with e for particular Fig. 6. Variation of p/2k with e for particular 
values of r for a smooth die having wedge- values of r for perfectly rough wedge-shaped 
angles of 40° and 20°. dies of angles 40° and 20°, 


(iti) Staggered dies 

Fig. 7 shows the slip-line field for extrusion through a staggered die whose wedge- 
angles are « and 8, and whose orifice is at angle y to the direction of punch travel, 
when the reduction is large. This case presents no difficulty as regards calculating 
pressures or angle of emission since it is essentially composed of two dies of unequal 
angles «’ = (a + y) and fp’ = (8 — y). «@’ and f’ once known, the appropriate 
coefficients a and b may be selected for use in expression (1) which can then be 
adapted to give the total force on the die faces; thereafter it is easy, though 
tedious, to derive the extrusion pressure. 

The simplest field of the type in Fig. 7 is shown in Fig. 8 (a) and is amenable 
to easy analytical treatment ; Fig. 8 (b) is the velocity field corresponding to Fig. 
8 (a). It may be shown that 


p _(l1+a+ y)sina + (1+ 8 —y) sinB (6) 


2k sin a + sin B + sin y 
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t = 2hsin (yn — y) or 
r = 1 — sin(y + y)/(sina + sin 8 + cos y) (7) 


r’ being the true reduction ; the meaning of the symbols will be obvious by reference 
to Fig. 8. 


r*) 
Fig. 7. Slip-line field for extrusion though a smooth unsymmetrical unequal wedge angle 
staggered die. 


a 
/ 
ivy 


Fig. 8. (a) Simple slip-line field for a smooth staggered unequal angle die. 
(b) Hodograph corresponding to the slip-line field of (a). 


An alternative to computing pressures by amalgamating slip-line fields as 
above is to obtain an upper bound for p by following the example given by Hi... 
(1951) in connexion with sheet drawing and which was based on his principle of 
maximum work (1950). 

Fig. 9 (a) shows a possible adaptation of the field of Fig. 7, for a perfectly smooth 
die, the lines along which the velocity discontinuities occur being OB, OD, OC and 
OA, V* denoting the absolute discontinuity magnitude across these lines. (This 
configuration should be adequate for moderate reductions, but for much larger 
reductions more than the two triangles AOB and COD would be required). The 
corresponding hodograph is shown in Fig. 9 (b). The upper bound for p/2k is then 
given by 

pk = V\*OB + V.*OD + V*OA + VF OC, (8) 
and the value of p, 2k finally selected is that for which the right-hand side of (8) is 


a minimum. It is possible to obtain an analytical expression for (8) as applied to 
this case and then to minimize it, but this results in long and cumbersome equations. 
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Accordingly, a graphical trial and error method may be adopted, which is quite 
suitable for investigating particular reductions ; to exemplify the procedure the 
effect on pressure and direction of emission of moving forward the lower die CD 
in Fig. 9 (a) is presented. Angles x and 8 remain 40° and 20° and the die face lengths 
also remain the same. The case for e = 1/6 and nominal reduction r = 0-5 when 
y = 90° was drawn, assuming AO = CO and giving angle AOC = 2 @ values at 
10° increments between 60° and 120°, The various hodographs obtained for each 
particular value of @ were used to ascertain the V* values which, with the triangle 
lengths in Fig. 9 (a), enabled p/2k versus @ to be calculated (Fig. 10). The minimum 
value of p/2k occurs for 45° < @ < 40° and is about 0.80, 


alltn<cmall 
O 


(a) 
Fig. 9. (a) Discontinuous velocity pattern to replace the slip-line field of Fig. 8 (a). 
(b) Hodograph corresponding to the pattern in (a). 


0-92 


Fig. 10. Showing the variation in p/2k and y with @. 


Also shown is the variation of the predicted angle of emergence, », with 0. The 
value of » corresponding to the least value of p/2k is 8°. If the results for the simple 
slip-line field of Fig. 8 (a) with y = 90° are compared with the results of the graphical 
method above, using (6) and calculating », the exact values are p/2k = 0-77 
and 7 = 9° for r = 0-496, with e = 0-152. It is clear that the graphical method is 
capable of giving a very close approximation to the slip-line field solution. 

Returning to the initial problem, two positions were selected in which y = 73} 
and 60°, the lower die being simply moved to a position in advance of the upper die. 
The results of applying the approximate graphical approach are given in Fig. 11, 
constructed from the three minimum values obtained for each of y = 90°, 734° 
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and 60°. It will be observed that, as » decreases, the nominal reduction decreases 
while the true reduction and pressure increase and the angle of emission changes 
from being about 0 below the container axis to about 7° above it. 


75 60 
y’ 


Fig. 11. Showing the variation in r, r’, p/2k, and » with y». 


Numerous examples of how slip-line fields may be rationalized for use as dis- 
continuous velocity ficld solutions, easily adapted for graphical use, will be found 


elsewhere (JOUNSON 1957¢ and 1957e). 


8. Exrrustron or Sueets or Various Tuicknesses Torovucnu Turer-Hoie Dies 


Plane strain solutions for the problem of extrusion through three-hole dies can 
be obtained in certain cases by the building-up of the requisite slip-line field from 
the known slip-line fields for single hole extrusion. The type of basic slip-line 


field adopted depends on the total reduction required, the individual size and relative 


disposition of the holes in the die and on the frictional conditions between 
metal and die and between metal and container wall. 

In the following work the three holes of the die are in line, with the middle hole 
centred along, and the two outer holes situated symmetrically about the container 
axis. The two outer holes are of equal thickness, not necessarily equal to the thick- 
ness of the centre hole. The application of two different types of slip-line fields to 
this situation is discussed, the essential difference between the two basic fields 
being that in the first it is assumed there are no dead metal zones whereas in the 
second it is assumed that a dead metal zone covers the whole, or very nearly the 
whole of the die face, in the case of very large reductions. It is also assumed in 
both cases that there is no friction between the metal and the container wall. 


(i) Smooth die and smooth container wall 


The type of slip-line field when the die face and container wall are both smooth 
is shown in Fig. 12. In this case the basic slip-line field can be considered to be 
that covered by the distance y,, with thickness of extrudeed sheet h,. This slip- 
line field was given by Hitt (1950) in connexion with sheet drawing through 
dies of small angle and applied to extrusion through a square die by Jounson 


Extrusion through single hole staggered and unequal multi-hole dies 211 


(1956). O,C, A, isacireular are with angle A, 0, C, equal to 90°, O, C, being inclined 
at 45° to the centre-line of the extruding sheet, and A, B, at 45° to the die face. This 
simple pattern is easily extended outwards from O, A, C,, the slip-lines continuing 
to meet the centre-line and the die face at 45°. This satisfies the assumption of 
no friction between the metal and the die or the container wall. The initial pattern 
applies for a reduction of 0-667 and the extended fields to reductions larger than this. 
It should therefore be noted that the solution for the three-hole die will be only 
for reductions of 0-667 or greater. 


Q 


C, OD, 


Fig. 12. Half slip-line field when die face and container wall are both smooth. 


In Fig. 12 H is the original sheet thickness and h, the distance directly across 
one of the outer orifices. The slip-line fields covered by the distances y, and y, 
meet on the die face at P. Making the reasonable assumption that there are no stress 
or pressure discontinuities across this intermediate portion of the die face, then, 
for the two fields to be compatible, the pressure at P must be the same whether 
it is calculated from the central or the outer orifice. This requires that ¢, = ¢, and 
the slip-line fields over distances y, and y, are geometrically similar. In other words 


h,/hg = y,/Y. and in particular when h, =A, then y, = y,. The outer field 


covered by the distance y, is such that its particular reduction is greater than 
0-667 and all slip-lines meet the die face, and container wall up to Q, at 45°. 
In order to calculate the extrusion pressure, the extrusion force for each of the 


fields covered by y,, y, and y, was first obtained using the values of extrusion 
pressure against fractional reduction for a single such field which had been obtained 
previously by Jounson (1956). 

If p,/2k is the extrusion pressure for the innermost field, y,, then the extrusion 


force for this particular field is 
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F, = (p,/2k) 2k y, (9) 
and the extrusion force for the field covered by the distance y, is 
F, = F, d,/d,. (10) 


The extrusion pressure for the outermost field, p,/2k, is found as for single hole 
extrusion, and the extrusion force for this field is 


F, = (p,/2k) 2k ys. (11) 


T T T 
| 


—_+—$—_+—_ -0@_+——_ 


+ + oY 2 *B}— “=~ OS BE 
Leah 2-41-27} 


<-+—+-+-T-1-] 
ee 
™ 2R- —— 


<i eas aes ee 
in? 2*1S-—3-4t 
j j 
| 


ee. . 


$2020 245 — 285 Fg 
+——+ Ne a oe 
+ + + ro +——+ 


Eccentricity of outer orifices 


Eccentricity of outer orifices 


70 75 8& 85 90 95 100 
Percentage reduction 


(a) 


ko 


ee — 


8-9 — 25 — ae 


~ 
= 


Eocentricity of outer orifices 


7 
Percentage reduction 


(c) 


Fig. 13. Extrusion pressure for various values of eccentricity and percentage reduction : 
(a) hy/hg = 1, (b)hy/hg = 2, (€) hy/hg = 4. 


Thus, the final extrusion pressure is 


p/2k = (F, + F, + F,)/kH. (12) 


For a given slip-line field the extrusion pressure varies with the reduction, with 
the eccentricity of the outer orifices, and with the ratio h,/h,. 
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The total reduction, r, is defined as 


r=1--(h, + 2h,)/H 


1 
neglecting any difference between the thickness of the sheet emerging from the 
outer orifices and the width /A,, of the outer orifices, which there will be when 
the sheet emerges obliquely. 

The eccentricity, e, of the outer or:fices will be defined as 


c= (y, + Y)/(H/2). (14) 


Values of extrusion pressure for given values of eccentricity and reduction, when 
the ratio h,/h, is constant, are given in Figs. 13 (a)(b) and (ec). In Fig. 13 (a) 
h,/h, = 1 and when e = 0-667, r = 0-667 and the pressure p/2k = 1-70 as for 
single hole extrusion; the straight lines drawn from this point to e = 1, r= 1, 
and e = 0, r = 1, denote the limits of the above solution. The broken line through 
e = 0-667 parallel to the abscissa denotes the lines of minimum extrusion pressure, 
corresponding to single hole extrusion of the same fractional reduction; as the 
value of e varies above or below this line so the extrusion pressure increases. The 
figures at the intersection of the coordinate lines for r and e are the appropriate 
values of p/2k. 

Figs. 13(b) and (c) show similar relations for h,/h, = 2 and h,/h, = 4 res- 
pectively. The minimum pressures are, of course, as before but the value of e 
for these pressures increases as the ratio h, /h, increases. 

If v, is the velocity of the extrusion from h, and v, the velocity of extrusion 
from h, then 

v,/v, = (Yo + Ys) (hy /Y) 2h,. (15) 


The variation of v,/v, with e is given in Fig. 14 for constant values of h,/h,. 
For a given value of h, /h, the ratio of the velocities is independent of the fractional 
reduction. It will be seen that the ratio v,/v, becomes less than unity only at 
high values of eccentricity. 
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Fig. 14. Ratio of extrusion velocities vg/v, with eccentricity for various values of h, /hy. 


(ii) Dead metal zone over die face and smooth container wall 

HI. (1948) calculated the plane strain extrusion pressure for reductions between 
0-12 and 0-88 assuming dead metal zones to cover the whole of the die face and no 
friction between the metal and the container wall, JouNson (1955) calculated 
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extrusion pressure for the cases where there are various amounts of friction between 
the metal and the container wall. It is from a 5° equiangular net used in this latter 
work that the present calculations have been made. The field investigated and the 
results of which are presented applies where the reduction is greater than 0-5 
for each particular portion of the synthesized field. 

The assumed slip-line field is shown in Fig. 15 (a). The dead metal zones are 
bounded by the slip lines O, A, P, O, A, P and O, A,Q, and since the container wall 
is assumed smooth the slip-line 0, RQ meets it at 45°. The slip-lines of the two 
fields covered by distances y, and y, must intersect orthogonally at point P. Also, 
the pressure at P as determined by the Hencky equations must be the same 
whether arrived at by working from the top sheet or the centre one. For these 
orthogonal and pressure equality conditions to be fulfilled, the following angular 
relations must hold : 

bs (16) 
and 
6,) = 180 (17) 


which together give 0, = 90 
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Fig. 15. (a) Half slip-line field assuming dead metal zones to cover the whole of the die face and 


no friction between metal and container wall, (b) Graphical summary of the die proportions 
appertaining to (a). —————-€ . —--——--—--—- —(1 + 2h,/h,). 


To determine the position of P pairs of points were selected in an orderly manner 
from the 5° net to satisfy the above equations and the extrusion force was cal- 
culated in the normal way for the field covered by y,. The second field covered by 
y. was so scaled from the original net that, when joined to field y,, not only were 
equations (16) and (17) satisfied, but P was the same distance from the die face 
in both cases ; thus the two fields met in the common point P and the correspond- 
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ing extrusion force was calculated. (The orifice size was, of course, reduced in the 
same proportion). Finally the third field, y,, was scaled in the same proportion 
and the extrusion force again calculated. Then, knowing the individual extrusion 
forces and the initial sheet thickness H, the extrusion pressure p/2k could be 
finally determined. 

A general solution to this problem would be extremely laborous to obtain but, 
in order to exemplify the method of approach, a set of results covering as wide a 
range of conditions as possible has been obtained. Seven pairs of points P, forming 
a family, were considered and four different sizes of fields y,. The geometry of the 
die is summarized in Fig. 15 (b) where the curves | to IV refer to the different 
outermost fields used, y,. Selecting any ratio of initial sheet thickness to height 
of centre orifice H/h, the ratio h,/h, and the eccentricity of the outer orifices, 
2(y, + Y,)/H, can be found. The reduction, r = 1 — (h, + 2h,)/H, can also be 
readily obtained. 

In Fig. 16 extrusion pressure and total reduction are plotted against H/h,. 
For any value of H/h, the extrusion pressure and the corresponding reduction can 
be read off. Thus, if H/h, = 18, then from its intersection with curves III, the 
reduction is 0-85, p/2k is 2-86 and, from Fig. 15(b) the eccentricity is 0-57. 
Examining Figs. 15 (b) and 16 together, it is seen that the extrusion pressure for 
given size orifices increases as the eccentricity of the outer orifices decreases. 

Also plotted in Fig. 16 is the extrusion pressure assuming that no extrusion 
takes place through the outer orifices. The reduction in this case will be (1 — h,/H). 
This curve intersects curves III and IV of the extrusion pressure for all three 
orifices. Considering curve IV this means that for values of Hh, > 5-2 extrusion 


will take place through the centre orifice only, since less pressure is required for this 
mode of flow. Taking the limiting case H/h, = 5-2 for which the corresponding 
reduction is 0-748, p/2k is 2-75, the eccentricity is 0-617 and h,/h, = 0-15. 
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16, Extrusion pressure and reduction versus Fig. 17. Extrusion pressure versus 
I1/h,, orifice eccentricity neglected. reduction, 
—_—_——— p/2k. 


It is worth noting that cases are encountered industrially in which extrusion 
does not occur through all the orifices provided. Further, as Dopesa and 
Jounson’s plane strain experiments showed (1957a), the extrusion pressures 


216 W. Jounson, P. B. Mecior and D. M. Woo 


required for multi-sheet extrusion generally exceed those anticipated on purely 
theoretical grounds. It seems likely, therefore, that the phenomenon of material 
emerging from one hole only, and ignoring the other two, may occur for conditions 
less extreme than those predicted here. It would also be expected that the change 
over from three to one hole extrusion would not occur suddenly but only more or 
less rapidly over a range of values. 

The variation of extrusion pressure with reduction for the four cases is shown 
in Fig. 17. These results are compared with the extrusion pressure through a single 
orifice giving the same total reduction. It is seen that the extrusion pressure for 
the three hole die is always greater than, or equal to, that for the symmetrically 
situated single hole die of the same total reduction. Hodographs for the various 
cases considered may easily be assembled by reference to previous work (JOHNSON 
1957b and d, Doprsa and Jounson 1957a, and WanG 1957). 

It must be noted that the solution offered in this particular instance assumes 
that the die face is so rough that the dead metal zone situated on the intermediate 
portion between the orifices, cannot be displaced due to any inequality in the total 
transverse forces acting over surfaces O, A, P and O, A, P in Fig. 15(a). To 
examine this point in detail would require a prohibitive amount of calculation, 
but from experimental evidence it does appear to be the case that dead metal 
zones are deposited over the face of the die in almost all instances (DopEJsa and 
JOHNSON 1957a). 


Sipe Extrusions 

(i) Single hole 

Side extrusions are practised principally and traditionally in connexion with 
lead tube squirting and cable covering. It is not obvious to the authors, however, 
why the potential advantage of the area over which orifices may be placed, e.g. 
round the circumference of the container as opposed to the lesser end area of the 
container, has not been exploited for production purposes in multi-hole extrusion ; 
it could well be that tooling difficulties are greatly increased. Despite the com- 
paratively small industrial interest in side extrusion, interesting features in the 
associated mechanics do present themselves and some of these will now be examined. 

The slip-line field for side extrusion through a single hole from a rough container 
when H > a, using a single punch, has been given by GREEN (1955); this is illus- 
trated by the full line curves in Fig. 18 (a), with Fig. 18 (c) as the corresponding 
hodograph. For a perfectly smooth container wall, with two punches moving in 
opposite directions with speeds u and v (i.e. Fig. 18 (a) having ¢ = 45° so that the 
full and dotted line fields are superimposed) the hodograph is shown in Fig. 18 (e). 
When the container is perfectly rough, one ram only being used, the slip-lines 
meet the wall tangentially and orthogonally, so that one of the set of circular 
ares of the hodograph degenerates to a point and the velocity field then appears 
as in Fig. 18(d). In Fig. 18 (f) p/2k and », the angle made by the emergent rod and 
the punch axis, are plotted against h/a for two instances in which the bottom 
container wall was rough and smooth, the upper wall being perfectly smooth. 

Considering next the case in Fig. 18 (b), in which the orifice is rotated through 
angle @ and in which two rams (moving at speeds u and v) are employed, the 


slip-line field must be modified to include a dead metal zone if the container is in 
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any degree rough. The ability to vary either the orifice inclination or the ratio 
of the punch speeds would enable control to be kept of the directions of the emergent 
sheet. (Certain types of domestic traps are made by a side extrusion process 
which employs two rams moving at different and variable speeds). When cal- 


A 
Dead meta! 
(b) 


(f) 
Fig. 18. (a) Slip-line field for side extrusion from a rough container when h > a. (c) Hodograph 
for field in (a). (e) Hodograph as for (a) but ¢ = 45° and using two rams. (d) Hodograph for the 
degenerate case of (c) obtained when container wall is perfectly rough. (f) Variation of p/2k and 
7 with h/a; (S) smooth container walls, (R) perfectly rough container walls. (b) Side extrusion 
through an inclined orifice, using two rams and with a rough container wall which induces a 
dead metal zone. 


culating p/2k and » versus h/a, with angle @ = 0°, ¢ = 90° and u/v = 1, use 
can be made of some of the calculations for the formally similar instance of a punch 
indenting material resting on a perfectly rough foundation (JouNson and Woo 
1957). 
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For solving the case of extrusion from a smooth container when h’ < a’, the slip- 
line field given in Fig. 19 (a) appears to be acceptable. The associated hodograph 
occurs as Fig, 19(b), and can only be completed when the direction and speed 
of the final product have been decided, Assuming the product moves in a straight 
line, the velocity magnitude easily follows once the actual direction is determined 
and this is given by the direction of line AC. Material emerging across line CDE 
is rigid; some of it, however, approximately that moving across CD, will be 


t ZL 


ry 


(b) 


(e) 
Fig. 19. (a) Slip-line field for side extrusion from a smooth container, hk’ <a’. (b) Hodograph 
corresponding to (a). (c) Showing the calculated deformation undergone by a square grid when 
side extruded, 4 /2a ~ 4. (d) Slip-line field for side extrusion from a perfectly rough container, 
h’ < 2a’. (ec) Slip-line field for side extrusion from a perfectly rough container, 2a'/h’ = 4/2. 


emerging so obliquely as to encounter line BC and will be deformed a second time 
in the portion of the field to the left of the orifice centre-line. Unless the proposed 
direction AC is assumed, the volume of material entering this latter portion of 
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the field will not equal that leaving it. Material leaving region 4 BCM has the 
same velocity as that entering it. 

The extrusion pressure required for this latter case is identical with that for 
the smooth case of Fig. 18 (a), given in Fig. 18 (f), the place of h/a there being 
taken by a’/h’. 

In an effort to facilitate the calculation of the deformation imposed on an 
initially square grid by its passage through a relatively wide orifice of this kind, 
rigid blocks separated by lines of velocity discontinuity have been substituted 
for the various curvilinear sectors and triangles of Figs. 19 (a) and (b). The cal- 
culated square grid then appears as in Fig. 19 (c). The most interesting feature is 
the slowness of the metal movement in region ABCM and the immense amount 
of distortion occurring at exit over AB. 

When the container is perfectly rough the appropriate slip-line field would 
appear to be that of Fig. 19 (d), it being necessary to assume the deposition of a 
zone of dead metal on the bottom container wall. The emergent sheet direction 
becomes CA, C now being the apex of the dead metal zone; this is justified 
exactly as is the direction associated with the smooth container. This case is 
interesting in that at first sight it would appear to conflict with a limit of Fig. 
18 (a), shown here as Fig. 19 (e), ic. when a’ = h’/4/2. The latter shows a dead 
metal zone occupying the sector to the left of the centre-line, while working from 
Fig. 19 (d) one is led to suppose that the region is plastic. In fact, there is such a 
small amount of material entering the comparatively large region 4 BCM that, as 
is foreshadowed by the distorted grid of Fig. 19(c), movement or distortion in 
this zone must be extremely slow or small. Ultimately the amount of distortion 
becomes vanishingly small as B approaches C (i.e. a’ - h'/y/ 2) and in the limit, 
sector ABM can be thought of as rigid and the two types of slip-line field are thus 
not contradictory. 


= 


Fig. 20. Side extrusion through oppositely situated holes, h > (a, + ay). 
(ii) Holes on opposite sides of the container 
The case considered is shown in Fig. 20, the centre lines of the two unequal 


orifices being collateral and such that h > (a, + a,). The slip-line fields on either 


‘ 
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side of point C are chosen similar in shape and so that the pressure at C is the same 
whether approached from the top or the bottom orifice, Le. 0, = 0, = 0, 0,. 
The extrusion pressure and the emergent velocity of the sheet are thus the same as 
that appropriate to a simple side extrusion through one hole for a thickness—orifice 
ratio of h/(a, +- a,). 

It is not difficult to see that, when the orifice centre-lines are not collateral, a 
similar kind of field still prevails. The @’s would no longer all be equal but would 
have to be chosen so that the orthogonality and pressure equality conditions 
described in Section 3 (ii) hold at a single common point such as C. 

The analysis of the similar situation when h < (a, + a,) is not so straight- 
forward that it can be built up in the same manner as that described above for 


5. SmuLrTaNgeous ENpD AnD SIDE Extruston 


Fig. 21 (a) shows material being extruded sideways through two holes and 
endwise through one hole and in the particular case shown the orifice widths are 
all of the same size. The problem has been investigated only in relation to holes 


Vv) 
\ Side orifice 


‘- 


m+ 
End 
orifice 


(a) (b) 
Fig. 21. (a) Slip-line field for the simultaneous end and side extrusion of sheets of the same nominal 
thickness. (b) Variation of p/2k and v,/v, with IM/a, 


of equal sizes but the solution seems easily adaptable for holes of unequal size. 
An interesting feature of the slip-line field is that it is independent of container 
wall friction so long as AD is inclined at more than 45° to the wall. To draw 
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the slip-line field, circular arcs centred on singular points, C, A, G and G’ are drawn 
and the remainder of the field is developed in the usual way from both orifices 
until the fields have points in common such as B; essentially a side extrusion 
slip-line field is added to one for end extrusion. The centre-line of the side orifice 
on which B is located was selected for the purpose of making some typical cal- 
culations from readily obtainable previous work. 

At B the slip-lines are orthogonal and thus it is required that 


° 6, + 0, = 0, + 0, + ha. (19) 

Taking 0, = @, in this particular case, 
6, — 0, = 4. (20) 
Also, the position of B is uniquely determined by the fact that the value of p must 


be the same whether it is determined by starting from a side orifice or an end 
orifice. Using the Hencky equations this requires that 


A, + 0, . 0, T 6, (21) 
and for this particular instance 
0, + 0, = 20,. (22) 


Regions TCEBG and T" C’ E’ B’ G’ are dead metal zones which are assumed to 
remain fixed in the container corners. In regions AFCEBDA, M’' F’ C' E’ B' D' A’ 
and GBKB' G’ H, the material is being plastically deformed, and outside them is 
considered to be rigid. In effect, and for the particular case chosen, the field is 
seen to be composed of two fields of depth h, which control the side extrusions and 
one end extrusion of depth 2h,. The pressure and hence the force required over 
length 2 h, to cause extrusion through the end orifice is readily calculable and also 
that required to cause side extrusion, applied over lengths h,. The total force 


required to cause simultaneous extrusion through all three orifices may thus be 


determined and hence the uniform extrusion pressure, p, exerted by the ram. 
For equal size orifices of width 2a Fig. 21 b shows the variation of p/2k and 
ratio v,/v, with H/a, H being the total initial sheet thickness = 2 (h, + h,). The 
sheet proceeding through the end orifice moves at speed v, perpendicularly to the 
gap G G’ while that leaving the side orifices moves at speed v, and is inclined 
to the gap CA at angle CBN. 

This last simple problem is sufficient to illustrate how some different dispositions, 
of many holes mutually inclined, may easily be added together. 
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PLANE WAVES IN AN ELASTIC SOLID 
CONDUCTING HEAT 


By P. Cuapwick* and I. N. Sneppon? 
(Received 18th September, 1957) 


SUMMARY 


Tuis paper is concerned with the propagation of waves in an isotropic thermoelastic solid. It is 
shown that the shear waves are uninfluenced by thermal effects but that two distinct dilatational 
waves exist, one being similar in nature to a purely elastic longitudinal wave, but dispersed and 
attenuated by the medium, and the other similar to a purely thermal wave. Plane harmonic 
waves are selected for detailed examination. It is found that if the frequency w is small compared 
with w* = pevp*/k then the phase velocity of the modified elastic wave is, to a close approxima- 
tion, given by (1 + }e) up, where ¢ = «a? vp* T'(1 + v)*/e(1 — v)*, and the attenuation co- 
efficient of this mode is, to the same degree of accuracy, } (2 — 5e) ew*/w* vp. In these expressions 
p denotes the density, c the specific heat at constant strain, k the thermal conductivity, v Poisson’s 
ratio, « the coeflicient of linear expansion and vp the velocity of purely elastic longitudinal waves 
in the solid. 7 is the absolute temperature of the medium in its reference state of uniformly 
zero stress and strain. Numerical calculations have been performed on a high-speed digital 
computer for aluminium, copper, iron and lead and it is shown that the values of the phase 
velocity and the attenuation coefficient of the modified elastic wave in these metals deviate 
sharply from the above approximations at frequencies in the neighbourhood of w*. 


1. INTRODUCTION 


Wuen the heat content of a body changes, the dimensions of volume elements of 
the body are altered. In elastic media these changes in dimension produce strains 
which in turn set up a distribution of stress throughout the solid. Conversely, 
some of the mechanical energy expended in changing the volume of an elastic 
solid during straining is converted into heat. This paper is concerned with the 
effect of these interlinked changes on the form of plane waves travelling in the 
solid. 

The study of thermoelastic phenomena has recently been stimulated by the work of 
Bior (1956) and Lessen (1956) on the basic equations of thermoelasticity. These 
equations were first established by Vorcr (1910) and Jerrreys (1930) and postu- 
lated much earlier by DUHAMEL (1837). 

In Section 2 the equations governing the propagation of small amplitude thermo- 
elastic disturbances in a homogeneous solid are written in a dimensionless form 


using as the unit of time the reciprocal of a frequency w* which is characteristic 
of the medium being considered. The unit of length is taken to be v,/w*, where 
Up is the velocity of longitudinal elastic waves (P-—waves) in the solid. The units 
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of temperature and stress are taken to be the reference temperature (at which 
the solid is initially in a state of zero stress and strain) and the rigidity modulus 
respectively. The choice of these units throws the equations into a form suitable 
for numerical work, but it emerges that the characteristic frequency w* has a 
physical significance beyond its purely mathematical utility. 

In Section 3 it is shown that the rotation vector satisfies the usual wave equation 
for transverse elastic waves (S-waves), but that the dilatation and temperature, 
instead of satisfying the P-wave equation and the diffusion equation respectively, 
satisfy the pair of interlinked equations (2.10) and (3.3). It follows from these 
results that the dilatation and the temperature both satisfy the equation 

)? r) r) 
where the constant ¢ is defined by equation (3.8). Harmonic plane wave solutions 
of this equation are then considered. 

Approximate expressions for the phase velocities and attenuation coefficients of 
the two thermoelastic waves are obtained in Section 4 and their accuracy is con- 
firmed in Section 5 by direct computation. The calculations described in this 
section refer to four metals and cover a very wide frequency range. They show 
that the phase velocity of the modified elastic mode is virtually constant for 
frequencies up to w* when it changes abruptly to vp, the value appropriate to a 
pure P-wave. The attenuation coefficient varies as w* up to frequencies of the 
order of w* when it changes over to a constant value, It appears, therefore, that 
in some sense w* is a characteristic frequency of the medium. For the metals 
adopted in the calculations w* is well beyond the range attainable in the laboratory 
and is indeed not very far short of the cut-off frequency of the Debye spectrum. 

A preliminary study of this problem has been made by Derestewicz (1957), 
but the central equation (3.7) is derived here by a different method. Derestewrcz 
gives practically no numerical values and the significance of the frequency w* 
does not emerge from his analysis. These remarks also apply to a very brief treat- 
ment of plane thermoelastic waves by LEssEN (1957). 


2. Tue TuermMoetastic Equations 
The basic equations of thermoelasticity are the equation of motion (SOKOLNIKOFF 
1956, p. 367), 
Ty; = pli (i,7 = 1, 2, 8) (2.1) 
the DunAamMEL-NEUMANN equation (DUHAMEL, 1837 ; NEUMANN, 1885) 


T.; (AA yO) 5; t 2h 55> (i,j 1, 2, 3) 


ij 
and the diffusion equation (Jerrreys, 1930; Bror 1956) 

kV? 0 = pcO + yTA. (2.3) 

Of these equations, (2.1) and (2.3) express conservation of lincar momentum 

and energy respectively and (2.2) is essentially an equation of state. The usual 

suffix notation is used, u; being the displacement vector of a point referred to 

cartesian axis O (2), %, 2). 7 


; denotes d7,;/ dv; and a superposed dot represents 


ij, 
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the time derivative )/dt. The stress and strain tensors are respectively 7,; and y, 
and @ is the temperature change measured from 7’, the absolute temperature of 
the solid in its reference state of uniformly zero stress and strain. A and yp are the 
Lamé elastic constants of the solid, p is its density, c is its specific heat at constant 
strain, k is its thermal conductivity and 


y = «(3A + 2y), (2.4) 


where « is the coefficient of linear expansion of the solid. 

Since the present analysis is restricted to small amplitude disturbances products 
of deviations from the reference state and their derivatives are systematically 
neglected. The strain tensor is thus given by 


vg = 2 (U5 + Y,4) (2.5) 
and the dilatation is 
A = u; ;. (2.6) 


It is convenient to recast the basic equations in dimensionless form (SNEDDON 
and Berry 1958, p.124). Defining the frequency 


w* = pevp?/k, (2.7) 


we take as our unit of time w*~' and as our unit of length vp/w*, the unit of velocity 
thus being vp = [(A + 2)/p]!. We choose the reference temperature T' as the 
unit of temperature and the rigidity modulus ,» as the unit of stress. Equations 
(2.1) to (2.3) can now be written in the form 


14,5 = ily *(28) 
7 = [(6? — 2) A — b0] 8, 4 *(2.9) 
V20=6+gA, *(2.10) 


oe (“+*+)'- °r (2.11) 


Us. 
vg = (u/p)* being the velocity of pure S—waves. 
To avoid confusion between the variables Tijs Uys @ ; x, t and their dimensionless 
counterparts (for which the same notation is used), an asterisk is placed before the 
number of each equation expressed in dimensionless form, 


3. PLaNneE WAVES 


Substituting from equations (2.5) and (2.9) into equation (2.8) and writing 
the result in vector form we have 


(6? — 1) grad A + V2? u —b grad @ = *(3.1) 


On applying the vector operator curl to both sides of equation (3.1); we obtain the 
wave equation 


2 
Vw = ? *(8,2) 
eC 
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for the rotation vector w = curl u. This shows that w is propagated with velocity 
8" in our units, which is vg in conventional units. In other words the transverse 
modes of oscillation undergo no thermal modification. This is to be expected 
since the propagation of S-waves causes no volume changes and the mechanical 
coupling term is then absent from the diffusion equation (2.3). 

Applying the operator div to both sides of equation (3.1) we find 


7A 


de? 


PVPA —bV? 6 = # *(3.3) 
We therefore have a pair of coupled equations, (2.10) and (3.3), for the determina- 
tion of the scalar quantities 9 and A. It may readily be verified that both these 
variables satisfy equation (1.1). 

We now specialize the analysis to harmonic plane waves and seek solutions of 
the basic equations in the form 


A= A°exp[iet+p(a-r)], 0 = exp[iwt + p(a-r)], *(3.4) 
where r = (a, y, z) and a is a constant unit vector. It is assumed that w is a real 
constant. The phase velocity of the plane waves represented by (3.4) is 


Ww 


I) 


v *(3.5) 


and 
q= R(p) *(3.6) 
is the attenuation coefficient, so that we must choose in (3.4) values of p which 
have a negative real part. 
Substituting the expression (3.4) into equations (2.10) and (3.3) and eliminating 
the ratio @°/A° from the resulting pair of linear equations there follows the relation 


+p {w* —iw(l + «)} — iw* =0 *(3.7) 
with 


bg _ ot Top? (1 + 9) 


a = (3.8) 


for the determination of the possible values of p. v is the Poisson's ratio of the solid, 


1 v 


4. Approxtmmate ReEsuLts 


The roots of equation (3.7) are + p,, + p, where 
pi=t[—-eF+ioi+o+D], pt=i[—o +ioa+9-D], 
and ‘Dis the discriminant 
D = + [w* + iw (1 — «) — w* (1 + €)*} 


By expanding these expressions in powers of w' and w, approximations to p, 
and p, can be found for the extreme cases w > 1, w < 1 respectively. 
For high frequencies we obtain 
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a0) 


Examining the effect of putting « = 0 in these results we see that the root p, 
corresponds to a modification of the purely thermal wave and that the root p, 
corresponds to a modification of the purely elastic P-wave. Both modified waves 
are dispersed and attenuated by the medium. Reference to equations (3.5) and 
(3.6) shows that when w > 1 the modified P-wave is transmitted with phase 
velocity vp but has a coefficient of attenuation 


Ga = }€, *(4.3) 
which, in conventional units, is 
q. he (w* /vp). (4.4) 
For low frequencies the roots of equation (3.7) are approximately 


We | 
a *(4.5) 
2(1 €)*] 


PY " =‘. *(4.6 

= \2 (1 +- €) - (4-6) 
Thus, when w < 1, the phase velocity and attenuation coellicient of the modified 
P-wave are given by 


v (1 gi «)}, q 


For most materials ¢ is small at normal temperatures (see Table 1). Thus, for w 
we have, in conventional units, 


v = (1 + 46) up, q = 4(2 — 5e)q,, (w/w*)’. 


Putting w = 1 in equation (3.7) we find that, for small ¢, p, = 
Thus when w = w* the attenuation coeflicient is 


Equations (4.4), (4.7) and (4.8) indicate that the attenuation coetlicient of 
thermally modified P-waves is an increasing function of the frequency , varying 
like w* at low frequencies and approaching the value q,, asymptotically as w > ©. 
The range of attainable frequencies is actually limited above by the cut-off 
frequency w, of the Debye spectrum. For longitudinal vibrations 


_3p_ 4 


4nM (a3) 


: 2nvp 
(BriLLoutN 1938, p. 324), M being the mass of an atom of the material forming 
the elastic body. Some values of q,, are given in Table 1 and it is clear from the 
above results that, in all cases, longitudinal clastic waves are strongly attenuated 
in the frequency range w* < w < w,. 

From equations (3.4), (3.6) it follows that a wave of frequency w has its yet gerece 
reduced by a factor of one-half over a distance L = In (2/q). When w < w* we 
have, from equation (4.7), 
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L, ae Ke | Se). (4.10) 


2q . w 


Tanie lt. Values of the Fundamental Constants for Four Metals (T = 293°R) 
} 


fluminium Copper Tron Lead 


| 
Up (km sec 1) 6-32 $36 | 2-14 
we (see) | 980 10h 755 x 10's | c 10 3-69 x 10'8 
w* (sec™) 16 » 10! 1-73 x 10!! 75 x 10! 191 = 10! 
q@~ fem") 131 = 10 S29 = 108 48 = 10* 327 x 10% 
‘ 3-56 « 10°? 168 x lo * 2- < lo 733 «10 
Lo w* (km see) 1-17 « 10! 6-19 x 10% 55 x 1055 400 = 10! 


» 
= 
2 
as 


Values of w*, vp, «,¢,, and L, w* for four typical metals are given in Table 1. 
It will be observed that in each case the characteristic frequency w* is very much 
greater than the frequencies attainable even in experiments employing ultrasonic 
pulses and is of the order of one-hundredth of the cut-off frequency of the Debye 
spectrum. In other words, in all the physical experiments so far conducted to 
measure the velocity of longitudinal waves in a solid we may assume that w < w* 
and make use of the appropriate approximations given above. In particular we 
would expect the measured velocity of longitudinal elastic waves to be 


(1 + de) [(A + 2p)/p}}. 


Tasie 2. The Variation of the Phase Velocity v with Frequency w (T = 293°RK) 


v/Up 


Aluminium Copper Iron 


OTT 1-0084 1-0002 1-0360 
OTS 1-0083 1-0002 1-0358 
O91 1-0043 1-0001 1-0194 
O02 1-0001 1-0000 1-0004 
000 1-0000 1-0000 1-0000 


O178 10084 10001 1 -0367 


5. NuMERICAL RESULTS 


In order to test the validity of the arguments advanced in Section 4 the character- 
istics of the modified P-wave have been computed directly from equations (3.5) 
to (3.7) in a number of special cases. The results refer to the four metals listed in 
Table 1 and span the frequency range 10°" < w w* < 10%, A programme for 
performing these calculations on pEucE, the high-speed electronic computer 
installed at the National Physical Laboratory, Teddington, was devised by 
Mr. J. H. Wilkinson of the Mathematics Division of that laboratory. 

Some of the results provided by pEvucE are set out in Tables 2 and 3. In Table 2 
we see that for each metal the phase velocity v is very nearly equal to (1 + }e) vp 
when w/w* = 10%. Further results (not included here) confirm that over the 
range 10°"! < w/w* < 10%, v remains extremely close to this constant value. 
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When w/w* = 1, v is approximately equal to (1 + }e) vp and when w/w* > 10 
it falls to the constant value vp. Table 3 contains values of q¢/q,, in the range 
107% < w/w* < 10%, At higher frequencies it was found that g =q,, and for 


w/w* < 10° the attenuation coefficient was found to be given accurately by 
equation (4.7). 


TaBLe 3. The Variation of the Attenuation Coefficient q with Frequency w (T — 293° K) 


q/4 x 


Aluminium Copper | Iron Lead 


0-9162 x 0-9520 « 10+ 0-9801 « 10-+ 0-8264 x 107+ 
0-9195 x : 0-9523 « 10°? 09895 x 10° 0-8391 x 1o-* 
0-4953 | 04987 | 0-4999 04903 
0-9906 0-9921 | 0-9901 0-9999 
1-0000 1-0000 0-9999 1-0000 


0-9110 0-9580 0-9993 00-5168 


Taste 4. The Variation of v/vp and q/q, for Copper in the Neighbourhood of w* (T = 293°K) 


1 0-3 0-7 10 3-0 +0 70 10-0 


| 100830 | 10077 1-0057 1-0043 1-0009 1-0003 1-0002 1-0000 
09523 » ‘ 0-07999 = 03250 | 04987 09035 00-9641 0-9822 0-9921 


4 6 
w/w") 
Fig. 1; The variation with frequency of the Fig. 2. The variation with frequency of the 
phase velocity of longitudinal elastic waves attenuation coefficient of longitudinal elastic 
in copper. waves in copper. 


= =: 
4 
\w 


w”") 


From Tables 2 and 3 it is clear that in each medium v and q change sharply in 
the neighbourhood of the frequency w*. In order to examine this behaviour in 
more detail the calculations were repeated for a number of frequencies lying 
between 0-1 w* and 10 w*. The results obtained for copper are summarized in 
Table 4 and represented graphically in Figures 1 and 2; those for the other metals 
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follow the same pattern and are omitted. Fig. 1 shows the variation of v with w 
in the neighbourhood of the frequency w*. We see that v falls sharply from the 
value 1-008 v, when w/w* = 0-8 to the value 1-001 vp when w/w* = 8-0. It 
would appear, then, that in the mechanics of thermoelastic disturbances the 
frequency * is critical to the transmitting medium. A similar conclusion may be 
drawn from Fig. 2 which shows the frequency dependence of q in the neighbour- 
hood of w*, 
The fact that, for w < w*, 
(1 + $e) vp (5.1) 


has an interesting physical significance. In any experiment which uses the accurate 
measurement of the phase velocity of longitudinal elastic waves to determine the 
value of an elastic constant (cf. MArkuAM 1957), the dynamical value of A + 2p 
would be given by the equation 


(A + = pu? = (1 + €) pup” 


so that the relation between the dynamical value of A + 2u and the statical 


value, (A 2), Is 


(A + 2H)a \ (5.2) 
(A + 2), 


This result is independent of the frequency used provided that it is less than 
1000 Mes. From the values given in Table 1 we see that in the case of aluminium 
the dynamical value will be 3) per cent higher than the statical value, for copper 
it will be 14 per cent higher and for lead nearly 7} per cent higher; there is no 
significant difference in the case of iron. Except in the case of iron the effect of 
the thermal properties is therefore significant ; certainly it is greater than the 
experimental error of measurements made by the ultrasonic pulse technique. 
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VELOCITY FIELDS FOR CIRCULAR PLATES WITH THE 
VON MISES YIELD CONDITION 
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SUMMARY 


In this paper stress fields and associated velocity fields are obtained for circular plates of per- 
fectly—plastie material obeying the von Mises yield condition. Attention is given to the cases 
in which the plate is loaded over a central circular area and either simply supported or built-in 


at its edge. 


1. INTRODUCTION 


A COMPLETE discussion has been given by Hopkins and PraGer (1953) to the 
problem of the loading of circular plates of perfectly—plastic material obeying the 
Tresea yield condition and the associated flow rule. Hopkins and Wane (1954)* 
discussed the load carrying capacities of circular plates with the von Mises yield 
condition, Stress fields were obtained, but no attempt was made to obtain velocity 
fields. In this paper velocity fields are obtained which are associated with the 
stress fields of A. The method of analysis differs from that used in A and is based 
upon a substitution due to Hii (1950). 

In Section 2 the basic equations are discussed. In Section 3 stress fields are 
obtained for a plate subjected to constant applied load over a central circular area 
and either simply supported or built-in at its edge. Velocity fields associated with 
these stress fields are determined in Section 4, The resulting equations are put into 
a form suitable for numerical integration and numerical results, in the form of 
graphs, are given in certain cases, 


2. Tue Basic EQUATIONS 


Let r, d, z be cylindrical coordinates with the z-axis directed vertically down- 
wards. Let the plate have radius R and thickness 2h. The equations of equilibrium 


when the applied load has axial symmetry are then 


d 
dr (rQ) + rp = 0, 


d 


dr 


(rM) — N = rQ, 


*Subsequently referred to as A. 
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where M is the radial bending moment, N the circumferential bending moment, 
Q the vertical shear foree, and p the applied load, considered positive when it 
acts downwards, 


von Mises yield condition. 


The von Mises yield condition for plates, shown in Fig. 1, has the form 
f — M? — MN + N* —- M2 = 0, (3) 


where M, is the fully plastic bending moment. Associated with the bending 
moments M, N are the curvature rates «, A which must be such that 


N), 


" 
= ph ¥ = (2N a M), 

where « is a non-negative parameter, and w is the downward velocity of the plate. 

Equations (4), (5) combine to give 
Pw . 1 dw ; 
~— (2N — M) “(2M — N). (6) 
dr? ry dr 

Equation (3) is satisfied by the relations (see Hitt 1950, p. 808) 


» » 


M=-— Vi M, sin (} 7 — @), N= V3 M, sin (} 7 + @), 


where the parameter @ is taken to have the value 47 when M = N = M,, 
Equations (1), (2) and (6) now become 


) /3 [" 
reos (4 r — @) - — cos 0 v3 | rpadr, (3) 
ar 


2M Jo 


Pw 1 dw 
= cos (4 7 — @) + ~ Cos (a+ 6)—0. (9) 
dr? r dr 

We shall now consider the integration of (8) and (9) for the case in which p is 
constant. 
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3. Tue Srress Frevp 


In this Section the integration of (8) will be considered for the case in which p, 
the applied load, is constant over a central area of the plate of radius a, and zero 
elsewhere. At the plate-centre M = N = M, and @ = } 7. When the plate is 
simply supported M = 0,0 = } a at the plate-edge. At the plate-edge in the 
case of built-in support M = — 2M,/4/3, the algebraically smallest value of the 
radial bending moment, so that @ = — 47, and the ratio A/« is zero. The problems 
of simply supported and built-in plates will be discussed simultaneously. 

Let 0 = @, at the plate-edge, r = R, and @ = 6, whenr = a. Taking p constant 
in (8) gives 


2s cos (4 7 — @) = —cos? = — Fs, 0, <6: 
ds 


(10) 
do , 
2s cos (1 7 — 0) — — cos @ F, 9,<9< 4, 
ds . 
where s = 1°/a*, F = pa*4/3/4M,. Writing F's = t in the first of equations (10) 
it may be put in the form 
dt . 
(cos @ — t) — 2t cos (1 7 — @), 0, <0 <hr. (11) 
t 


The second of equations (10) may be partially integrated to give 


sa* r F—cos#,; | /g ‘e cos 0 dé | 
R? ~ R?~ F — cosa “P| V" J, F — cos 8)’ 


The integral may be integrated formally by the substitution ¢ = tan (40), but it is 
simpler to carry out the integration numerically in a particular case. 

The integrated form of (12) shows that, for a point force, a +0, rpa* > P; 
F = 4/3/2, P = 22M, for simple support; and F = 1, P = 47 My/y/3 for 
built-in support, in agreement with A. In both cases @ = constant over the plate, 
so that cos @ = F over the plate. There is a discontinuity in @ at the plate-centre 
and, in the case of built-in support, one at the plate—edge also. 

The single numerical integration of (11) over the range — 47 <@ < $m covers 
all possible cases. The method of integration used was that due to Mou.ron 
(see MILNE 1953, p. 58). The value of a corresponding to a particular value of 
F may be obtained from (12) with r = a, @ = @,. The results for uniform loading 
were found to be pR*/M, = 6-51 for simple support, and pR* M, = 12-55 for 
built-in support, in substantial agreement with 4. 


4. Tue Vevociry Fre.tp 


In this Section a velocity field compatible with the stress field of the previous 
Section will be obtained by integrating (9). This may be put into the form 


d* w 


\ /3 cos @ = 0, (13) 


ds? ds 


2s cos (4 7 — @) 


where s is defined as in the previous Section, and is to be integrated with the 
conditions w = 0, dw;/dr = — » at the plate edge, 0 = @,. The second of these 
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conditions is taken for convenience, but it may easily be converted into one 
concerning the velocity at the plate-centre. At r =a, 0 = 0,; w, dw/dr must 
be continuous. 

Equation (13) may be integrated to give 


cos ant - 8) de 


w = »R(F — cos @,) i Fr cos 0? 


0, < 


“aoc S a l - 8) de 
cos 07 


cos 8 dé | 


w = 7R(F — cos @,) In 
9, 


»R (F — cos 0,) 


—_ -; V3 \" —_—— 
2k (F cos @) iat cos 0} 


“? dt — = "0 cos @ dé | 
do ™P v3 | 


dé, 0, <0 <47, 

alat cos @| = 4 
where ¢ is defined as in the previous Section. The integral occuring in the first 
of these equations may be integrated formally, but it is simpler to carry out the 
integration numerically in a particular case. A relation between the velocity at 
the plate—centre, wy, and » is given by the second of equations (14) with @ = 47. 


O2 O04 O06 O8 0 
r/R 


Fig. 2. Variation of deflection with radial distance. 
: von Mises yield condition. 
- Tresea vield condition. 
(For convenience some of the curves have been raised). 


In the case of a point force the velocity field may be obtained directly from (9). 
For simple support cos @ = 4/3,2, @ = {a everywhere except at the plate—centre, 
so that 


w = wy {1 — (r/R)}}. (15) 


For built-in support cos @ 1,?= 0 everywhere except the plate-centre and 
edge, so that 


w oc In (R/r). (16) 
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The double integral occuring in the second of equations (14) was evaluated 
numerically over the range — 42 <0 <47; these results cover all possible 
loadings. Velocity fields have been calculated for uniform loading and one other 
case for a built-in or simply supported plate. The results of these calculations 
are shown graphically in Fig. 2. In all cases the full line shows the deflection 
with the von Mises yield criterion and the broken line shows the deflection with 
the Tresca yield criterion for the same loaded area, but different applied pressure. 
The curves for the two yield conditions differ most strikingly at the origin, where 
the circumferential curvature—rate is always finite, except for point loading with 
the von Mises yield condition, but always infinite with the Tresca yield condition. 
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SUMMARY 


A SUFFICIENT condition is established for uniqueness of the boundary-value problem set by given 
velocities on a part of the surface of a body and given nominal traction-rates on the remainder. 
No restriction is placed on changes in geometry either in the boundary-value problem itself or in 
the postulated material properties, which are a generalization of those conventionally assumed 
for workhardening elastic-plastic solids. The solution, when it is unique, is characterized by an 
extremum principle. 

Stability under dead loading is also examined, and a criterion is proposed. This has a formal 
resemblance to the uniqueness criterion, but differs from it in a significant respect when the body 
is partly plastic, so that stability and uniqueness need not be parallel properties. 

Finally, the present theorems are compared with those previously proved for rigid-plastic 
solids (Hii. 1957a, b, d). 


1. Score or Paper 


Tue theory of partly plastic solids is especially concerned with the following 
boundary-value problem. At a generic stage in a process of quasi-static distortion 
the current shape of the body and the internal distribution of stress are supposed 
to have been determined already, together with the existing state of hardening 


and mechanical properties generally. The incremental changes in all these variables 
have now to be calculated for a further infinitesimal variation of the surface 


loads and geometrical constraints. When the total strain remains small, and 
the positional changes and rotations of material elements are neglected, the 
boundary-value problem always has a unique solution when the workhardening is 
monotonic and the yield function and plastic potential are identical (MELAN 
1938 ; a somewhat more rigorous and general proof can be found in HILi 1950, 
pp. 55-6). 

However, the really typical plastic problems involve changes in geometry 
that cannot be disregarded, and here the question of uniqueness has remained 
open until very recently, when an answer was given for rigid—plastic solids 
(Hitt 1957a). Broadly speaking, it is found that a unique solution is certain 
only when the rate of hardening exceeds a determinable critical value, depending 
on the particular situation. In the present paper a similar result is proved for 
an extensive class of elastic-plastic solids, including metals, with mechanical 
properties wider in important respects than those usually contemplated. More- 
over, the solution, when it is unique, is characterized by an extremum principle, 
analogous to that for rigid—plastic solids (Hit. 1957b). 
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In elastic solids the problem of instability is closely related to that of uniqueness 
(Hit 1957c) ; in plastic solids the connexion is looser, but still significant. For 
this reason we also investigate the question of stability here, and treat it from the 
most general standpoint, namely via the energy criterion. Previous work is 
unsatisfactory in that either the mechanical properties, the field equations, or the 
boundary conditions, are often not properly formulated for a situation where 
rotations of material elements are large compared with the strains. Furthermore, 
the occurrence of instability has invariably been taken as synonymous with the 
existence of infinitesimally near positions of equilibrium; this may be quite 
unjustified when the system is non-linear or non-conservative. For these reasons 
alone it is hardly surprising that theoretical predictions of the onset of instability 
should often have disagreed markedly with each other and with experiment. 
It is not, however, the present intention to review a confused literature nor to 
attempt any correlation with experiment but to make a fresh start and establish 
a broad basic theory free at least from the objections mentioned. 


2. Basis ror ANALYSIS OF STRESS 


The typical traction boundary-condition considered here is that the change 
in the load vector on an infinitesimal surface element is assigned, irrespective of 
changes in its area and orientation. Thus, at any stage ¢ during a quasi-static 
process of deformation there is given, not the rate of change of the * true ’ traction, 
but the rate of change of the ‘ nominal’ traction based on the configuration at 
that instant. To formulate this boundary condition we introduce the unsymmetrical 
‘nominal stress” tensor 84 (t) associated with certain fixed rectangular axes. 
At any stage ¢ + df subsequent to ¢, (s,; + 4s,;) dS is the jth component of the 
force on the plane element which at ¢ was perpendicular to the ith axis and of 
infinitesimal area dS. Correspondingly, the force at ¢ + dt on a plane area whose 
vectorial area was |; dS at t has components (F; {- 5F;) dS where 

BF; = 1, 8855. 


5 | 


F, is the ‘nominal traction’ based on the configuration at t. The boundary 


condition is then that 


FP, =| ay (1) 
is prescribed. 
In equilibrium and in the absence of body forces, 
d8 4 
iain (2) 


where 2, marks the position of elements at stage t. The angular equations of 
equilibrium are satisfied through the association of s,; with the symmetric ‘ true 
stress’ tensor o,;° referred to the same axes. If 6,;° denotes its rate of change 
following the same element, 


where v,; is the velocity. This is an immediate specialization of Murnaghan’s 
well-known formula connecting the true and nominal stress tensors. 
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Now the material properties found by experiment are given, in the first instance, 
in terms of the true stress tensor o, associated with rectangular axes rotating 
with the element and so having spin } curl v. From the transformation rule for 
tensors it is easily shown that 


= Gin Kez Tr Tip Spi 


1 dv, 3) 
, — 
a 1 wr; Ww; 


where 


is the antisymmetric part of the velocity gradient tensor. (It is worth noting 


that 6, and 6,;° have the same scalar product with any tensor whose principal 


axes coincide with those of o,;.) On combining the last two equations : 


dv dU; 
‘ c k ‘ ‘] 
CO; + O;; Cy. (o;, €;, + Oy €;,). (3) 
| bd ° Or, = or; aalinan sadn 


3. MATERIAL PROPERTIES 


In an element whose response to any further infinitesimal change of stress is 
purely elastic (i.e. an element that has either never yielded or is now partly un- 
loaded after being plastic), the isothermal relations between stress-rate and strain- 
rate are taken to be homogeneous and linear, and are written as 


Bisnr “ct (4) 


where the moduli g,,,, depend on the current stress and orientation of the axes 
of anisotropy, and possibly also on the entire strain-history if the element has 
previously been plastic. Moreover, and this is of paramount importance for what 
follows, it is stipulated that 


Sijnn Extij (5) 


in addition to the necessary symmetry with respect to interchange of i and j, 
and the arbitrarily arranged symmetry with regard to interchange of k and 1. 
Equation (4), with (5), is certainly justifiable when the element behaves as a 
perfectly elastic solid during complete unloading from the current stress : it follows 
directly from a formula of Cauchy’s in the theory of finite elastic strain*. 

To simplify the notation (4) is written as 


o + 60e Ke (6) 


where tensor elements are regarded as constituting vectors in a 9-space. K is a 
symmetric 9 x 9 matrix and @ is the fractional rate of volume increase. If the 
total strain recoverable by complete unloading is infinitesimal, K would be positive- 
definite for any actual solid, according to the familiar thermodynamic argument in 
classical elasticity. On the other hand, K need not be positive-definite when the 


*See, for example, equation (18) of Hitt (1957¢); note that there the stress-rate symbol refers to components 
associated with fixed axes and differs from the present one 
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recoverable strain is finite, and indeed there is no need so to restrict K in the 
subsequent analysis*. 
For a plastic element the simplest hypothesis is 


6 +00 — K(e —«€ (7) 


where ¢,, is the plastic part of the strain-rate, and K is a symmetric matrix depending 
only on strain-history. Suppose that 


p) 


h . [n (o + 0c) | n when n(o + 0c) > 0 
(8) 
0 
where h is a positive scalar measure of the current rate of workhardening and 
depends on o as well as the strain-history. The * direction ’ of the plastic strain-rate 
is specified by the unit vector n, which also depends on o and strain-history ; 
n is stipulated to be deviatoric so that there is no permanent volume change. 
Since @ is directly expressible in terms of stress-rate through the elastic moduli, 
the equation 
n(o + 0c) = 0 

effectively defines those stress-rate vectors that are tangential to the yield surface 
at the current stress point, and thereby the surface element. This does not have 
n as its normal and so yielding is affected by the hydrostatic part of the true 
stress. For present purposes no restrictions need be placed on the shape of the 
surface, and in particular we do not make the customary assumption of convexity. 

Note that, in view of the definition of 6, equation (8) conforms to the minimum 
requirement that it is satisfied identically by a rigid-body spin of the element 
together with the stress state. 

To invert the relations (7), with (8), we first remark that 
; (1 + h' nKn) when 
nKke = n(o + Go). 
1 
provided 1 +/-'nkn> 0. This inequality we satisfy a fortiori for any h> 0 
by requiring 

nKn > 0 in a plastic element. (9) 


That is, the K quadratic form is positive for deviatoric vectors ; this has the inter- 
pretation that a strain-rate in direction n constitutes loading. Then, in a plastic 
element, 
nKe 
6 +00 = Ke — {(nkn 
0 


Kn when nKke > 0 


If the rate of hardening is zero (8) is replaced by 


(yn, where y > 0, when n(¢@ + 0a) 


(8’) 
lo 
*It is of more than academic interest that the eventual uniqueness theorem and extremum principle then apply 


also to some ‘ unreal’ materials. For it can happen that a boundary-value problem is solvable in the first instance 
more easily for some special kind of unreal material ; this solution can then be of use in finding that for the real 


material. 
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while (10) still holds, with h = 0. 

Now in fact the only elastic-plastic solids that have been studied experimentally 
are the common metals. These have elastic moduli so great compared with any 
stress supportable by the material that there is perhaps no point in retaining the 
@o term nor in postulating any particular stress-dependence of K itself in the 
elastic range, though we may still envisage measurable changes in K due to plastic 
straining, especially through changes in the state of anisotropy. Equations (7), 
(8) and (10) then reduce to the generally accepted relations*, with n as the unit 
normal to the yield surface (now independent of hydrostatic stress). 


4. FUNDAMENTAL IDENTITIES AND INEQUALITIES 
We shall later need to refer to the quantity 


_ % % 


E(v) =4(e + Bo) € — oy (2 (11) 


i Sk ~ SD. =) 
ui ¢/ 


which is a function of velocity gradient, equal to 4 sj; dv;/ da; by (8). Moreover, 
in view of (6) and (10), 


dv; SE 
&,,d (°) ae 
dn; > (dv,/da4) 
That the left-hand differential is perfect could also be recognised in advance from 
the symmetry, with respect to interchange of ij and kl, of the matrix of coefficients 
in the relations between s,; and dv;/daj. 
Now let e*, € denote distinct strain-rates and o*, @ the corresponding stress- 
rates in an element in a given condition and state of stress. We write Ae = e* — e 
and similarly for the differences of other starred and unstarred quantities. Note 
that when the element is plastic Aé and A «, regarded as single vectors, do not 
necessarily correspond in the sense of being related by (10). 
Lemma I. In an elastic element there is the immediate identity 
A(@ + 00) Ne = Ac K Ae. (12) 

In a plastic element, for h > 0, 
, nK Ae)? 
A(o@ + Oa) Ace > Ac K Ac ( y 


3 
nKn — h (18) 


This lemma is used in deriving the uniqueness criterion (Section 5). 

Proof. The equality in (13) holds when both strain-rates call for additional 
loading, from (11) and the symmetry of K. The inequality holds when n K «* > 0 
and nKe < 0. For then the left side of (13) is 


(nKe*)(nK Ae) 
—nKkn +h 


Ae K Ac 


and this exceeds the right side. Finally, if both strain-rates produce unloading, 
their difference satisfies (12) and hence (13) a fortiori (with equality only when 
nK Ae = 0). 


*Though the form of (10), and the modification of the loading criterion through the inclusion of elastic anisotropy, 
is perhaps a new generalization. 
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Lemma II. In an elastic element there is the easily verified identity 
2(6 + Oo) Ae + Ac K Ac = A[(e + Go) e. (14) 
In a plastic element, for h > 0, 
: . (nK Ae)? | | , . 
2(¢ + 00) A Ac K Ace — ———_| < A 6 , 1 
(o oc) <+| € € anak [(o + a) «| (15) 
This lemma is used in obtaining the extremum principle (Section 6). A weaker 
inequality sufliced in the existing proof of this principle when geometry changes 
are neglected (K being positive-definite) : in that event the square bracket, which 
is positive by Cauchy’s inequality, is omitted from the left side of (15). 
Proof. When nKe > 0 the left side of (15) is equal to 
(nKe)* 
nkn +h 
by (10) and the symmetry of K. If n K e* > 0 this is just the right side of (15) 
which is therefore an equality. If, however, n K e* < 0 the right side exceeds 
the left by (nKe*)*? (nKn + h). 
When nKe < 0 the left side of (15) is equal to 
(nK Ae)? 


A (eKe) — —.e 


A eK — 


If nKe* > 0 the right side of (15) is 
, nK e*)* 
bike — 
nkn +h 
which exceeds the left since (n K Ac)? > (nK e*)*. If nKe <0 the right 
side of (15) is just A(e Ke) and is not less than the left (being equal when 
nK Ae = 0). 
5. UNIQUENESS CRITERION 

We regard the current distribution of stress in a body as given, together with 
the material properties at every point. For simplicity body forces are omitted 
since their mode of inclusion is sufficiently obvious. The nominal traction-rate 
F is specified on a part S,, of the current surface and the velocity v on the remainder 
S,. These conditions and the field equations (2), (3), (6) and (10) set a boundary- 
value problem for the internal velocity field. 

Suppose that there could be two distinct solutions (not differing merely by a 
rigid-body motion when S,, = 0) and denote their difference by Av. Then, from 
(1) and (2), with S and V as the present surface and volume, 


1 


0 = | aF avas - Jae a(S)av 


- fac + 0a) AedV — J (Av) 


: j du; dv, . 
2(v) = Jou (245 «x — vi) av. 
s | 
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A sufficient condition for uniqueness is therefore that 


A(@ + 00) AedV — XY (Av) > 0 


for the differences A v of every distinct pair of continuous velocity fields taking 
the given values on S.. 

For applications it is preferable to replace this condition by a slightly weaker 
(over-suflicient) criterion which is a functional only of the single vector Av. 
From lemma I, when h > 0, 


| ae Oo) Ae dV > H (Av) 


where 
A _ 
(ne) aV 


H(v) = |eKedV— |S av, 


. 


V, being the whole of the plastically stressed zone. We thereby obtain the 
sufficient condition 


H(w) — 2(w) > 0 (16) 


for all continuous velocity fields w vanishing on S, but not identically zero in V. 
That the condition may well be often over-sufficient (i.e. not necessary) can be 
surmised from its being entirely independent of the particular boundary values of 
velocity and traction-rate. 
H, will henceforward be written for H when h = 0 in V,,, corresponding to a 


non-hardening solid. Similarly HW, will be written for |e«KedV, the value of 


H when h + & in V,, corresponding to a solid which has not previously been 
plastically strained. Note that HW, < H < H,. 
The following situations may be distinguished : 


(i) < H,, for all w fields. The problem is unique for purely elastic 
behaviour, as has been shown elsewhere (Hitt 1957c). 


= < H,, for all w fields. The problem is unique for all h > 0, since 
H > H, and 2 < H always. 


S < H, for all w fields, with equality for at least one. The problem is 
unique whenever h > 0 (workhardening solid) since 2 < H, < H. But 
nothing can be concluded when h = 0 everywhere in V,, (non-hardening 
solid) since 2 = H, = H for at least one field. 


(iv) 2 > H, for at least one field and 2 < H,, for all. The problem is unique 
with certainty only for sufliciently great rates of hardening. 


To clarify and give precision to (iv) consider an elastically-isotropic solid, for 
which n K n = 24 where yp is the rigidity modulus. Then 


H,, (w) (Ad? + 2un?) dV, HH, (w) = H, (w) | 2 (nn)? a¥,, (1 


* 


where A is the other Lamé constant, and y is the strain-rate and ¢ the fractional 
rate of volume increase corresponding to w. If h/u has the same value throughout 
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V,, the uniqueness condition can be rearranged to give explicitly 


where B = Max ( == “| in class w, 


Qu B.-Z 


the algebraic maximum being implied. 


6. ExtTremumM PRINCIPLE 


When the criterion (16) is satisfied, the unique solution is characterized by the 
following extremum property. In the class of continuous velocity fields taking 
the given values on S, the functional 


[emav ~ |Fvas, (19) 


. 


has an absolute minimum when v is the actual solution, E being as in (11). The 
least value is } | | Fv ds, | Fv aS from (3) and the usual transformation. 


With Av = v* — v, where v* is any distinct field of the class, 
A | Fv ds, | Fav ds, 
F being given in the left-hand integral. From (3) this becomes 


- , a * dv; dv; , 
(@ + Oc) Aedt Je 2 Ae; — i A a | dV. 


Now by (14) and (15) 


2 |e + 00) AedV + H(Av) < a [ie + 00) edV. 


There is also the identity 


2 Jom 2 dé; — 


Combining the last three equations and using (16), which holds for w = Av 


3) dV + Z(Av) = A Z(v). 


AY 


dv; A | 


or, 


by hypothesis, 
A |(e + Oe)edV — X(v) — 2 [Fvas,| > 0. 


This proves the extremum principle. When geometry changes are negligible 
(2 and @ terms discarded, true and nominal stress-rates not distinguished) it 
reduces to a known result (HILL 1950, pp. 65-6). 

The minimum is also analytic, as well as absolute, in the sense that, for any 
infinitesimal variation 6 v, the first variation of (19) vanishes when v is the actual 
solution. For the inequality rests on the second-order term H (iv) — 2(8v) 
and (by inspection of the proof of lemma II) on the integral of (nK 3e)?/(nKn + h) 
over that part of the plastic zone where neither of the actual and varied fields 
produce loading. 

For the same reasons, even when the solution is not unique and (16) is not 
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satisfied, the variation principle exists in respect of each solution, though the 
extremum principle may not. 

It is essential to keep in mind the distinction between the functionals in (16) 
and (19). In the elastic zone and in the part of the plastic zone where n K « < 0, 
(@ + @@) « is equal to « K «. Only in the loading part of the plastic zone, where 
n K «> 0, is it equal to 

; nk «)* 
eKe = . : 
nkn +h 
By contrast, in the uniqueness functional the term containing 4 has to be included 
everywhere in the plastic zone, irrespective of the sign of nXy. 

Further insight into the connexion between the extremum principle and unique- 
ness criterion can be gained by studying the matter for a still more general class 
of solids. We describe the basic idea here only in outline. Let the (non-linear) 
relations between nominal stress-rate and velocity gradient be 

ME 
sy ) (dv \a ) 


= 


where E is a function of the velocity gradient, depending also on strain history, 
with continuous first derivatives and sectionally continuous second derivatives. 
Supposing there could be two distinct solutions to the boundary-value problem, 


| Mey A (<) dV 0. 


\ sufficient condition for uniqueness is therefore that 


ca a od x . 
i a(x/)al 0 (20) 


{do (OU; ‘da,)) 


for all pairs of continuous velocity fields taking the prescribed values on S.. By’ 
specializing (20) for pairs differing only infinitesimally, we see that it implies 


| i fi, &,dV > 0 (21) 


for arbitrary £,, and for 


dz,) d (Dv, /da,) 


corresponding to any velocity field. 


Now, by the mean value theorem of the second order, when ¢,;,, is a con- 


tinuous function of velocity gradient, 


[ae _ ()| dV =§ [eq d (2) 0 ( 
. ’ | ( ) 
| d (dv,;/d2;) My, | kl wu; ww, 
where A Vv is now the difference of any two fields, and the bar denotes a value for 


some velocity gradient on the * join’ of those for the two fields. From (21) and 
(23), with €; = A (dv,/da,), 


F AE OE A dU; iV 
| (dv, /da,) ( | oe 
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(When ¢,;,, is discontinuous an extension of the conventional mean-value theorem 
has to be invoked, and a corresponding interpretation placed on (21)). If, now, 
v is the actual unique solution a transformation of the last equation gives the 
extremum principle 


A | EdV - |fy as, | > 0, (28) 


which has thereby been derived as a consequence of (20). 

This is an extension of the systematic procedure of Hit (1956a) for * convex ’ 
functions E, in that (20) can be satisfied without the integrand itself being always 
positive. This extension was given in essence by HiLi (1957c, pp. 233-4) in 
connexion with rubber-like solids for which £ is a quadratic form whose second 
derivatives are the clastic moduli, For elastic-plastic solids E is given by (11) 
in conjunction with (6) and (10); its second derivatives are discontinuous for 
velocity gradients such that n K « = 0. 


7. STABILITY CRITERION 


Suppose that a part of the surface of the body is rigidly constrained and that 
constant nominal tractions (dead loading) are maintained on the remainder 
throughout any movement from the position of equilibrium at stage t. Let u be 
an arbitrary virtual displacement, during the course of which the nominal stress 
changes-from s,; to s;; + 48,; (still referred to stage t). In a further infinitesimal 
displacement du the increase in internal energy exceeds the work of the external 


forces by the amount 


| (os + 885) d (3); dV - |r aw as 7 fu : (2) av. 


where S, V and a; are the surface, volume and position at stage ¢. The total 
excess in reaching the position u is the integral of this over the whole * path.’ 
A sufficient condition for stability at stage ¢ is therefore that 


jfoue(aer>e o 


where the inner integral is taken along any path leading to each geometrically 
possible configuration infinitesimally near the initial one. These configurations 
need not of course be positions of equilibrium since they are envisaged as being 
attained (if at all) by free motion following a transitory dynamical disturbance. 
However, it may happen that there is a certain path that can be traversed quasi- 
statically under the dead loads ; in this event the integral vanishes, as may be 
shown by direct transformation or equivalently from the virtual work principle. 
Of course the integral can vanish in other circumstances also. 

In a plastic solid the change in stress is not a single-valued function of the 
total displacement gradient, and so (and if only for this reason) the integral in 
(24) is strongly path-dependent. Among the paths leading to any one final position 
the most critical for stability is that which calls for the smallest increase in internal 
energy in the body as a whole. In attempting to determine this it seems desirable, 
at the outset, to approach the problem by calculating the least increase in energy 


246 R. Hr 


in bringing each element of the body separately to its final state of distortion ; 
since this would generally violate the continuity of the material, the actual least 
value may be underestimated and the resulting stability criterion be over-suflicient. 
However, we shall later give a reason why this is not the case here. 

In an element after a finite distortion there is a unique triad of mutually per- 
pendicular directions which were also perpendicular initially, though not necessarily 
so during the straining. These are the * principal directions’ in the element. 
Let A, (r = 1, 2, 3) be the natural logarithms of the ratios of the final and initial 
lengths in these directions. The final distortion could be reached along a path 
at every stage of which the true strain-rate (based on the configuration at that 
stage) has principal axes coinciding with the principal directions and _ principal 
components proportional to the A,’s. It seems very probable that this is actually 
the optimum path (at all events to neighbouring states), but a rigorous proof 
has not been found. We adopt it here as a hypothesis. 

The calculation need only be correct to second order in the additional displace- 
ments, which are now taken to be infinitesimal. Let the true stress initially have 
normal (not principal) components o, along the strain-rate axes and suppose they 
finally become o, + 50,. At any intermediate stage on the optimum path the 
changes in the normal components are in proportion to the respective 4o,’s, 
to first order, since the strain-rate components are maintained in fixed ratio ; 
moreover, to this order, the relations between the de,’s and the A,’s are exactly 
those between the true stress-rates and the strain-rates (10). The total work of 
distortion, per unit initial volume, is then easily shown to be : 


2 [e, + 4 (80, — o, dp/p)] A, 


to second order, where p is the density. In terms of components referred to the 
a, axes this is 
[ois + 4 (80;; — a; 5p/p] Xi; 


where, to second order, 


and 


P 


Us ou, te) 
Mw; , Mw, dM; 


is the Lagrangian strain tensor. 60,;; denotes the change in the stress components 
along axes rotating with the element and initially coincident with the 2; axes. 
With the help of the differential form of (3) we finally obtain the compact 


second-order formula 
($i; 


for the work of distortion per unit initial volume on the optimum path. In this 
it is to be understood that 4s;; and du,;/dz; are related in the same way as 8ij 
and dv; dv;, namely through (8) and (10) if the element is plastic, and through 
(6) if it is elastic. This expression for the work is evidently obtained also from 
a path in which the displacement field throughout the body is increased propor- 
tionately and continuously (possible if the material is compressible). It follows 
that we have certainly not underestimated the least work. 
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Equation (24) can now be replaced by 


| Mi av>o. 


4 du; : 
| 38; ; : J dl > 0 or ij 
d d ww; 


oF * 
since the admissible fields can now be regarded indifferently as either displacement 
or velocity. Equivalently, by (3) and (11), the criterion is 

2 | E(vyav = |(6 + 00) «dV — S(v)>0 (26) 
for all fields v vanishing at the constraints. Now it was shown that the boundary- 
value problem set by rigid constraints on S, and given nominal traction-rates on 


S, has a unique solution when 
| Ave + 0a) AedV — S(Av) > 0 (27) 


where Av is the difference of any pair of fields vanishing at the constraints. 
Ase, Ae are the differences of the corresponding stress-rates and strain-rates, 
but are not necessarily related by (10) in the plastic zone, on account of the non- 
linearity inherent in the different behaviour in loading and unloading. Con- 
sequently (26) and (27) are distinct criteria. Nevertheless, there is a definite 
connexion in that (26) is always satisfied when (27) is (but not vice versa) ; for 
(27) reduces to (26) when one field of a pair vanishes identically. A partly plastic 
state in which the boundary-value problem has a unique solution is therefore 
certainly stable ; and even when the solution is not unique the state may still be 
stable. This is the general statement and proof of a conjecture by SHANLEY 
(1946, 1947). 

The situation can be seen more clearly when the solid is elastically isotropic 
and h/u has the same value everywhere in the plastic zone. With the notation of 
Section 5, and supposing that Y < H,, (26) becomes 

2 — H,! 
where x = Max F :) in class w, (28) 


aS 
ive) — 


H,' (w) = H, (w) — [2 (an? av,’ 


where V,’ is that part of the plastic zone where ny > 0. This formula differs 
from (17) in that H,’ replaces Hy. Since H,’ > H, for any one field, 8 > x. The 
critical values « and 8 can have either sign or vanish. 

In the case 8 > « > 0, if the rate of hardening is progressively lowered, keeping 
everything else fixed, there is reached first the value 8 when uniqueness is no 
longer certain and afterwards the value « when instability first occurs. Thus, 
for certain processes of distortion, a point of bifurcation can be reached at an 
earlier stage than a failure of stability (supposing, naturally, that the rate of 
hardening diminishes with continued strain). Moreover, at such a stable bifurca- 
tion the loading must change with further deformation in such a way that 


| Fv dS = 2 | E(v)dV>0 


where v here denotes the velocity in any of the possible actual modes. 
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The given state may be such that there are special values of h/2 yu (eigenvalues) 
for which deformation can proceed under temporarily constant loading (i.e. 


loosely speaking, through adjacent positions of equilibrium). Since { Wd V then 


vanishes for the actual velocity field, no eigenvalue can exceed the stability limit 
x corresponding to the given state. On the other hand, although the stability 


. 


limit is itself marked by the vanishing of | eav for some field, there seems no 


reason why this should necessarily be an actual field under dead loading nor 
x an eigenvalue. This does not appear to have been envisaged in previous work, 
which has been concerned almost exclusively with determining neighbouring 
positions of equilibrium. We may contrast this possibility sharply with the 
behaviour of an elastic solid (at least in the classical linear theory) where, according 
to Rayleigh’s Principle, the stability functional remains positive as the varied 
parameter ranges right up to the first eigenvalue. 


8. Comparison witH Ricip—PLastic THErory 


Consider the limiting form of the previous theorems when the elastic moduli 
are indefinitely increased, the current stresses and rate of hardening being held 
fixed. K is now taken to be positive-definite. 

In the uniqueness criterion (16) the functional 2 is independent of the moduli 


while the asymptotic form of H is 
H (w) = H,(w) + . (eet)av . 


since n A n never vanishes. H, is never negative, by the Schwarz inequality, 
and vanishes only for incompressible w fields such that 4 = 0 in the elastic zone 
and yan in the plastic zone (the proportionality factor being arbtirary in sign 
and magnitude). For these special fields 


H (w) = | hy? d 


while for all others H, and H can be made arbitrarily large and positive by increas- 
ing the moduli, Consequently the sufficient condition for uniqueness approaches 
the requirement that 


| im? dV Z(w)> 0 


for all special w fields vanishing on S,. In particular, when the solid is plastically 
isotropic, the principal axes of n, o and the special y coincide and 2 can be written 
more concisely as 
' dw, Iw 
. . 
Cy /_ kay. 
Maj dz; 
These are exactly the results obtained for a rigid—plastic solid, when it is treated 
purely on its own merits and not as a limiting case (HiLL 1957a*) ; that is, from 
*The restriction there to convex yield surfaces is in no way essential to the proof and could be dropped forthwith 
(other considerations apart). A slight modification would arise since the stress in the deformable zone need not then 
be determined uniquely by the current tractions on Sf and velocities on Sp. Similarly, in an elastic-plastic solid the 


state of stress approached asymptotically under constant surface traction and velocity need not be unique anywhere 
(contrast Hitt 1956a, p. 72) but would depend on the initial stresses 
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the outset € is put zero in the elastic zone while (8) is replaced by h « = (née) n 
in the plastic zone. There are no inverse relations such as (10), for which reason 
the boundary value problem uniquely determines the strain-rate only and not the 
stress-rate, unless 8S, = 0 (ef. Hit. 1956b, p. 248). 

The general connexion could not indeed be regarded in advance as automatic, 
if only on the ground that a property possessed by all members of a limiting 
sequence need not be a property of the limit itself. Not only that, but the setting 
of the boundary-value problem itself for a rigid—plastic solid is different in that, 
if the existing stresses are regarded as given, the velocity can not be prescribed 
arbitrarily on S,. Conversely, if we choose to regard the velocity on S, as arbitrarily 
prescribed, the associated stress in the deformable zone is decided, at least when 
the yield surface is convex (H1LL 1951); if the pre-existing stress were different 
it would change instantaneously to become consistent with the imposed velocities 
(ef. Hii. 1950, pp. 58-9). 

Consider, next, the functional (19) in the extremum principle. As the elastic 
moduli are increased, the value of the functional is unbounded except for incom- 
pressible fields v such that « = 0 in the elastic zone and eo n in the plastic zone, 
with a non-negative factor of proportionality, when its limiting value is 


he dV — S(v) —2 | Fvds,. 


Only such special v fields satisfying the velocity boundary-conditions need be 
considered in the principle. These fields exist and are just the set of virtual modes 
for a rigid—plastic solid under the given surface tractions and velocities, provided 
the latter are consistent with the given internal stress. Just such a principle 
was proved by Hi. (1957b) for a rigid—plastic solid treated on its merits. But the 
minimum is only analytic when the actual solution involves no unloading (op. cit., 
p. 304) ; this is therefore an example of a property not shared by the two solids. 

Consider, finally, the stability criterion (26). In the limit, as before, we need 
only consider the set of virtual modes for a rigid—plastic solid under the given 
loads and constraints, the functional becoming 


[ne av ~ Z(v). 
This agrees with the results obtained for a rigid—plastic solid treated on its merits 
(Hit. 1957d). However, for an elastic-plastic solid the uniqueness and stability 
functionals differ but the classes of admissible fields are identical, while for a 
rigid-plastic solid the functionals are the same but the admissible classes differ. 
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BOOK REVIEWS 


Solid State Physics. Edited by F. Serrz and D. Turnsuty. Vol. IV. Academic Books, 
London, 1957. 540 pp. 96s. 


Tue fourth volume in this valuable series follows the same pattern as its three predecessors, 
and contains five review articles on relatively unrelated topics in solid state physics. Two of 
these, Ferroelectrics and Antiferroelectrics by W. KAnzer, and Theory of Mobility of Electrons 
in Solids by F. J. Buart, are of considerable length, and might well have formed books on these 
important topics. In fact had they done so we would probably have had indexes — as it is, it is 
far from easy to refer back to topics touched upon in these reviews. Of the three remaining, two, 
The Orthogonalised Plane-Wave Method by T. O. Wooprurr and Techniques of Zone Melting 
and Crystal Growing by W. G. Prann, are of average length while the third, by R. S. Knox, 
is a Bibliography of Atomic Wave Functions and is very short, being essentially a table, similar 
to that given earlier by Proressor Harrreer, of references to all the computed atomic wave 
functions published before March, 1957. 

The article on ferroelectrics and antiferroelectrics is a mine of information about the various 
properties of these substances, and will be invaluable. The method of presentation is to take 
each type of physical measurement separately, make a few general remarks and then describe 
in detail how the different types of ferro- and antiferroelectrics behave. This reader was fairly 
rapidly saturated with the wealth of information recorded, and would have weleomed some 
systematization within the framework of a fairly simple theory, though nothing along these 
lines seems to be available. The author indicates a number of directions in which further studies 
would be valuable, and one cannot help but feel that here is a wonderful field for the right 
theoretician. 

The article on electrons in solids is mainly theoretical and is concerned with the use of the 
Boltzmann equation in transport problems in metals and semiconductors. The approach is to 
deal with the simplest cases first. This leads to a certain amount of duplication, since these can 
usually be studied as special cases of more complicated systems. Nevertheless the step-by-step 
treatment makes for easy assimilation and would seem on balance to be the best way of presenting 
this subject. 

The description of the orthogonalized plane-wave method forms a very specialized article. 
This is a method which has been used by a number of workers to obtain information about the 
wave functions and energies of electrons in solids. However, when the accounts are published 
in the literature there is usually so much abbreviation that, although the general outline of the 
method is clear enough, it is often difficult to appreciate exactly what has had to be done. This 
article sets out to remedy this by describing in detail the various steps needed to use the method 
for silicon, so that apart from its general interest it should enable anyone contemplating such a 
calculation to see what is involved. 

In the article on zone melting and crystal growing the attempt is made to describe in words 
what must surely be regarded as an art. However, it is an art that is widely practised and such 
a clear and interesting account of it will be most welcome, particularly as a number of valuable 
curves, such as those giving solute concentration against distance in zone length for different 
numbers of passes, are given. The article also contains descriptions of new methods, a particularly 
ingenious scheme being that devised for continuous zone refining. 

This fourth volume entirely lives up to the standard set by the earlier volumes, both in the 
value of the subject matter reviewed and in its standard of presentation. Originally it was 
proposed that after the first few volumes the rate of production should drop to one volume per 
year. From the list of projected articles it might seem that so far little impression has been made 
on reviewing the whole field, for there are still forty-five articles to come. The editors have 
decided to continue publishing two volumes a year for some time longer ! 


K. W. H. Stevens 
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J. C. Jarcer : Elasticity, Fracture and Flow. Methuen’s Monographs on Physical Subjects, 
London, 1956. 152 + viii pp. 10s. 6d. 


Many books have appeared in recent years in the field covered by the title of this volume. It is 
relevant to enquire, therefore, whether the book fills a real need, either in the sense of presenting a 
new approach, or in covering in a significantly more satisfactory manner ground covered in other 
books. The author justifies his volumes as a presentation of the basic mathematics of the theories 
of elasticity, plasticity, viscosity and rheology, together with a discussion of the properties of the 
materials involved and the way in which they are idealized to form a basis for the mathematical 
theory. It is his intention that the book should not only be regarded as an introduction to more 


comprehensive mathematical works, but should help a larger class of readers who wish to gain an 


understanding of the basic mathematics and assumptions of the theories and their relation 
to actual materials, without themselves acquiring facility in the solution of specific problems. 

The volume is divided into three chapters. The first, of 48 pages, gives a conventional analysis 
of stress and strain in two and three dimensions. Finite as well as infinitesimal strain is introduced. 
The second chapter of 58 pages discusses the behaviour of both real and idealized substances, 
noting the assumptions involved in the models used. A large variety of topics ranging from the 
elasticity of anisotropic substances to Monr’s theory of fracture and GrirririH cracks are treated 
in this chapter. The final 43 pages deals with equations of motion and equilibrium and contains 
illustrative examples. 

Of the space specifically dealing with one of the theories discussed, rather more than a half is 
devoted to elasticity, with viscous flow and rheology having the least. It would be very easy and 
quite unfair to critize a volume of this kind for what it does not do. Clearly the author cannot 
be expected to compress the contents of several volumes into one of 152 pages and the selection 
of, and emphasis on material is partly a matter of individual interest. The reviewer feels that 
both in conception and execution the book is a worthwhile addition to the available literature 
and fully meets the objectives set out by the author. As a matter of personal preference the 
reviewer would have shifted the emphasis a little away from elasticity towards plasticity, since the 
former topic is much more fully covered in the literature than the latter. 

The author is to be congratulated on the writing of this useful volume which will undoubtedly 
be of value and interest to students, teachers and research workers. The standards of printing 
and binding are high and the publishers deserve commendation for producing the volume at a 
price which should be well within the reach of the intended reader. 

J. F. W. Bisnop 
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BUCKLING OF SANDWICH CONSTRUCTIONS BEYOND 
THE ELASTIC LIMIT 


By E. Ll. GricoisuKk 
Institute of Mechanics, Academy of Sciences of U.S.S.R. 


(Received 10th Jannary, 1958) 


SUMMARY 


Tue stability of elastic-plastic sendwich shells of an arbitrary shape is investigated on the 
assumption that, at the moment of buckling, the load-carrying faces are in a fully plastic state 
and the core remains elastic. The equations are obtained on the basis of both the deformation 
theory and the plastic flow theory. The flexural stiffness of the faces is taken into account. 
The equations obtained permit the prediction of the critical loads of columns, plates, and shells 
of arbitrary form. 


1. Previous INVESTIGATIONS 


AN analysis of the stability of sandwich structural elements has been presented 
only in a limited number of papers, which are primarily related to the analysis 
of rectangular plates. 

Columns. The first attempt to analyse the stability of sandwich columns under 
centrally axial compression is contained in the paper by Troxe.tt and ENGEL 
(1947). For determining the critical load of a simply supported column with a 
core resisting only transverse shear, and faces whose own bending rigidity can 
be neglected, use is made of the Engesser formula (1891) which evaluates the effect 
of transverse shear on the critical stress of the column : 


Pr 
+ P,/G, F 
7 El P 
P, ait P., = 20 lt, I[=j4t(e +t? F = be 

E is the Young’s modulus of the load-carrying face material ; G, the shear modulus 
of the core material; 6, 1 the column width and length, respectively ; t, ¢ the 
face sheet thickness and core thickness, respectively. 

At stresses above the elastic limit the authors recommended replacing E by the 


tangent modulus E’, the relation of slenderness ratio and stress being assumed 


to be linear : 


where a, is the failing stress. 
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Norris and Kommers (1950) have presented curves of critical stress as a function 
of the ratio of face and core thickness (honeycomb core, dural faces). 

Unnecessary simplification of the plastic buckling analysis is contained in the 
paper by FiUcce (1952), who for determining the optimum column dimensions 
assumes stress to be constant. 

Plates. The author is aware of only those publications which are related to the 
analysis of rectangular plates. In the first of these, Norris (1948) investigated 
the stability of a rectangular plate in compression and introduced a double or 
reduced modulus 

2EE’ 
- FE’ 


obtained for an ideal I section with an infinitely thin web and identical flanges, 
the cross-sectional areas being concentrated in the centroid. 

All the subsequent papers that will be discussed here are based on the assumption 
that strains are fully plastic at the moment of buckling. It is usually supposed 
that faces and core are orthotropic, the flexural stiffness of the faces is negligibly 
smaii, the core is always elastic and resists only transverse shear, shearing deforma- 
tions are distributed uniformly across the thickness of the core, and the core is 
attached to the middle surfaces of the faces. 

Sempe and Srowex. (1950) treated the stability of a rectangular plate under 
compression in one direction by using the Lisove and Barporr (1948) relation- 
ships, where the bending curvatures «,, x, and twisting curvature «,, are defined 
on the assumption that plane sections remain plane under transverse shear : 


a-(e-B), a= (6- Mp alle) - 9) 


z dys y 7] 


where w is the deflection, Q,, Q, are the transverse forces, d,,, dy, are the core 
shear stiffnesses, and wx, y are the orthogonal coordinates. 

The relationship between bending 5 M,, 6 M, and twisting 6 H moments and 
curvatures is accepted as 


6M, = dy, Ky — dis Ke, 6M, — dy, Ky dog Ky, 8H = — dyy kyo. 


mentally from flexural and torsion tests or from the schematised representation 
of the deformation of a plate. Under the foregoing assumptions in the elastic 
buckling problem (with v = Poisson’s ratio for the face material, and G, = shear 


Here d,,, dig = dy, deg, dg, are stiffnesses that can be obtained either experi- 


modulus of the core material), 


Et (e +t? 
d 


2(1 — v2)’ = 


d,, = d,, = D d,, = vD, 


d,, = d,, = cG,, d,, = (1 — v) D, 


whereas for a fully plastic state of the incompressible face material under uniaxial 
compression the following expressions are obtained either in the elastic or in the 
plastic range, by use of the deformation (total strain) theory : 


dy, = E,t(c +t? (1 +3 E'/E,), dig = dy, = dys = dy, = 4 E,t(c + 0), 
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where E, is the secant modulus. The core shear stiffness remains unchanged 
since stresses in the core are assumed not to exceed the elastic limit. 

By adding to the foregoing relations the equations of neutral equilibrium 
(with N,, N, and T as the middle surface forces) 


(5M,),, + 2(3H),, 
8Q, — (3H), —(8M,), =0, 8, — (8H), — (8M,), = 0, 


+ (8M,),, — N, w,, — Ngw,, — 2Tw,, = 0 


one can obtain three equations for w, 5Q,, 5Q,, which in the case of simply 
supported edges are satisfied by the following expressions : 


7m” . nary mre . n7ry 
sin ; sin , 


. m 
Wy, Sin 5Q, = 5Q,, cos 
a ) a b 


mre nary 
cos . 


BQy = BQso sin ; 


Here wo, 5Qj9, SQ are constant ; a, b are the plate dimensions in the plane ; 
m and n are the numbers of halfwaves in the buckled plate in the direction of the 
a- and y axes, 

In treating the clastic stability problem the authors used _ essentially 
ReissNeEr’s equations (1948), to which the equations of Lisove and Barporr 
(1948) can be shown to reduce under the foregoing hypotheses. 

It should be pointed out that the form of the relationships between moments 
and curvatures similar to that accepted in elastic problems cannot be regarded 
as reasonable for investigating the buckling of elastic-plastic plates, since in this 
case both the bending and twisting moments are defined by the bending curvatures 
as well as the twisting curvature of the plate surface. 

Elastic compressibility may be taken into account as follows. The ratio of the 
elastic buckling stresses and stresses at the moment of buckling in the elastic— 
plastic range is assumed to be independent of Poisson’s ratio. Then the buckling 
stress beyond the elastic limit, corrected for elastic compressibility, is equal to 
the buckling stress computed for a given Poisson’s ratio by the use of the elastic 
stability formula, multiplied by a constant factor. The latter equals the ratio of the 
inelastic buckling stress to the elastic buckling stress calculated for v = }. 

The computed buckling stresses of Serpe and Stowe. (1950) are found to be in 
satisfactory agreement with the experimental results reported by BoLLEer (1947) 
(dural faces, cork-tree core). 

Further, Seip (1949a) treated the shear buckling of an infinitely-long simply- 
supported rectangular plate, and also of a rectangular plate with two opposite 


edges clamped and two others simply supported under uniform compression in 


one direction (1949b, 1952). A comparison of Se1pe’s theory and experimental 
data for plates having dural faces and a cellular cellulose acetate core (1949b, 1952) 
indicates considerably better agreement than in the case of end-grain-balsa cores. 

BuLaarp (1949, 1950, 1951) gave an approximate method (called by him 
‘method of split rigidities ’) for determining the critical loads of sandwich plates 
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supported along the loaded edges. By assuming that the deflection surfaces of 


homogeneous and sandwich plates are geometrically similar, the elastic buckling 


load of sandwich plates may be expressed as 


P,, = Py + P, PoP, + Py) 


cr 


where P, is the buckling load of faces working independently, P, is the buckling 
load of a sandwich plate having infinite core shear rigidity and, P, is the buckling 
load of a sandwich plate when core shear rigidity is taken into account and the 
faces are inextensible and have zero flexural rigidity. Beyond the elastic limit 
the forces P, and P, are multiplied by a certain factor. 

The method of split rigidities, though not universal, permits consideration of a 
number of special problems. Solutions for these are presented by BiusLaarp 
(1950, 1951). Asa rule, this method gives buckling loads lower than those computed 
exactly, though in some cases, as follows from a comparison with the solution 
presented by Serpe (1949) for the problem of the compressive buckling of a 
rectangular plate with two simply supported loaded edges and clamped unloaded 
edges, in a certain range it gives higher buckling loads than the theoretical ones. 

Kvuenzi and Ericksen (1951) investigated the shear stability of simply supported 
and clamped sandwich plates beyond the elastic limit. 

Cylindrical shell. Erixcen (1956) using formulae of his previous paper (1951) 
plotted the curves of the buckling stresses of sandwich cylinders under uniform 
axial compressive load for ripple type of buckling with both faces deformed in 
the same direction, and also in the opposite direction (dural faces, cellular cellulose 
acetate core). The stresses are corrected for the effects of plasticity by replacing 
the Young’s modulus by the reduced modulus, on the assumption that the material 
is incompressible and a part of the shell unloads across its thickness during buckling 
and assuming a fictitious idea about the work of the face material. 


2. FORMULATION OF THE PROBLEM 


Let us consider the inelastic stability of a shallow shell type of sandwich con- 
struction with a lightweight core. The faces and core are assumed to be isotropic 
and homogeneous. Suppose that the Kirchhoff-Love hypotheses hold for the 
faces and that the variation of displacements across the thickness of the core is 
linear. The core has ability to resist only transverse shear. The thicknesses of 
the face sheets are constant and equal; the mechanical properties of the upper 
and lower faces are also identical. A small-deflection theory of buckling will be 
considered. 

Assume that any clement of the faces is in a fully plastic state. With regard 
to the plastic stress-strain relations we proceed both from the deformation (total 
strain) theory and the flow (incremental strain) theory. The relationships derived 
are equally valid for both theories. 

In the present paper use is made of some results previously obtained by the 
author (1957a, b). 
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3. Retations BETWEEN VARIATIONS OF STRESSES AND Srratins BEYOND THE 
Exastic Limit 


It was shown by the author (1957b) that the variations of the stresses 5c, 
do,, 5 7,, and strains 5e¢,, de,, dy,, in any surface of a shell are related by 


tdo, = by be, tr bie be, F bis SY zy 
tda, = by, de, + dye Se, — by, dy,, (3.1) 


tor, = - bs, be, bye be, 1 bys SY zy 


ay 


where the coefficients b,,, byg = by), bag, bys = bg, bez = by, bgg depend on the 
mechanical properties of the material, on the state of stress before buckling and 
on the kind of theory of plasticity used. 
According to the Prandtl-Reuss (flow) theory, 
1 + — g,)*? + 187 
b, =A [2 +r) +9 g Et — oF + “a 
oi 
1 + v) (20, — —2 +. 18y7? 
Diy = by, = A Exe +v) + 1! + ¥) (20, — ,) (9, res oe | 


o% 


= a am ¥ 
by3 = bs, = 3 Ad @ ”) “2 = . = “Vs 
o% 


1 + v) (20, — o,)” : ad 


zy 


by = 4 [2 (0 +») +4¢! 


A 2 — 2 4 pg F— Me, + 0%) — 2 (4 — 5y) 294] 


2 
oi 


i¢ 


2 


vi 


(5 — 4v) (o*, + o7,) — 2(4 — 5v) a, o, + 18(1 — v) od] 


4 


Here ¢,, ¢,, Tay are the membrane stresses before buckling. 
According to the Hencky (deformation) theory, 
E’ 
v 
E 


.¢-mie-aA 
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P (3.4) 


where 


Et (3 . — E,) f 3 = 


bo.) —27' (3.5) 


For v = } expressions (3.2) and (3.4) give the values of the coeflicients for incom- 
pressible material. 


4. Rexations Between VARIATIONS OF ForcES AND MOMENTS IN THE SHELL 
AND DiIsPLACEMENTS Due to BUCKLING 


Introduce forces and moments per unit length of the middle line of the corresponding shell 
cross section. The forces and moments in the faces are indicated in Fig. 1. For the entire cross 
section 


8N, =8Ny, + 8Nyq, Ng 
8M, =8M,, + 8Myy, 5M, 


8T = 8T, + 57», 
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je+t 


= bc, dz, 


5My, 


se 
jc+t 
éT, = | Bray dz, 
je 
jce+t 


6H, _ br yy = dz, 


be 

By means of the assumptions that any line in the faces that is initially straight and normal 

to the middle line of the faces will remain straight after deformation and normal to the deformed 

middle line, and that the variation of displacements across the thickness of the core is linear, 

the following expressions are derived for the displacements u and v due to buckling, in the direc- 

tions parallel to the 2- and y axes, in a surface that is at a distance z from the middle surface 
of the entire shell (Fig. 2). 


(a) Upper face sheet (}e <z<}e +1): 
w= uy + (z — be +4) ®,, — b(c +t) w,. 


(b) Core (— }e <z<}e): 


- Vg — fey) (4.4) 
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(c) Lower face sheet (— $c —t <z << — Jc): 
“ Uy + (z + §(c + 0) w,, V0 =y + (2 + (ce + t)) wy. (4.5) 


Here uw, and v,, “, and vy are the middle-surface displacements in the upper and lower faces, 
respectively, w is the deflection due to buckling, and z is the coordinate across the thickness of 
the shell. 

The variations of strains are 


(a) Faces: 
be, = UM, : S¥gy = Py + Uy 
where R,, R, are the principal radii of the middle surface of the shell. 


(b) Core: 
bY yz 
Add Hooke’s law to the last two relations : 


bree = Ge Byam bry. = Ge dyye- 


The substitution of (3.1) into (4.2) with consideration of (4.3), (4.5) and (4.6), yields 


5 
bi) P 


BN), by Me Og Hy 4 bia? iy bis iz R 
i 


sar by, 
BN ye = Oy Mae — M13 May + O12 Pay — is Mie 


bar Mie ~ bea My + bee Py — Oia i2 

bay Maz — bay May + O22 Moy — O23 Mae 
bay Mie + O33 My — a2 My + a3 Mie 4 
ba) “oe + baa May — 492 May + O53 Mee 4 


e+t 
- [sa O13 My + ey — ae | 


. i . = on 
(by) Wey big Wy 2b ig Wzy) 


12 


g a, bis May + Dia May 


= (by) Wee + big Wy Zhi © yy) 


c+t 
_ E Mie — ag iy + O22 My 


i 


12 (ba, Wagz + bee Wyy - 2by5 Wy) 
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c+t 
= Ps Moz — beg May + bez Vey — beg 2x — 


t? 
— 3 (bg; Wy, + bos Woy — 2bos W py) 


c+t b. 
; — bay Uy + bgg My — bgg yy + bg yy + R 


12 
+ i3 (bg; Wp, + ge Wry — 2bsg Wy) 


b. 
_ | Ym Moz + b33 May — bg2 Vay + gg Mee + (7. 


1? 
v 12 (bg) Wzz + Oyo Wy — 2bag Wry) 


Introduce new variables (RetssNeR 1950) : 


From (4.1) and (4.9) it follows that 


BN, = 2b, Uy + 2dyq Vy — 2,5 (U, + Vs 
8Ng = 2by, Uy + 2bgq Vy — 2bgq (Uy + Vy) —2 ( : 


8T = — 2bg, Uz — 2bgg Vy + 2b (Uy, + 


(c +t)? fe 
$M, = = [bry te + Oye By— ig (%y + Bed] g (P11 Mae + O12 Wyy— 213 Wey) 
(ce + t?* e 


° [bay te + bye By— beg (a, + Bz)] — 6 (ba) Wye + bye Wyy— 2byg wzy) 


(ec 4 1)? 2 


t 
5H . ; [ b3) ty bso By t bg (ty t B,)] 7 6 (bs) Wy, +t bya yy — 2bgy Wy) 


a 


Let us introduce the following notations : 


, e+e 
bm*, = (8Ny, — BNya) 


dm*2 = (8Ng, — 5Ng9) : ; 


c t 
Sm* yo = (8T, — 87) é 
By substituting the first six equations of (4.9) into (4.12) ; 


(c + t* 
bm*) = 2 [O11 te + yo By — by3 (ay + B,)] 
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j 1? 
> (bar %e + bee By — ben (ay + B,)] 


by, % — bo B, ’ by (x, t B,)]. 


For the core 


5. EevuaTions oF NEUTRAL EQUILIBRIUM AND OF COMPATIBILITY 


By use of the results obtained by the author (1957a) the equations of neutral equilibrium 
may be written as 


(8N,), + (8T), = 9, (Ng), + (8T), = 0, 


(dm*,), 4 (dm*ia)y 
(dm*>), + (m* 19), 


(8M,)p¢ + 2 (81D), 4 


N,u Nog We 2Tw, » , J 
where N, = 2,1, Ng = 20,4, T — 2r,,¢ are the forces in a sandwich shell, corresponding 
to its membrane state. 

The compatibility equation is derived by eliminating displacements u and v from (4.6) : 


a” 


=n , yy 1 Wry 0 
R, Ry : 


” 


» 
= zy 


(== 


=) P | bey) 4 | OY zy! 

= vy 2 

The subscripts 1 and 2 refer to the middle surface of the upper and lower faces, respectively. 
The first two equations of (5.1) are satisfied by the force function F 


BN, = Fyy bNy = F,,, éT F,,. 
From the first three equations of (4.11) 
5e,, + 5eg2, be, } dea, dy¥2y1 + 5y2y2 
may be expressed in terms of the force function F : 
A 13 Pay 
“ ty, Pay 


’ 155 Fy 
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A = by, bog bag — b* yo bg — by, b%gg + 2byo by3 beg — 6713 bop. 


6. STABILITY EQUATION 


Substitute (4.13) into the third and fourth of equations (5.1) ; (5.3) and the last three relations 
of (4.11) into the last of equations (5.1) ; relations (5.4) into (5.2). We obtain a set of four equations 
for the deflection w, the force function F, and relative angular displacements « and 8 to analyse 
the stability of an elastic-plastic sandwich shell of arbitrary shape under small deflections : 


9 
Oy Sey — 2byg %zy + O33 %yy — O13 Baw + (Or2 + 433) Bry — ¥a2 Byy = Sele 


bee Byy — 2b2g Bey + Y33 Bee — 431 tee + (Oa, + %33) try — F235 My 


1? 
3 [by reer — 4043 Wprry + 2 (byQ + 2b33) Wrryy — 4423 Wzyyy 4 


(c + 
+ bee Wyyyy | r a [Or tere — By tery + (ba, + 2bg3) Xpyy 


= bog Wyyy bis Bree + (12 t 2633) Brzy — Bboy Bryy u 


, 


I 


yy 


\ bo» Byyy] R 
i 


Ay, F 


’ 
youuu 


For the elastic problem : 
by bos = B, Die : be) =v B, bys 4 (1 —_ v) B, 
byg = bg, = bgo = beg = 0, B Et/(1 — »*), 


and from equations (6.1) we obtain the set of three equations 


“<<. See Ai 


Between the first and the third of equations (6.2) the variable ® can be eliminated : 
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[+ + 


+ 2a, tw,, + 


fb 2a, thy + Mrz, “x = 0 


and at last from the second of equations (6.2) and equation (6.4) : 


(ec + t)? 
2DV? V2 V2 w — 2 G, [ 


c 
2G 1 
+ (v - ) ly -Vty-3 (| 
cB R R 


| 1 


1 Ww 
+ v-2 v2 Be 
(3 


Ry 1 


+ 2a, yy 4. 4tyy tenp| = 0. 


7. STABILITY OF A RECTANGULAR PLATE 


Axial compression. Here a, = — a, Oy = Try 
of neutral equilibrium (6.1) become 


2 
bi, Ley + bss Lyy + (dj + bg3) Bay - ° G, (a . W,) = 0 


2 
bee Byy + 433 Bax + (O12 + 53g) ry c ro eee 


1? 
g (011 aaae + 2 (bye + 2033) Waxy + b22 Wyyyy} + 


(ce +t)? 
ai 


+ (by + 2bg) Bay] + 2otwz, = 0. 


Equations (7.1) are satisfied by 
W = We Sina +/A, siny V Ae 
a = a cos 2 y/A, siny V rw 
B = Bo sina y/A, cos y / Ag, 


_ ng 
b2 


(by) pre + (dyg + 2b33) Ary + Fe Byyy + 


\ 


= 0, therefore b,, = bg, = 0 and equations 


(7.3) 


and wp, %, Bg are constant, a, b are the plate dimensions in its plane, and mand nare the numbers 


of halfwaves in the buckled plate. 
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The critical stress is expressed in the following form : 


t 


™ sah [byy A®y + 2 (yo + 2bgg) Ay Ag + ye A*Q] + 
1 


oa 


G, (c + t)? 
“aaa, o, byg X91 + (by) bog — 6? 9 + by) bag — 2by2 bgg) A*y Ag + 
+ (by, bag — 6? yg — 2dyq bgg + bye bgg) Ay A®y + bag bys A¥y + 


2G, 


c 


Ib, bg A*, + 


| 


[by, A*, + 2 (bye + 2bgg) Ay Ag + bee 4] : 


(by) bag — 6? 19 — 2by2 byg) Ay Ag + bg bgg A®y + 


2G, 


; 4G? 
— [(by, + Ogg) Ay + (bea + gg) Ag) + | 


a 


4 


The lowest value of o is when n 1. The first term in the right hand member of equation 


(7.4) is due to the flexural stiffness of the faces. 


In the case of an infinitely wide plate from equation (7.4) : 


If the first term in equation (7.5), due to the flexural stiffness of the faces, is neglected and if 
by, is taken to be zero, we obtain the BisLaarp formula for determining the critical stress of an 
infinitely wide plate under axial compression in the direction of short edges. 


The stiffness parameters have the following values : 


(a) According to the deformation theory : 


bi 


(1 — 2y)* 


2(1 —2v)+3 


1 


21-2) +32 
E 
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(b) According to the flow theory : 


41/26 
+ (5/4 —v) ob 
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SUMMARY 
A RECIPROCAL property is established for the equations of finite plane strain superposed on uniform 
extension for isotropic and transversely isotropic, incompressible elastic materials. Given any 
solution which expreses the displacements as functions of the initial coordinates of any point of 
the body, it is possible to derive a second solution in which the displacements are corresponding 
functions of the final coordinates. This result, which is independent of the functional form of 
the strain—energy function, is illlustrated by examples. 


1. INTRODUCTION 


In recent work on the mechanics of solids and fluids some attention has been 
focussed on similarities in the solutions of problems which arise from the structure 
of the field equations. Thus Hri1 (1955) has established a connexion between 
different types of boundary value problem in the classical infinitesimal theory of 
elastic plane strain and PraGer (1956) has extended this theory to a wider class 
of materials. Still further examples of correspondences between solutions have 
been given by Hutt (1956). In the two-dimensional theory of elasticity the writer 
(1956) has drawn attention to a feature of the equations for infinitesimal deforma- 
tions which enables the solution of two or more different types of boundary value 


problem to proceed simultaneously, while the corresponding second-order theory 
for finite deformations has been formulated by Apkuns et al. (1954) and by ApKINs 
and GREEN (1957) in such a manner that a wide range of problems may be solved 


together. 

In the present paper further attention is given from this point of view to the 
finite plane strain equations for incompressible elastic bodies. It is shown that, if 
a solution of these equations is derived for an isotropic material, or for a body 
isotropic in the planes of movement, in which the coordinates of points in the 
undeformed body are expressed as given functions of those in the deformed body, 
then a reciprocal solution can be inferred in which the coordinates of points in the 
deformed body can be expressed as corresponding functions of the initial co- 
ordinates. This result is true irrespective of the magnitude of the deformation or 
the functional form of the strain-energy function. In general, there appears to 
be no simple relationship between the stress systems required to maintain the two 
states of deformation. 
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The theory is illustrated by the problem of simple flexure and by some deforma- 
tions considered by Apkins (1955a) for a Mooney material. 


2. NorTaTiON AND ForMULAE 


The points of an unstrained and unstressed clastic body of isotropic, incom- 
pressible material are referred to a system of rectangular Cartesian coordinates @,. 
This body is subjected to a uniform finite extension with constant extension—ratio 
A parallel to the 2,-axis, and subsequently receives a finite plane strain parallel 
to the 2, 7,-plane; the final coordinates y, of the point initially at 2, are therefore 
given by 

Ya = Ya (7, Ty), y= Ars, (2.1) 


where, here and subsequently, greek indices are restricted to take the values 1, 2. 
The true (i.e. physical) stress components referred to the coordinates y,; in the 
deformed body are denoted by ¢,;, and it is assumed that the material is subjected 
to a body force per unit mass in the 2,, 2,-plane with components F,. The 
equations of equilibrium then become 
Mag + pF 0 29 
Pp B ’ (2.2) 
Ya 
p being the density of the strained or unstrained body, assumed constant through- 
out the material, and the summation convention being employed for repeated 
indices. 
As in the classical theory of elasticity it is convenient for two-dimensional 
problems to introduce complex variables. We write 


1 


{ = 2, + iz,, z= y, + tyy. (2.3) 
If the body force can be derived from a two-dimensional potential function U 
such that F, dU /dy,, the equations of equilibrium may be satisfied by 
putting 


ty — bag + Pity ‘ rt / (2.4) 


where ¢ is Airy’s stress function for the deformed body. 

For an isotropic incompressible material subjected to the plane strain (2.1) it 
has been shown by Apkuns ef al. (1953) that the strain-energy function W may be 
expressed as a function of a single strain invariant J given by 


, M—M 
I ¥+5+ 5— =. (2.5) 


4 


The stress-strain relations, with the first of (2.4), then yield 
(2.6) 


This relation, together with its complex conjugate and the incompressibility 
condition 
>(%, £) 


(8) > A, (2.7) 
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may be regarded as three equations for the determination of 4, { and { as functions 
of z, 2. 


8. RecrprocaL RELATIONS 


If ¢ is eliminated from (2.6) and its complex conjugate we obtain 


or remembering (2.5), 
2 
im [™ % (26%) 
dI 27 \dz dz 
4 aw {ado 


— >? 
)dz dz 


16 d*? W dd 


In the system of equations (2.7), (2-5) and (3-1), which serve to determine {, [ 


as functions of z, 2, we may change the independent variables by making use of the 
formulae 


together with their complex conjugates. This process yields 
d (z, 2) l 
d(0 0) a 


+ 4->- 


The transformation from (3.1) to (3.5) is lengthy, but may be carried out by 
considering separately the coefficients of the three derivatives of W which occur in the 


two expressions; these are equivalent to each other apart from the same constant 
factor. To establish the equivalence of the coeflicients of d*W /dI* in the two cases, 


it is necessary to make use of the equation 


(3.6) 
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derived by differentiation of (3-3), while in transforming the coefficient of dW/dI 
the additional relation obtained from (3-6) by a further differentiation with respect 
to = must be employed to eliminate )* 7/)¢*. Evidently this transformation does 
not depend upon the form of W as a function of J. The relations (3.3) to (3.5) 
can be rendered identical in form with (2.7), (2.5) and (3.1) respectively by the 
substitutions 
t’ = d* {, gS = Tl sg, (3.7) 
where n is a real constant, and {' and z’ replace z and ¢ respectively in the original 
formulae. It follows that if 
{ = f (2, 4, A) (3.8) 
defines a solution of the finite plane strain equations for an isotropic incom- 
pressible elastic material with a given form of strain energy function defined by 
W = W(J) then 
=f (0,0, A), 
or 
Amt = F(A" E, APE, A), 
also represents a possible solution for the same material. By writing the latter 
relation as 


ka = Sf (RE REA), (k=) 


we see that these reciprocal solutions, for all values of n, are equivalent apart 
from the constant scaling factor k. Putting k = 1(n = 0) we therefore have 


1 
S= AC f, A), (3.9) 


as the reciprocal solution associated with (3.8). In terms of the real variables 
2,, Y,,» it follows from (3.8) and (3.9) that a solution 


®, =F, (Yr Yo A) (3.10) 


of the plane strain equations automatically implies a related solution of the type 
1 
Y. _ TL (2), %p, A). (3.11) 


For any given deformation defined by one of the relations (3.8) to (3.11) the 
stress function ¢ may be determined from (2.6), and the corresponding stress 
system evaluated from (2-4). We observe that (3.8), or its real variable equivalent 
(3.10), represents a solution of the pair of differential equations (2.7) and (3.1), 
neither of which contains terms which depend upon the body force system F,. 
It therefore continues to represent a solution of the field equations for any physic- 
ally permissible, but otherwise arbitrary, choice of the potential function U which 
defines this system. It can be seen without difficulty from the stress—strain relations 
given by Apkrns et al. (1953) that a body force system of the type considered 
merely increases each of the principal stresses ¢;; by an amount pU compared with 
their values for U = 0, and in this respect may be regarded as equivalent to an 
isotropic pressure. Similar remarks apply to the reciprocal solution (3-9) which 
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has been inferred by the transformation of equations which are unaffected by the 
function U ; this reciprocal deformation may therefore also be maintained in the 
presence of body forces F, = —)U/ dy, derived from an arbitrary potential 
function U = U (y,, y.). In particular, if the deformation (3-10) can be sustained, 
in the absence of body forces, by surface tractions alone so also can the reciprocal 
deformation (3.11). Except possibly in special cases, there appears to be no simple 
relationship between the two systems of surface tractions required. 


4. TRANSVERSELY Isorropic Bopres 


It is readily seen that the reciprocal property represented by (3.10) and (8.11) 
holds for any incompressible body which is isotropic in the plane of movement. 
For if a body which is transversely isotropic about 2,-axis is subjected to the 
deformation (2.1), the strain-energy function W may be expressed as a function of 
I and 

J = 4 (UH 1) = 4(2 — 1), 
Wy dI7z . 

(for example Green and WiLkes 1954 or Apxktns 1955b). The stress-strain 
relations then yield formulae for t,, which are identical in form with those for an 
isotropic body apart from the replacement of dW (I)/dI by )W (I, J)/. Equation 
(2.6) is modified in the same manner, and the subsequent analysis leading to the 
reciprocal property is unaffected by the additional quantity J which does not 
depend upon ¢ or z. 


5. Tue Mooney MATERIAL 


For an isotropic material with the linear form of strain-energy function suggested 
by Mooney (1940), the first derivative of W takes the constant value 
dW (I) 


> ao C, + A* C, = C (say), (5.1) 


where C, and C, are constants independent of A, and (3.1) and (3.5) reduce to 
4 >) a 


02 dz) dz de” 


| (5.2) 
dz d\ d°Z z d% d\ dz 
st 3) dg ag (se 3¢ at 2 ) sear =° 
respectively. Real variable forms of these equations have been given by ADKINS 
(1955a). Equations (5.2), with the corresponding forms (2.7) and (3.3) of the 
incompressibility condition, show that the solution 


s=f (: t, 5) (5.8) 


may also be deduced from (3.8). This deformation is, however, similar in character 
to that represented by (3.9). Furthermore, the substitutions 


{=kf’, z = lz’, 
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where k and ! are constants, leave the relations (5.2) unchanged, apart from the 
replacement of {, z by ¢’, z' respectively, and change the incompressibility condi- 
tion (2.7) into 


Corresponding to (3.8), (3-9) and (5-3) we then have the further solutions 


s 


ot i) 
kk’ PA 


| 


2 


These results, which merely arise from a uniform magnification of the coordinate 
systems in the undeformed and the deformed material, are again not essentially 
different in character from those given in Section 3. 


6. ILLUSTRATIONS 


The flexure problem considered by Rrvtn (1949 a, b), Apkrns, et al. (1953) and 
other workers provides a convenient illustration of the foregoing theory. If we 
define systems of polar coordinates (r, @) in the undeformed body, and (p, #) in 
the deformed body by means of the relations 


{=2,+iz,=re%, z=y, + iy, = pe, (6.1) 
then the equations 
p = p(a,), 3 = aay, Y: Lo, (6.2) 


describe a simple flexure combined with inflation and extension, in which the 
planes 2, = constant in the undeformed body are deformed into the concentric 
cylindrical surfaces p = constant, the planes 2, = constant become the radial 
planes # = constant and there is a uniform extension of ratio A in the longitudinal 
direction. The incompressibility condition is 


(6.3) 
K being an arbitrary constant. Using this condition, with (6.1) and (6.2), we obtain 


a=} {ad (y.? + y2*) — K}, : 


1 ' 
@ = - tan" Yo, 
a "1 


(6-4) 


From (3.10) and (3.11) we may then infer that the reciprocal deformation 
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1 
—— a 24 2 al 
a = ar 1A (@,° + @°) — K}, 
(6.5) 
I a, 
= — tan 
Yo av a, 
is also possible for an incompressible material which is isotropic or transversely 


isotropic with respect to the 2,-direction. Writing these equations in the form 
adr® = 2dy, + K, 0 = ary, (6.6) 


we see that the deformation has the effect of changing an initially curved block 
into a cuboid, Thus, if the undeformed body is bounded by the cylindrical surfaces 
r=," =1_(rz >17,) and the planes 0 = 44,2, = + 1, the deformed body 
has the plane boundaries 


¥, = Ay 4, = Ay, (A, > A,), 
Yo = + B, = +1, where 
A, = (adr,? — K)/(2A), B = «a/(ad), L=A (v = 1, 2). 


The situation in the 2,, 2,-plane is illustrated by the diagram. 


ef 


— ——- 


— 


Fig. 1. 


The stresses may be evaluated from the formulae of section 2. Solving (6.5) for 
2), % and making use of (2.3) we obtain 

£ /(ad) = + e8@0@-*) /f{A (z + 2) + K}, (6-7) 

and by combining this result with (2.4) and (2.6) we have 

v¢ 
dz 

2 | 1 \ dw 

we eer ww PP + +E 

M\A@+)+K * [Ais +8) + J dl 


The negative sign in (6.7) merely represents a rigid body rotation of the deformed 


thy — tag + 2ityy = — 4 


(6-8) 
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body through two right angles about the z,-axis and does not affect the stresses. 
From (6.7) and (2.5) we infer that J, and hence also W, involves the variables z, 2 
in the combination z + 2 only, and (6.8) and 2.4) then yield 


= | oe 5 | aw - 
ute GhaGpnrk SUGt+H+ Ki 7 +260 +2), 


K’ being a further arbitrary constant. For transversely isotropic bodies these 
formulae are modified as indicated in Section 4. The real components of stress 
t,, are given by 


th, =pU+K, he = 9, 


| a 2 (0%. 4 xy\ a" U +R’ 
fe = Xa dy, FR ~? (PA + arte + 


niles \a® A? r? + 
- 


From these results it follows that if the body force system F, is zero, the deforma- 
tion can be maintained without applying surface tractions to the initially curved 
surfaces. 

Further examples of the theory are provided by the deformations examined by 
Apkins (1955a) for a Mooney material. In these, planes which are initially 
no -mal to the 2,-axis remain normal to this axis as a result of the deformation, 
but are displaced relative to each other through a distance which is a function 
of their 2, coordinate. Two typical solutions based on this assumption are 


a, = A log tan {} (ay, + 5)}, 
2 = (Ay,/Aa) sin (ay, + 6) + Bsin (ay, + d), 
2na7 > ay, + b< (2n + 1)” 
a, = owt, | 
| (6.11) 
ty = (Ayg/a) nt) + emnta | 


where a, b, d, A and B are arbitrary constants and n is an integer. From (8.10) 
and (3.11) we may again infer that the deformations represented by 


y, = (A/A) log tan {4 (aa, + b)}, 
Yo = (€2/Aa) sin (aa, + 6) + (B/A) sin (az, + d), 
2na < az, +b< (2n+1)7 


(6.18) 


AY, _ em, 


AYe a (Aa, /a) e (ar +b) + emit qd 


are also possible for a Mooney material. The systems of stresses required to 
maintain these deformations may be evaluated from the formulae of Section 2. 
The additional solutions of Section 5 evidently yield no new results. 
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SUMMARY 


Tne method suggested by Hit (1953) of straining grooved tensile specimens to investigate the 
plastic behaviour of ductile metals has been used to find the plastic potentials of thoroughly 
annealed brass and copper. The brass was found to have a Mises potential (the strain-rate being 
proportional to the deviatoric stress), while the copper showed a deviation from this potential, 
presumably due to anisotropy. 


1. InrTRODUCTION 


Some of the difficulties and possible inaccuracies attendant on the use of thin- 
walled tubes in the determination of plastic stress-strain relationships have been 
emphasized by H1i1 (1953), who then proposed an alternative method involving 
the tensile loading of strip specimens. In essence, if deep oblique grooves are 
machined on opposite sides of a wide plate tensile specimen, plastic deformation 
is confined to the grooved regions, the constraint of the surrounding material 
producing a state of biaxial stress. Measurements of load and displacement 
across the groove, for a range of groove angles, then enable the yield criterion and 
plastic potential of the material to be calculated, 

Alternatively, thin notched specimens may be used, the formation of a straight 
narrow neck joining the roots of the notches acting effectively as a groove, This 
method has been used by Hunpy and Green (1954) and by Lianis and Forp 
(1957), the former investigating the properties of rolled copper, zine and stainless 
steel, the latter, aluminium rolled at the temperature of liquid nitrogen to obtain a 
material with a negligible rate of workhardening. 

However, notched specimens are not suitable for a material with a high rate of 
workhardening because of the diffuse zone of deformation between the notches. 
If the properties of such a material are to be investigated, grooved specimens are 
necessary. With this in view, the present paper reports experimental results on 
grooved specimens of thoroughly annealed a—brass and copper. 


THEORY 


Full details of the theory for a grooved strip specimen have been given by Hii. 


(1953). For an isotropic ductile material the stress-strain relationships, in terms 
of Lode’s parameters, for stress », and for strain v, are 
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20, —% —9, — 3cos@ —sin(O — #) 
~  ¢os 9 + sin (O — #) 
26, —é, —é 3 (1 — sin #) 
d Seed. ee. Pd ad 
- é é (1 + 3 sin ws) (2) 


= 


(1) 


Here o; and é, are the principal stresses and strain-rates in the groove, which 
is inclined at an angle @ to the tensile axis. The displacements in the groove 
are such that the rigid sides move apart with a relative velocity inclined at an 
angle y to the groove (Fig. 1). 


After 
straining 


a aceite 


Groove 


If the tensile load L is measured, and h and / are the thickness and length of 
the grooved portion, then in a principal stress space the length of the reduced 
stress vector is 


a = (3) (0,7 — 9, 2 + 0,7) 


L a . 

=v (8) hi cos y [sin? (9 — ) + 3 cos? 6}. (3) 

The inclination of this reduced, or deviatoric, stress vector to the direction of pure 
shear (u = 0) is 


a = tan! (— p//3). (4) 


Provided the material is isotropic and, as is tacitly assumed, yielding is indepen- 
dent of the mean or hydrostatic stress, then the stress state in the groove need 
only vary between pure tension (4 = — 1) and pure shear (u = 0); i.e., 0 need 
only vary between tan™ “/ (2) = (54° 44’) and 90°, 


8. Discussion or Errors 


The influence of errors in the measured angles @ and y is obviously of some 
importance in assessing the accuracy of the experimental results, and may be 
discussed as follows. 

Suppose that 5? and 4% are the maximum expected small errors in @ and 4, 
then from equation (2) the error in the strain-rate parameter v will be 
wv. 12 cos f 8 
&y = — bf = — y J (5) 
dy (1 + 8 sin #)? 
and is not influenced by errors in @. 

Similarly, for the stress parameter » from equation (1), 
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du 
4cos » 50 — 40s 0 cos (0 — #) dh 
[cos 2 + sin(@ — %)P 
With the exception of mild steel, ductile metals appear to have a plastic potential 
in the neighbourhood of the Mises potential, or » = v. In this case tan % = } tan @, 
the error in « becoming 
5 # cos? [(16 tan? y + 1) 89 — (4 tan? 8 6 
8 = — an* ~ +- - n* fb + ° 
This expression indicates that large errors in « are possible when @ and # are 
near 90°, or near the region of pure shear. However, as pointed out by Hut, 
the (4, v) curve passes through the origin and thus it is not really necessary to 
take @ larger than about 80°. 
Possible deviations from the true («, v) relationship for a Mises material caused 
by the most adverse combination of }° errors in @ and & are shown in Fig. 2, 
where it can be seen that the estimated (y, v) position is within 0-04 of its true 


Sheor_ 
Fig. 3. 


In a similar manner, for the same material the error in the length of the reduced 


stress vector o is 


<3 [4 tan? y (1 — tan #) dy + 3 tan ¢ 80) 
vi (i+ 4tantyy 


$0 (7) 


the error in the inclination of this vector in the deviatoric stress plane being 
5a = — cos* a (5u/4/3). (8) 


Inspection of these results plotted in Fig. 3 shows that at the most a 1 per cent 
error in the yield curve arises from errors in the measured angles, and that accuracy 
of the yield criterion is governed by the accuracy of the load measurements. 
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In general, these results show that the major part of the above errors arise 
from the measurement of the groove angle @, and indicate the superior accuracy 
of the grooved specimen, the sharp edge at the surface of the specimen allowing 
a very accurate determination of @. 


4. Detraits or SPECIMENS 


After initial tests for anisotropy, specimens were cut from heat-treated }in. 
plate, care being taken to cut each specimen perpendicular to the rolling direction. 
The overall dimensions of the specimens were as in Fig. 4, preliminary experiments 
showing that, if ~ was to be measured with reasonable accuracy, two grooves 
were essential to eliminate relative rotation of the rigid ends. Machining of the 
grooves was carried out using a box-shaped jig which ensured that the opposite 
sides of the grooves were correctly positioned. The average difference between the 
two groove angles on a specimen was about }°, and if necessary hand-finishing 
was used to make sure that the grooved portions were centrally spaced and parallel. 

Several methods of measuring ¥, the angle of relative motion, were tried, the 
only successful one being the elegant method of Hunpy and GREEN (1954). Fine 
lines were scribed at 1° intervals about the expected value of , the lateral displace- 
ment of the lines being measured with a microscope and dial gauge. 


O25’ Section x-x 


—t@ 
=" 


Great care was taken to ensure axial loading of the specimens, pairs of 
Huggenberger extensometers mounted at each end of the grooves showing any 
bending of the specimens. Load-extension curves were taken by mounting ex- 
tensometers in the grooves themselves, initially using a small gauge length extenso- 
meter, and later using an inductance displacement pick-up to measure the through- 
strain of the grooved portion. This device showed that the through-strains 
encountered were about 2-4 per cent. 


5. EXPERIMENTAL RESULTS 


The brass in the major part of the experiments was obtained in the form of 
cold-rolled sheet and was annealed twice to remove a small quantity of 8-phase. 
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Microscopic examination revealed no directional properties and showed a grain 
diameter of about 0-003 in., giving about 20 grains through the thickness of the 
groove. 

Tensile specimens were then cut at 0, 45° and 90° to the rolling direction, the 
corresponding anisotropy parameters being given in Table 1, Calculations following 
Hitt (1953) showed that the departure from perfect isotropy would produce 
negligible effect on the («, v) relation. 


Brass 
Copper 


= 


The experimental (jy, v) curve is shown in Fig. 5, the experimental points lying 
very close to the Mises plastic potential, «4 = v. This agrees with the results of 
Hunpy and Green, and Lianis and Forp, for other materials. 


1°) 


No yield criterion was obtained because of the high rate of workhardening, 
which made it impossible to estimate accurately a yield load. In so far as it was 
possible to estimate a yield load the results were scattered between the Mises and 
Tresca criteria. This difliculty is to be encountered with any annealed material 
and could be easily overcome by giving the material a light rolling or pre-strain 


before machining. 

The copper was supplied as a heavily worked, oxygen-free, high conductivity 
copper having a yield stress of 20 ton/in*. After annealing the yield stress was 
about 3-2 ton/in*®, microscopic examination showing a grain size of about 0-001 in., 
there being no indication of directional properties. Tensile specimens taken 
again at 0, 45° and 90° gave the anisotro;y parameters in Table I, calculation 
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showing that this degree of anisotropy would result in an error of 0-01 at most in 
the (yu, v) diagram (assuming the plastic potential to be quadratic). 

However, the experimental results in Fig. 6 differed considerably from the 
p =v line, and are on the opposite side to those of TayLor and QuINNEy (1931). 
It has been pointed out that their results may have been marred by undetected 
anisotropy, and this may be true also of the present ones, despite the additional 
precautions. As is well known, it is difficult to remove directional properties 
from heavily-worked copper, and it is possible that the quadratic stress function 
assumed for calculating the anisotropy parameters did not sufficiently represent 
the actual plastic potential. 


.@) 


+ 


05 
fe 
Fig. 6. 


The yield criterion was not obtained, although this would have been enlightening 
since it might be expected to lie outside the Mises criterion. 
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SUMMARY 


mis paper describes a theoretical and experimental investigation of the plastic behaviour of 
mild steel compression members of an annular cross-section when subjected to end loads of 
equal and unequal end eccentricities. Theoretical collapse curves for a comprehensive range of 
such members are presented, and it is considered that the experiments support the analysis. 
From a comparison with the elastic theory it appears that the plastic theory will permit consider- 
able economy in the design of columns of an annular cross-section. 

A method of analysing columns in a framework is advanced. This method, which is iterative 
in character, is considered capable of handling combinations of elastic members, columns stressed 
in the plastic range, and beams containing plastic hinges. 


1. INTRODUCTION 


Tue problem was to investigate theoretically and experimentally the plastic 


behaviour of mild steel compression members of a circular annular cross-section 
when subjected to end loads of equal and unequal end eccentricities, 

The elastic behaviour of eccentrically loaded columns can be represented by a 
load-deflexion curve which is asymptotic to the critical load (Fig. 1). However, 
the plastic behaviour of such columns results in a load-deflection curve of a radically 
different shape (Fig. 2). 


Collapse tood 


Critical load 


Deflection Deflection 
Fig. 1. Fig. 2. 


Load-deflection curves of the plastic behaviour of eccentrically loaded columns 
were derived by Baker, Horne and Roperick (1949). Unfortunately, the theory 
of their method is cumbersome and can only be applied to particular cases by 

*Formerly at the Engineering Department, University of Cambridge. 
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carrying out a lengthy trial-and-error process. Hence the calculation of collapse 
loads of eccentrically loaded columns by this method appeared most formidable. 

More recently Horne (1956a) developed a convenient method of obtaining 
collapse loads of columns of a rectangular cross-section loaded symmetrically by 
equal end eccentricities. Excknorr (1955) continued this work by means of exten- 
sive calculations by an electronic digital computer. 

A comparison between the Horne collapse curves (rectangular cross-section) 
and those of this paper (annular cross-section) is given in Fig. 3. Although the 
general agreement between the two sets of curves is good, there is no constant 
relationship. BLEicu (1952) intimated that the effects of the cross-sectional form 
upon the collapse loads of eccentrically loaded columns is liable to be complex, 
but BiyLaarp (1954) considered that shape factors can cope with differences in 
cross-section. The writer is of the opinion that no simple factor will enable collapse 
load data of one cross-section to be adapted to another cross-section. Each cross- 
section, it is suggested here, requires separate computations. 

Single curvature bending 
——- rectangular cross-section 
annular cross-section 
N= non-dimensional thrust 
(negative sign denoting compression) 
— —— 


iy | 
o '8 e408? 
Length, non-dimensional 


Fig. 3. Collapse loads for eccentrically loaded columns. 


It is to be noted that only results applicable to columns loaded symmetrically 
by equal terminal eccentricities have so far been mentioned. Consideration will 
now be given to work done on columns subjected to end loads of both equal and 
unequal end eccentricities. An interesting approach to this problem was advanced 
by BrsLaarp (1954). Essentially it was an approximate development based on 
the knowledge of pin-ended struts of rectangular cross-section when stressed in 
the plastic range. It did not attempt, as the work of this paper does, to compute 
rigorously the collapse loads of columns subjected to end loads of equal and unequal 
end eccentricities, but it does outline an approximate method to obtain such data. 
Unfortunately he did not consider the annular cross-section. 

The work of the Building Research Station of Great Britain on the problem of 
this paper was published in the discussion of the Symposium of the Plastic Theory 
of Structures (Woop 1957). It did not contain a general set of collapse curves 
nor did it treat the case of the annular cross-section. Little similarity exists 
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between the approach used by the Building Research Station and that of this 
paper ; the former is concerned primarily with a systematic tabulation of column 
properties and the latter with obtaining a general set of column collapse curves. 


2. TueoreticAL INVESTIGATION 


It was necessary first to discover a collapse criterion for a compression member 
under a known thrust and subjected to end loads of unequal eccentricities, and 
then to make the computations necessary to determine the physical characteristies 
of compression members on the point of collapse. These computations were 


Maximum terminal moment, com 


Fig. 4. Collapse loads for eccentrically loaded columns of annular cross-section, 
= P/Pp, non-dimensional thrust. 
= Ratio of end eccentricities. 
= M/Mp non-dimensional moment. 
= Greater numerical « acting at the end of a column. 
= Actual length of a column along its line of thrust. 
= 4/E/3ft. 
) = Young’s modulus 
== Lower yield stress. 
= R = Actual mean radius of the annulus. 
Actual thrust. 
Pp» = Fully plastic actual thrust. 
M = Actual moment. 
Mp = Fully plastic actual moment. 


made for n 0-1, — 0-2, — 0-4, — 0-6, — 0-8 and — 0-9 where n is the ratio 
of the applied load to the fully plastic thrust (the negative sign denotes 


compression), and for £ 1-0 to 1-0 in increments of 0-1 where 8 is the 
ratio of the end eccentricities. A positive sign for 8 indicates that the direction 
of the eccentricity for both ends is in the same sense and that single curvature 
bending takes place; a negative sign, of course, indicates double curvature bending. 
Figs. 4-8 record five of the twenty-one results of these computations for which 


the electronic digital computer of the University of Cambridge was used. In using 
these graphs it must be noted that «,,, is the greater numerical « acting at the 
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end of a strut, where « is the ratio of the moment to the fully plastic moment 
under zero axial load. Also, now considering the abscissae of these graphs, L is 
the actual length of the strut along its line of thrust ; r = 1/E/3 f,, where E is 


Fig. 5. Collapse loads for eccentrically loaded columns of annular cross-section. 


| 


OO. 12°0 


Fig. 7. Collapse loads for eccentrically loaded columns of annular cross-section. 


Young’s Modulus and /, is the lower yield stress ; and d is a representative dimension 
of the cross-section which for this problem was taken as the actual mean radius 
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of the annulus. It should be noted that r is a purely arbitrary relationship and is 
not to be confused with the radius of gyration. 


10 


Fig. 8. Collapse loads for eccentrically loaded columns of annular cross-section. 


Relation between an actual and a non-dimensional strut 


To make the results of this work applicable to the general case of the compression 
member on the point of collapse, it is necessary to express all the physical data 


in a non-dimensional form. Figs. 9 and 10 and equations (1) to (6) below relate 


an actual strut to a non-dimensional one. 


ial centroid 


P/P» 

U/d 

L/rd 

r? d (1/2) 
> PU 

M/M, 


In the above equations, n is the ratio of the axial thrust under zero moment to 
the fully plastic axial thrust, P,P)». The actual deflection of the centroid of the 
strut from the thrust line is ’. This is translated into a non-dimensional form by 
dividing it by d, a representative dimension of the cross-section which for this 
work is taken as the mean radius of the annulus R. The length of the strut measured 
along the line of thrust is LZ ; its non-dimensional equivalent is z as given by equation 
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(3) in which r is VJE/3 f,. The modulus of elasticity is E and the lower yield stress 
is denoted by f,. The actual curvature, 1/z, is changed to the non-dimensional curva- 
ture, 1/p, by multiplying by r?d. Equation (5) expresses the actual moment 
as the thrust multiplied by the actual deflection (Fig. 9) and equation (6) translates 
this moment by dividing it by M,, the fully plastic moment under zero axial 
thrust, to give a, the non-dimensional expression for the moment. The non- 
dimensional slope of the centre line of the strut is denoted by 4. 
The sign convention for Fig. 10 is : 
x — positive, y — positive, n — negative, 
¢ = dy/dx — negative, 1/p = d¢/da — negative. 
Shape of a strut 
The relation of the non-dimensional quantities of moment, thrust and deflexion 
for a strut having an annular cross-section is given by 
a= bany. (7) 
The first order differential equations which define the relation of the thrust, 
moment and length of a strut having an annular cross-section are 
dz/dx = 4 7 nd, (8) 
dd dx 1 p- (9) 
By integrating (8) and (9), starting from a point where ¢ = 0 with any given 


value of « and keeping n constant, the types of curve in Fig. 11 can be obtained. 


n=constant 


—_ \ 

—— 

— Euler's length-——— 
— 


Fig. 11. 


When the yield stress 1s nowhere exceeded, i.e. all stresses are in the elastic range, 
the integration of (8) and (9) results in the dotted curves which all have the wave 
length given by Euler’s column formula. If, however, the maximum moment just 
causing yield is reached or exceeded, then stresses in the plastic range are en- 
countered and the integration of (8) and (9) gives the solid curves of Fig. 11. Thus, 
stresses in the plastic range cause deflexion curves that do not have, for a given 


n, a constant wave length. The fact that such deflexion curves overlap one another 
at points not on the horizontal axis is the key to the theory of this paper. 
Failure criterion A 


The writer originally intended to find the shape of a strut and values of dx/d¢, 
for successive values of 2 as in Fig. 12. By solving (8) and (9), starting from a 
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point where ¢ = constant = ¢, with any given value of « and keeping n constant, 
the type of curve shown by the solid line in Fig. 12 can be obtained. If, at the 
point of maximum moment, stresses exist in the plastic range, then two curves 
shown by the solid and dotted lines in Fig. 12 can be drawn. Since any strut 


——~._N=constant 
a 

| 

7 


to 


Fig. 12. 


having a constant thrust and constant end moments cannot assume more than 
one shape unless it is collapsing, we have between points A and B on Fig. 12 a 
collapse strut. 

As mentioned below, this failure criterion A was considered less favourable for 
the present purposes than failure criterion B. 


Failure criterion B 
If, at the point of maximum moment, stresses exist in the plastic range, then two 
immediately adjacent curves can be drawn as in Fig. 13. A study of Figs. 12 and 


Fite ™ jax 


B' nz=constont 


Fig. 13. 


13 will reveal that they.are similar except that in the latter the vertical axis 
through the origin has been chosen to intersect with the points of maxima moments 
of both the solid and the dotted curves. 

It must be noted that at points A and B the horizontal distances between the 
two curves of Fig. 13 are both the same and equal to dz. Thus the length between 
A and B equals the length between A’ and B’. The moments at A and A’ are 
equal to one another as are the moments at B and B’. Two different deflexion 
curves AB and A’ B’ exist which are both of the same length ; both are subjected 
to the same thrust and the same end moments. As any strut having a constant 
thrust and constant end moments can not assume more than one shape unless 
it is collapsing, we have between points A and B a collapse strut. 

This failure criterion, which was suggested to the writer by Horne, was adopted 
because it promised to reduce the amount of computation by the digital computer 
which would have been required by the collapse criterion A. 
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Values of dx/da, for failure criterion B 


The next step was to develop a method of obtaining values of dx/dx, for 
successive values of z, Obviously by plotting a number of curves similar to Fig. 13 
it would be possible to obtain graphically the required information. Greater 
accuracy, however, was achieved by following the general method used by Eick uorr 
(1955), whereby equations (8) and (9) were differentiated with respect to «,, the 
moment at zero slope, giving 


sa (10) 


d |=] “e) |e (1) 


dx | da, da da, 


Before proceeding further it is convenient to collect the differential equations : 


(12) 
(13) 
(14) 


(15) 


d(1/p) Fa 


da I% 


The integration of these provided Tables, for a given n, of the following quantities: 
x, a, , da/dua, and d¢/da,. From these Tables, dx/dx = } 7 ¢ and da, da, were 
provided, and da/da, was evaluated using 


dx el l 
dz, =| (da /dx) (16) 


This ratio yielded the values of dx/da, for successive values of 2. 


Integration of equations (12) to (15) 

The first step to integrate equations (12) to (15) was to obtain, for a constant n, a table relating 
the moment and the curvature. The algebraic expressions for this relationship for the three 
stress conditions of elasticity (case 1), plasticity in the compression zone only (case 2), and 
plasticity in both zones (case 3) are recorded in Appendix A. Only for case 1 was the curvature 
found to be an explicit function of the moment ; for cases 2 and 3 the numerical values for the 
moment-curvature tables were computed by a trail process using the E.D.S.A.C. I (Witkes, 
WHEELER and Gri. 1951). 

From the moment-curvature table the values of d(1/p) were obtained in terms of differences 
by means of the first two terms of the following formula from the Nautical Almanac (1937) : 


1 , 1 
d(1/p) = wfg! = Agi — — Agl!! 4 AY! 4 7 
(1/p) fy 0 6° 30 -° 140 -° tee (17) 


The interval of tabulation is denoted by w and the notation is given in Table 1. 
I It 
Ao! j [A., j A,}), Ay I j [A ~~ \ A MT) 
Fi j [ Agi! r A,"), A,) j [ Ay!Y r A,'9 |. 
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Two tables were obtained for a constant n, the first relating the moment and the curvature 
(C Table), and the second relating the moment and d(1/p), i.e. relating the moment and the 
incremental change in the curvature (D Table). 


TABLE 1 


Function Ist difference 2nd difference 3rd difference 


Sa 
So 
fan 


I 
Ay 


I 
Ay 


Equations (12) to (15) were integrated using these two tables for the plastic zones of a strut. 
At each value of « the C Table provided a value of 1/p as required in (13) and the D Table 
provided a value of d(1/p) from which d(1/p)/dx was obtained as required in (15). For the 
elastic zones, of a strut the values of 1/p and d(1/p) were calculated directly without recourse 
to the tables. 

For both plastic and elastic zones the integrations were carried out by means of the Runge- 
Kutta subroutine of E.D.S.A.C. I (Ptacero 1954); U.M.L. 1956). 


x n=constant 


Fig. 14. 


n=constant 
fp =constant 


Fig. 15. 


Determination of a collapse strut 


From one integration result two graphs were plotted (Fig. 14). A failure strut is shown in 
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heavy outline and the necessary construction lines are shown dotted. This particular failure 
strut can be represented on Fig. 15 by two points, in which £ is the ratio of the terminal moments, 
and hence by the consideration in Fig. 14 of a number of failure struts the two curves of Fig. 15 
can be created. 

Fig. 15 was used to obtain one point on a graph for a given value of 8 such as is shown in 
Fig. 16. By considering a number of integration results a series of graphs similar to Fig. 16 for 
different values of 8 were obtained. These are recorded in Figs. 4-8 which represent examples 
of the results of this theoretical investigation of the problem. 

From these graphs the cross-sectional dimensions of a column namely the mean radius R and 
the thickness h, can be obtained by trial for given values of P, end moments, and L. Values of 
R and h are first guessed, and then n is calculated. Knowing n, 8 and the maximum end moment, 
one may use the appropriate graph to obtain L, which, if it be less than or equal to the L required, 
means that the R and h are satisfactory from the stand-point of safety. Further trials would 
result in the safe and economic dimensions of a collapse strut. 


8. EXPERIMENTAL INVESTIGATION 


A total of 15 column tests, one pure bending test, 14 compression tests, and 
10 tensile tests were conducted. 
Three sets of column experiments were tested under the following three loading 


conditions : 
(i) Single curvature bending with equal end eccentricities. 
(ii) Single curvature bending with eccentricity of load at one end only. 


(iii) Double curvature bending with end eccentricities of the same 
magnitude but of opposite sign. 


All the columns were of an annular cross-section with an outside diameter of 
about 4-5 in. For the first two sets of experiments the tube thickness was about 
0-138 in. and the length between the centres of the balls used to transfer the load 
to the columns was about 61-7 in. For the third set of experiments the tube was 
about 0-248 in. in thickness and the length between the 
centres of the balls was about 113-5 in. | 

The columns tested in double curvature failed at the end 
which first exhibited marked cracking of the resin with 
which the member had been coated. The ends remote from 
the failure ones also exhibited cracking but to a lesser 
degree. At loads approaching the collapse load the deflected ; Mid height 
form of the column is shown in an exaggerated manner by 
Fig. 17. It would appear that a weak section towards the 
end of a double curvature column could change the type of 
loading from that of double curvature to one approximating 
single curvature with no moment at one end. For materials 
not rigidly inspected the plastic theory of double curvature 
columns should be based on the single curvature case with 
no moment at one end. 

Compression tests of tubing contiguous to each column were implemented to 
ascertain the yield stress. The load was applied axially through 2 in. diameter 
balls ; the distance between the centres was 16 in. 


Fig. 17. 
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Fig. 18. Comparison between theories and experiments for eccentrically loaded columns of 
annular cross-section. 
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Fig. 19. Comparison between theories and experimenents for eccentrically loaded columns of 
*This test was not continued long enough to determine the maximum 


annular cross-section. 
moment and therefore this point does not include the effect of strain hardening. 
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Tensile specimens were used to obtain the modulus of elasticity and the ratios 
between the upper yield stress, the lower yield stress and the ultimate stress. 


4. CorRELATION BETWEEN THEORY AND EXPERIMENTS 


Figs. 18-20 compare the plastic theory, the elastic theory and the experimental 
results. The reserve of strength, beyond that predicted by the plastic theory, 
which was exhibited by some of the columns was considered to be due to strain 
hardening. Strain hardening was only effective where the thrust was relatively 
low and the length of column subjected to a high bending moment was relatively 
short and confined to near the end of the member. 

It is considered that, if this explanation regarding strain hardening be accepted, 
these experiments support the plastic theory. 


5. ASSUMPTIONS 


In this work the following standard theoretical assumptions of flexure are made: 
(i) The material is homogeneous and isotropic in both the elastic and 
plastic states. 


(ii) The moduli of elasticity in tension and compression are equal. 
(iii) The yield stresses in tension and compression are equal. 
(iv) The material obeys Hooke’s law in the elastic range. 
(v) There is no significant upper yield stress. 
(vi) There is no significant strain hardening. 
(vii) In the plastic range the stress remains constant. 


(viii) The entire transverse section of the strut, originally plane, remains 
plane and normal to the longitudinal fibres of the strut after 
bending. 


(ix) Every longitudinal fibre acts separately from every other fibre, i.e. 
there are no lateral pressures or shearing stresses between the 
fibres. 


(x) The strut is straight and of uniform cross-section. 


For this work (i) is the most important of these time-honoured assumptions. 
The compression yield stresses varied by as much as + 4-5 per cent from the 
average for the material from the same cast. This variation was not considered to 
be excessive for mild steel. 

As the yield stress greatly affects the stength of struts designed by the plastic 
theory, it is essential that a very thorough knowledge of the minimum value of 
the yield stress be obtained. As mentioned above an inadequate knowledge of 
the yield stress is dangerous especially for double curvature loading. 

The relationships of the moment-thrust-curvature are derived from algebraic 
expressions based on the assumption that the cross-section is a thin annulus. 
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In the analysis of the experiments the effect of the end fittings of the columns 


was ignored. 
In addition the following factors were not taken into account : 


Shear acting across a strut weakens the section’s resistance to 
bending. 
A strut is shortened due to strain at the centroid. 


The formula for the curvature is not exact, due to the neglect of 
a factor equal to the square of the slope of the member which is 


normally insignificantly small. 
Strain history. 

Residual stresses. 

Shakedown. 

Fatigue. 


Local buckling. 


6. Awnatysis or CoLUMNS IN A FRAMEWORK 


Existing methods of analysis 
When the critical loading condition of a framework is an overall collapse 
mechanism such as that of Fig. 21 then the terminal moments of the columns can 


be determined by inspection or by the equations of statical equilibrium. Of 


x 
nd rotation 


Fig. 21. Fig. 22. 


course the use of the collapse mechanism to analyse a framework is based on the 
assumption that the terminal moment-end rotation curves of the columns have a 
long flat peak as shown in Fig. 22 (Horne 1957). Such desirable curves result 
when the columns have a low slenderness ratio, a low axial stress, and are subjected 
to double curvature bending or single curvature bending with negligible moment 
at one end. For columns of high axial stress the curves have a sharp peak; and for 
columns of symmetrical single curvature bending at both high and moderate axial 
stress, the fall-off in load is precipitous, although in some cases the extent of end 
rotation may be sulflicient to permit the analysis of frames containing such columns 
by the basic theorems of collapse mechanisms. 
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For critical loading conditions not specified by overall collapse mechanisms 
and for columns not having a flat peaked terminal moment-end rotation curve, 
several methods of analysis have been advanced and are mentioned below. 

A theoretically rigorous method for the symmetrical single curvature column 
of only one storey is outlined towards the end of Horne’s paper (1956a). Woop 
(1957) has suggested an extension of this method for the asymmetrical double 
curvature column of only one storey. Undoubtedly this theoretically rigorous 
method can cope with the general case of continuous asymmetrical columns 
attached to elastic-plastic beams, but it is suspected that this method will long 
remain a research approach. 

Horne (1956b) sets out a method of determining the terminal moments for four 
values of £ + 1-0, — 1-0,0-0 and — 0-5. This method assumes that the columns 
would be far removed from their instability load. The results exemplified by 
Figs. 4-8 of this paper demand a more refined method and one which can deal 
with columns up to, but not including, their point of collapse. 

Another approach is to carry out elastic computations, taking axial thrusts 
into account and substituting plastic hinges at the points where the moment 
becomes equal to the plastic one. Of course this assumes that the fully plastic 
moment at the lower yield stress equals the maximum elastic moment at the 
higher yield stress, and that the structure is entirely elastic between hinges. This 
analysis will give the terminal moments and the thrusts for the columns. However, 
it is illogical because, although the columns are assumed to behave elastically 
except at the hinges, the resulting terminal moments and thrusts are used to 
check the safety of these very columns by means of curves (Figs. 4-8) which depend 
on radically different assumptions. 

From this survey of existing methods of analysis, it was considered desirable 
to attempt to discover an analytical method based on the elastic-plastic behaviour of 
columns. Such a method should be reasonably straightforward and sufliciently 
refined to make full use of the extensive data of collapse loads which have been 
computed for this work. 


a) 


ay 


Fig. 23. 


An iterative method 


This suggestion is best illustrated by the following example in which the problem is to analyse 
the columns shown in Fig. 23. The joints are assumed to remain in a vertical line. 

The external moment at B is distributed into AB according to its elastic stiffness as suggested 
by Hoxner (1956c), Thus, for 4B the following quantities are known: n, a, 8 and ,,,. From 
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the appropriate curve of Figs. 4-8 a check is made to determine whether or not this column is 
safe. If it is safe, its end slopes are obtained by entering Fig. 24. The use of Fig. 24. is unfor- 
tunately not straightforward. The upper set of curves is examined until a length is found which 
suits the column in question. That is, the length of curve equals the column length and its 
terminal moments are approximately equal to those of the column. The next step is to project 
vertically from the curve of the upper set to its corresponding curve of the lower set which gives 
the end slopes. 


Notes: (1) 7 is the parameter 
(2) Ty. 2 Sets of curves are related 
by similar dotted lines 


Fig. 24. 


Fig. 25. 


Now column BC is considered. Its slope at B is known to equal that of column AB which 
has just been found; thus for column BC the following quantities are known : dpc, Mop, # and 
n. From Fig. 24, M go is determined by a procedure inverse to that described in the preceding 
paragraph, which gives 8. From Figs. 4-8 the safety of the column can be ascertained. 

At this stage the safety of both columns has been checked, their slopes at B agree, but the 
sum of their moments at B does not necessarily equal the external moment at that joint. Only 
by repeated trials of distributing the moment at B into the columns can the following three 
requirements be achieved : safety, continuity of slope and equilibrium of moments, 
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It is true that Fig. 4-8 are in a sense redundant, for if two curves in Fig. 24 were to satisfy 
the terminal moments and length, the column would be on the point of collapse. However, 
Figs. 4-8 eliminate the need to check Fig. 24 for this lack of uniqueness. 

One point that merits emphasizing is that the column, in this method of analysis, 
is not on the point of collapse. It is safe, i.e. capable of carrying additional load. 
The margin of safety would be revealed by Figs. 4-8. Obviously, the smaller the 
margin, the more economic the design. 

It will be appreciated that the above method can be extended to a framework 
of many joints, with or without sidesway, in which the beams either remain com- 
pletely elastic or have plastic hinges. 

The problem of elastic-plastic beams has been explored by Eicknorr (1955) 
who considered only a uniform loading of the beams. This question of elastic- 
plastic beams has also been investigated by Percy (1956), but design data for 
different types of loading on beams have been found too complicated to be prepared; 
therefore the analysis of frameworks having elastic-plastic beams is, as yet, too 
formidable a task. 

A sample calculation of a problem similar to that shown in Fig. 23 was solved 
by the iterative method to give a numerical answer. The two columns were both 
bent in asymmetrical double curvature and both had stresses in the plastic range. 
The solution required four iterations and was straightforward. 

The solution of complicated frameworks by the iterative method might prove 
to be best implemented by digital computers. Of course the extensive series of 
graphs which are required by this method would have to be replaced by approxi- 
mate functions (HastinGs 1955) which could be concisely retained in the store 
of the computer. 


7. CONCLUSIONS 


This paper sets forth a theory of predicting the loads at which columns of an 
annular cross-section will collapse when subjected to end loads of equal and unequal 
end eccentricities. The results of this theory have been presented in curves, 
of which Figs. 4-8 are examples. Large scale experiments have been conducted 
to check this theory and the agreement with the theory is illustrated by Figs. 18-20. 

A method of analysing columns in a framework is advanced. This is iterative 
in character, and is considered capable of handling combinations of elastic members, 
columns stressed in the plastic range, and beams containing plastic hinges. The 
analysis of columns in a framework by this iterative approach requires extensive 
curves which have recently been prepared at Cambridge. 

It is now possible to proceed with an examination of the economies that may 
result from the advances represented by this paper. Work is being started on this 
at the University of Toronto and the Royal Military College, Kingston, Canada. 
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Fig. 26. 


APPENDIX A 


This appendix records the algebraic expressions relating the moment, thrust and curvature for 
the three stress conditions : elasticity (case 1), plasticity in the compression zone only (case 2), 
and plasticity in both zones (case 3). The notation used in this Appendix is illustrated by Figs. 
26-28. 
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Case 1, elasticity (Fig. 26). 


1/p = 
Case 2, plasticity in the compression zone only (Fig. 27). 
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Case 3, plasticity in both zones (Fig. 28). 
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NOTATION 


c = A quantity defining the state of stress across an annular cross-section (Fig. 26). 
d = The representative dimension of the cross-section, which for an annulus was takenas R. 
e = End eccentricity of the thrust in the experiments. 
€, = The maximum end eccentricity for the graphs of the collapse loads. 
fr, = Lower yield stress. 
fo = Defined in Section 2. 
= Actual thickness of an annulus. 
: == Actual curvature. 
= Mean axial stress divided by /,. 
_ / E/3ft. 
= A quantity defining the state of stress across an annular cross-section (Fig. 26). 
Defined in Section 2. 
Non-dimensional length along the line of thrust of the strut. 
Non-dimension deflection of the centroid of the strut from the line of thrust. 
Actual radius of curvature (Fig. 25). 
B = A quantity defining the state of stress across an annular cross-section (Fig. 28). 
E = Young’s Modulus. 
I = Moment of inertia of the cross-section. 
L = Length along the line of thrust of the strut. 
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Bending moment. 
Fully plastic moment under zero axial thrust. 
Axial thrust. 
Fully plastic axial pull under zero moment. 
Mean radius of an annulus. 
- Outside radius of an annulus. 
Inside radius of an annulus. 
= Deflexion of the centroid of the strut from the line of thrust. 
M/Mp, non-dimensional moment. 
Non-dimensional moment at zero slope. 
The greater numerical « acting at the end of a strut. 
Ratio of the terminal moments. 
Defined in Section 2. 
A quantity defining the state of stress across an annular cross-section (Fig. 27). 
= Non-dimensional curvature. 
= dy/dx Slope. 
¢- = Slope at the end of a strut. 
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SINGLE CRYSTAL LATTICE ROTATION 
DURING COMPRESSION 


By R. L. FLetscuer 
Massachusetts Institute of Technology 


(Received 22nd September, 1957) 


ScoMMARY 


It is shown that lattice rotation during compression of a single crystal can be the reverse of that 
observed in tension rather than the slip-plane rotation predicted and observed by Taytor. 


1. INTRODUCTION 


Tue currently accepted description of the nature of lattice rotation during the 
compression of single crystals is that of TayLor (1927). For a crystal deforming 
on a single slip system, he suggested that the normal to the active slip plane 
should rotate toward the axis of compression. TayLor demonstrated experi- 
mentally that the rotation he predicted did occur in well-lubricated samples with 
height-to-diameter ratios of approximately 1/6. 

This behaviour in compression is not merely in the opposite sense to the pre- 
dicted and observed tension behaviour, (TayLor 1923), but in general is a rotation 
about a different axis. The purpose of this discussion is to point out that under 
suitable stressing conditions the lattice rotation under compression is the reverse 
of the tension rotation. To determine what these stressing conditions are, one 
must first examine the nature of the compression considered by TayLor and 
compare it with conventional tension testing. Slip on a single system is assumed 
throughout. 

Fig. 1 illustrates the distinction between Taylor compression and conventional 
tension. Tay or considered the compression of a thin disk such as is illustrated 
in Fig. 1 (a). The compression plates were kept horizontal and the compression 
force vertical. In order that the crystal deform homogeneously on a single slip 
system it is necessary for one end of the sample to translate relative to the other, 
as is illustrated in Fig. 1(b). To allow this translation careful lubrication of the 
plates is necessary. The compression axis during deformation is perpendicular 
to the compression plates and therefore does not remain parallel to the sides of 
the sample. In tension the stress is parallel to the sides. Figs. 1(c) and 1 (d) 
illustrate the change in shape of a portion of a tensile sample which is assumed to 
be a few sample diameters distant from the grips. This assumption is needed 
because here the ends of the sample must have freedom to rotate relative to the 
gripping arrangement. 
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It can now be seen that the difference in the rotation calculated for tension and 
for compression arises because of a difference in definition of the stress axis in the 
two cases. If rotation in the compression case were referred to an axis parallel to 
the sides of the crystal (C’ in Fig. 1 (b)), then lattice rotation as a function of shear 
strain during compression would be the 
reverse of that obtained in tension. Similarly, 
if a crystal is compressed such that the applied 
stress is always parallel to the sides, its lattice 
rotations will be the reverse of the tension 
behaviour (see Fig. 1 (e)). 

In many of the common cases of compression, 
therefore, the rotation of the sample axis will 
be away from the slip direction. This should 
occur on the compression side during bending 
of a crystal and during the compression in 
fatigue by bending or push-pull. It follows 
that in fatigue no net rotation of the average 
lattice orientation should accumulate; this 
contrasts with what would be expected if 
different types of rotation occurred during the 
two halves of a cycle. 

If one were to compress a crystal that is long 
relative to its thickness, then as long as the 
sides of the sample remain perpendicular to 
the compression plates, the slip direction 
rotates away from the compression axis. The 
change in shape in a section taken from the middle of such a sample is illustrated 
in Fig. 1 (ec). It can be seen that, if the compression plates are kept horizontal, 


oc) 


c) (¢) (e) 


Fig. 1. Compression and tension axes. 


the rotation observed near the plates (as referred to the normal to the plates) must 
be different from that far from the plates. The expected rotation near the plates 
is that observed by Tay or for thin samples. 

For tension in which the grips remain on a vertical line and do not rotate, 
Karasuima (1955) has pointed out that there exist two types of lattice rotations : 
(1) far from the grips there is the conventional rotation of the slip direction toward 
the specimen axis, and (2) near the grips the rotation is away from the slip plane 
normal. This is the tension analogue of the compression case just described. 
Karasumma showed both theoretically and experimentally that the existence of 
these two types of rotation could lead to a twisting about the specimen axis. 
This same effect should occur for cases of compression also. 

It should be noted that Tayior chose the type of compression he used in order 


to produce uniform strain in his samples so that the distortion of an originally 


square grid could be analyzed. This requirement contrasts with the desire here, 
which, it will be seen, is to demonstrate that more than one type of rotation may 
exist within a single sample under suitable conditions of stress and lubrication. 
Needless to say, TayLor neither suggested nor implied that the type of compression 
he considered was of general application to other cases of compression. 
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2. ProcepurRE AND RESULTs 


Rotations during compression and bending were examined experimentally, 
and some fatigue results will be discussed. Lattice rotations were followed by 
means of the Laue back-reflection X-ray technique (GRENINGER 1935). 

Taylor compression rotations can be distinguished from the reverse of the 
tension behaviour by (1) the amount of 
angular rotation for a given change in Cid 
length along the compression axis and (2) by 
the direction of rotation. The first method 
is sensitive for all single slip orientations, 
while the second becomes more sensitive the 
further the original specimen axis is distant 
from the great circle connecting the slip 
direction and the slip plane normal. The — - 

: : ; : fi00) ['0) 
great circle is relevant because rotation on it . . ® 
away from the slip direction and toward the 5 
slip plane normal are in the same direction. _Fig- 2. Orientations of fatigue samples. 
In Fig. 2 the great circle is drawn. It can 
be seen that the direction of rotation away from the slip direction should be 
distinct from rotation toward the slip plane normal in the case of samples of 
orientations A and C but not for B. 


(t) Simple compression 


Two single crystals were selected for compression parallel to their sides. The 


first was a 1-2cem x 1-2em x 18cem crystal of originally 99-99 per cent Alcoa 
aluminium, prepared by horizontal growth from the melt under hellium at a 
furnace motion rate of 1-2cm/hr. The axial orientation is indicated by the 
circled dot in Fig. 3; the slip direction for the primary slip system is approxi- 
mately parallel to one of the lateral faces of the sample. A 40 mm long section 
was cut from the middle of the original crystal. After etching as described by 
Barretr (1952), the sample was annealed at 640°C for 24 hr and furnace cooled 
over an 8 hr period. The sample was again heavily etched. At the start and after 
compressions of 5-6, 11 and 17 per cent orientations were determined at points 
2mm from one end and midway along the sample on each of two perpendicular 
lateral faces. After the final compression, orientations were determined at points 
6mm and 11 mm from one end of the sample. 

The second crystal was a copper crystal 11 cm long and 1-2 cm in diameter*. 
The axial orientation is shown by the circled dot in Fig. 4. A 39 mm length was 
cut from the as-grown sample and etched for 5 min in nitric acid, At the start 
and after a compression of 6-9 per cent, orientations were determined 2 mm from 
one end and midway along the sample. 

The samples were deformed in compression between accurately aligned steel 
compression plates. The ends were coated with Molykote M-88, a molybdenum 
disulphide lubricant. The purpose of the lubrication was to prevent large horizontal 
stresses such as would cause ‘ barrelling’, but not to allow sufficient freedom that 


*Supplied by M. Esener, this sample was grown vertically from the melt under nitrogen from spectroscopically 
pure copper at an average growth rate of 1-6 in/hr. 
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horizontal translation of an end of the sample could occur. In fact after the copper 
crystal was compressed to strains greater than 6-9 per cent, it was found that 
horizontal translation had occurred along with some buckling so that only the 
rotation for 6-9 per cent strain could be measured validly. For the aluminium 
sample the sides of the sample were perpendicular to the compression plates through- 


out the deformation. 
In Fig. 3 and 4 are indicated the orientations at various stages of the deformation 


along with the predicted paths of rotation. It was found that better defined X-ray 
spots could be obtained by reflection from the crystal surface which contained the 
slip direction, and hence more precise orientation determination was possible. 
Results from other surfaces are qualitatively identical but display more scatter. 
Orientations indicated in Fig. 3 and 4 are therefore all determined by X-ray 
examinations of surfaces oriented parallel to the slip direction. 


o [110] 


(iii) 


midsection 


limm from end 
° midsection 


+ 2mm fromend 


6 mm from ena 
2mm from end 
Lattice rotation during compression 


Fig. 3. Lattice rotation during compression Fig. 4. 
of a copper crystal. 


of an aluminium crystal. 


It can be seen (1) that the rotation near the end of the sample follows the path 
corresponding to the rotation of the slip plane toward the compression axis, (2) 
that the rotation at the centre section corresponds to the slip direction moving 
away from the axis, and (3) that the nature of the rotation varies gradually from 
one type to the other. The effects from the ends appear to extend along the length 
a distance equal to about one sample thickness. 

There are three evidences that predominantly single slip did occur in the 
aluminium sample. The strongest is the nature of the observed lattice rotations, 
which coincide with what is expected for single slip. Secondly, the sample width 
perpendicular to the expected slip direction remained essentially constant within 
2 per cent during compression. Lastly, some faint slip markings could be observed 
on two perpendicular surfaces; these markings coincided with the predicted 
primary slip plane orientation. It could also be seen that the rotation of these 
markings near the ends (within 6 mm of the ends) was less than nearer the mid- 
section of the sample, agreeing with the X-ray observations. 

If it is accepted that rotation at the ends is of the slip plane and at the middle 
is of the slip direction, the angle (@) of expected lattice rotations for the two 
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cases can be computed using the following formulas (Scumrpr and Boas 1935) : 
In the first case sin (X — @)/sin X = I,/l, (slip plane rotation), 
and in the second sin (A + @)/sinA =1,/l, (slip direction rotation). 


Here X is the original angle between the compressive axis and the slip plane 
normal, A is the original angle between the compressive axis and the slip direction, 
and /, and J, are the original and final sample lengths. The results of such a calcula- 
tion appear in Table 1. The agreement is good, if it is realized that uniform decrease 
in length along the sample was assumed for calculating the rotation angles. It 
seems more likely, however, that less strain occurs near the compression plates 
where the sample is most constrained, causing the observed rotation to be less 
than the calculated values at the ends and more at the mid-section. 


TaBLe 1. Lattice rotation. 


Mid-section End-section 


Strain 


(per cent) 6 obs. + 0-5° 


5-6 “ fy 1° 


The copper sample would be expected to deform on two slip systems once the 
specimen axis reaches the [110] zone. The observed rotation at the middle of the 
sample appears to confirm this prediction. 


(ii) Compression in bending 


As was outlined earlier the lattice rotation 
in the compression side of a bent single crystal 
should be away from the slip direction. This 
behaviour was confirmed on a second sample 
cut from the aluminium crystal used for this 
study. In a previous study YEN and Hispparp 
(1949) observed this same rotation. 

The observed rotations are indicated in Fig. 
5. There being greater difliculty in positioning — Fig. 5. Lattice rotation during com- 


a bent sample in the X-ray camera, the pression in bending of a single crystal 
of aluminium. 


[00] 


experimental scatter is considerably greater 
here than in the previous results. 


(iii) Lattice rotation in fatigue 

It was pointed out in an earlier section that no net lattice rotation should occur 
during fatigue. Ener (to be published) has shown the following: In fatigue of 
copper single crystals (orientations A, B and C in Fig. 2) by plane bending with a 
surface strain amplitude of approximately 0-2 per cent, Laue back-reflection 
pictures show that within 2° there are no net lattice rotations. OFHC copper 
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was used ; growth was from the melt under nitrogen at approximately 1-6 in/hr 
growth rate. Laue pictures were taken at the start and at varying number of 
cycles up to 330,000 for sample A, 20,000 for sample B, and 74,000 for sample C. 


8. CONCLUSIONS 


The conclusions drawn here are these : (1) In many cases involving compression, 
the lattice rotation is that of the slip direction away from the stress axis ; (2) this 
is true in the least constrained portion of a single crystal compression sample 
provided it is long relative to its width ; (3) near the ends of such a sample or for 
samples short relative to their thickness the effect of the grips causes the rotation 
of the type predicted and observed by Tay or ; (4) the length of the region affected 
by the grips is of the order of the sample width. 
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GRIP EFFECTS IN THE DEFORMATION 
OF SINGLE CRYSTALS 


By R. L. Fieiscner* and B. CHaLmerst 
(Received 27th February, 1957) 


SUMMARY 


A CALCULATION is made of the average shear stresses caused by the reaction with the grips during 
a tensile test of a single crystal. By adopting a suitable work-hardening description, effects of 
changing sample thickness can be understood for face-centred cubic metals. 


1. INTRODUCTION 


Tue work hardening properties of single crystals vary markedly as a function of 
the external dimensions of the samples used ; see, for instance, YamaGcucui (1927), 
GuLMAN (1953), Kirgama (1954), Krragima and Supa (1955), Karasnima 
(1955 and 1956), Suzuki, Ikepa, and Takeucni (1956), Livrncsron (1956), 
GarsTonE, HoneycomBe, and GrEETHAM (1956), NoGGLe and Korner (1957), 
and FLeiscHer and Cuatmers (1958). In some of these cases the observations 
have been attributed to the bending moment applied by the grips during 
deformation. By superimposing appropriate bending moments during a tensile 
test Karasuima (1956)showed experimentally that this explanation was consistent 
with his observations. 

In this discussion a model is proposed for calculating the shear stresses caused 
by reaction with the grips during a tensile test. After assuming a simple qualitative 
model for workhardening, predictions can be made as to effects of specimen shape 
on the stress-strain curves. These predictions will be compared to experimental 
results reported previously for aluminium and copper. The calculation of the 
grip stress will be applicable to any case of slip, although the detailed description of 
workhardening will relate to face-centred-cubic lattices primarily. 


2. STRESS FROM THE GkIPsS 


In Fig. 1a is shown a longitudinal cross section of a single crystal tensile sample 
which has deformed along a crystal plane which is an average distance x from one 
end and was not restrained by grips. The cross section is taken parallel to the 
slip direction. If this slip represents a fraction 1/n (where n is a large number) of 
the total elongation «L, it will result in a vertical displacement y = (eZ tan D)/n, 
where D is the angle between the slip direction and the specimen axis. 


*Massachusetts Institute of Technology. 
tHarvard University 
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We assume that the tensile machine used has non-rotating grips which require 
that the two ends of the specimen remain directly in line during the test. It is 
then necessary to apply a combination of forces and bending moments at the ends 
of the sample in order that the displacement y and the slope dy/dax be zero at each 


AF 


BY(x) 
AY(L-X) 


Fig. 1. A grip effect. 


end. The specimen will be considered as the beam shown in Fig. 1b with a jog of 


length (eZ. tan D)/n at a distance # from one end. The force AF at the ends is to 
°L 


be found, and from it the total foree F = | (mAF) da/L is calculated by the 
~ 0 
superposition of the forces for many such slipped sections distributed uniformly 
between z = 0 anda = L. The force F is a shearing force and is equivalent to an 
average shearing stress +, = /'/S perpendicular to the axis of the specimen and 
in the plane in which y is measured. Here S is the cross sectional area of the sample. 
Actually an upper limit will be found for the shearing force, since F' will be 
calculated by assuming the sample is elastic. The general equation for the elastic 
curve of a beam will be used. The appropriate equation to be solved is 


El (d® y/dx*) = SM 


where E is Young’s modulus, J is the moment of inertia, and 2'M is the sum of the 
moments calculated at z, By taking moments about « = 0, the bending moment 
can be found. It then follows that 


EI (d* y/da*) = 3LAF — 2AF. 


The boundary conditions on y (z) at 2 = 0 and at the jog are the following : 
y(0)=0, dy(0)/dx = 0, 
y (x) + y(L — a) = (cL tan D)/n, 
A F(z) = AF (L —2). 
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The third condition arises because the displacement at the jog is (el tan D)/n 
and the fourth because the forces at the jog from each portion of the beam must be 
equal and opposite. 
Straightforward application of the boundary conditions give 
AF = 12 «E tan D (72) , *, 
and, therefore, 
t, = F/S = 12 cE tan D(I/SL?). (1) 


In the special case of a rectangular sample with slip direction parallel to a side 
of width a, equation (1) becomes 


7, = «EF tan D (a/L). (2) 


7, may be resolved on to the various slip systems by means of geometrical 
factors r; so that the contributions to the shear stress on slip system 9 is r; r,, 


and one finds : 

(r;/m;) = 2 ctn D, — (b, + 6;)/(sin D, cos D;) — (b, + N;)/(sin D, cos X;). (8) 
Here (b, . b,) is the cosine of the angle between the primary slip direction and the 
jth slip direction, and (b, - N;) is the cosine of the angle between the primary slip 
direction and the normal of the jth slip plane, D; = angle between the specimen 
axis and the jth slip direction, and X; = angle between the specimen axis and 
the jth slip plane normal. m, is the Schmidt factor cos X; cos D,. 

In addition to the shear stresses which are created by the shearing force at the 
ends there are axial tensile and compressive forces caused by the bending moments 
applied to the sample. Assume an «2 — y co-ordinate system in the sample of 
Fig. 1 so that the a axis is along the tension axis, the y axis is perpendicular to it 
in the plane of the diagram, and the sample extends tow = + $1 andy = + ja. 
Then by standard methods (SrELY 1935) one finds that the axial stresses are given 


il IL) (2a\ (2y 
a (;) (Z) (; ) 


There are then local shear stresses equal to m; a (2, y). 
Because of the variation of o with # the average shear stress resulting from the 
tensile and compressive stresses is not zero except on a plane normal to the sample 
axis. By integrating the stress m; o (7, y) over the jth slip plane one finds a shear 
stress g; T, where g; is a numerical factor depending on the orientation of the slip 

plane considered. It can be shown that 
q; _ (b,-N;) — cos X; cos D, 


m; cos X; sin D, 


(4) 


Adding the two contributions to the shear stress one may define a factor n,; 
where n; = 1; +-;. From (8) and (4) 

b, - b; 

= ctn D, —- 7? 


n; 
sin D, cos D; 


m; 


a~—™ Ge, 
= —(A x bj)-(A x b,) tan Dj. 
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™ 
where (4x b;)° (A x b,) is the cosine of the angle between the projections of 
the primary and jth slip directions on the cross section (A is a vector along the 
sample axis). 
In general the resolved shear stress 7; on the various crystal planes will be the 
sum of the contributions from the applied stress, o,, and the grip stress, 7, : 


Tj 


=m; 0, + any 7, (6) 
‘ 
m; = Schmidt factor for the jth slip system 
= grip stress resulting from slip on the ith system 


= fraction of the grip stresses arising from slip on system i that is 
resolved on system j. 


Normally only the +, resulting from slip on the primary system will be considered, 


so that (6) reduces to 


2 “~~ 
Tj = Mo, + Ny T, lo —eE (7) (tan D, tan D;)(A x b;)*(A x | (7) 


where the index i has been dropped. 
The resultant stress 7, on the primary system is therefore 


m, (>. —«E (;) tan D,): 


In the case considered here the 7, term is a maximum on the plane whose normal 
is the specimen axis and has a direction in the opposite sense to that of the pro- 
jection of the primary slip direction onto the cross section. It is to be noted that 
the n,; 7, term will increase the stress on some slip systems and decrease it on 
others. 

Once the quantity 7; has reached a high enough value to produce additional 
deformation, plastic rather than elastic considerations apply, so that the value of 
7, from (2) would no longer be directly applicable but, as suggested earlier, would 


provide an upper limit. 


8. RELATION TO THE StRESS-STRAIN PROPERTIES 


To correlate the effect of the grip stress with observed crystal properties it is 
necessary to assume some model for describing the workhardening processes of 
single crystals. The model assumed here for face-centred cubic crystals is the 
following. Slip is very predominantly on the one system which has the highest 
resolved shear stress. The major source of hardening is slip on other systems, 
particularly those on other planes. It is primarily because of relatively small 
amounts of slip on intersecting planes that the slope of the easy glide region is not 
zero, The easy glide region is assumed to terminate when the stress on a secondary 
plane produces ‘appreciable’ slip here. Since secondary slip markings are seldom 
observed in this region, it would appear that ‘appreciable’ slip is still considerably 
less than the slip on the primary plane. The rounding off of the transition in slope 
from its minimum to its maximum value is evidence that this beginning of 
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‘appreciable’ slip is not a sudden process but occurs gradually over a range of stress, 
as a larger and larger proportion of secondary slip occurs. Following the end of 
easy glide the same considerations should apply except that larger relative amounts 
of secondary slip are assumed to occur, 

In the light of this viewpoint the grip stress is important in that it alters the 
stresses on the various systems by amounts that depend on the extent of previous 
slip. 

The effects of varying the sample thickness in a plane containing the slip direction 
and the tensile axis can now be described. Assume that from (7) it is found that 
increases in a increase the stress on the second favoured system, which is in a 
different plane from the primary, and that a decrease in the stress on the primary 
results. What one expects then is this: (i) The yield stress, since it is developed 
at small strains, is virtually unaffected. (ii) More slip on secondary systems will 
occur for the crystals of larger a, and the workhardening rates should consequently 
be greater. The increase in work hardening rate at the start of the easy glide 
region should be small (since ¢ is small) ; and after easy glide has ended, it should be 
larger. (iii) If the end of easy glide occurs when a critical stress 7, is reached on 
some secondary system, then the measured stress, computed from (7), is 
7,/m —nt,/m. Hence, where 7, is larger (for increasing a), the measured stress 
decreases. (iv) As a result of (ii) and (iii), the strain before easy glide ends would 
also decrease. (v) Because the ratios of the stresses on the various systems will 
change more rapidly where 7, is larger, the wider specimens would have a greater 
rate of change of workhardening rate. 


4. RELATION TO EXPERIMENTAL Data 


To examine predictions of the previous discussion, one needs to know experi- 
mentally how the stress-strain curves of single crystals vary as a function of the 
sample dimensions. One such study has recently been described by the authors 
(FLeiscuer and CuaLmMers 1958). The work included the tension testing of a series 


Bea EG 


a Cs) < $-m * 


Fig. 2. Cross sections of samples. Fig. 3. Axial orientation. 


of rectangular single crystals with various exterior dimensions. In one of these 
series (called S-II) the dimensions were varied in such a way as to vary a (see 
equation (2)). The proportions of the cross sections are indicated in Fig. 2, The 
projection of the slip direction would be nearly horizontal in the diagram. Size 5 
is approximately 12 mm, by 12 mm. in cross section. The specimen axis orientation 
is shown in Fig. 8 and is one such that the assumption made in the previous 
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paragraph applies. Figs. 7, 8 and 9 given by FLeiscuer and Cuaumers indicate 
that as a is increased the easy glide slope is either constant or increases slightly, 
the stress and strain at the end of easy glide decrease markedly, the maximum work- 
hardening slope (after easy glide) increases markedly, and the subsequent rate of 
change of slope increases in magnitude, All of the preceding are in agreement with 
the predictions. One exception is to be noted. Although the stress at the end of 
easy glide decreased markedly for sizes 1 to 5, it remained constant for sizes 6 to 8. 

In addition the yield stress varied with the parameter a. This effect, however, 
was believed to be caused by the oxide coating. As shown by Takamura (1956) 
this oxide effect should be largest on the yield stress and less for the other para- 
meters used here to describe the stress-strain curve ; on the other hand the effect 
of the grips has been shown to increase the strain. 

Suzvuk1 et al. (1956) observed tensile properties of copper single crystals of various 
diameters. The size effects they observed as « function of crystal diameter are in 
qualitative agreement with the predictions made here. 

It is interesting to calculate values for +, from (2) using the strain at the end of 
easy glide. One finds +, = 58 gm/mm? for size 3 as compared to an observed 
applied stress of about 90 gm/mm*, For sizes 1 and 2 the calculated t, is less than 
58 gm ‘mm?*, and for sizes 4 and 5 is greater than 90. The observed strain to the 
end of easy glide increases rapidly in going from size 3 to 2 to 1, while it is nearly 
constant from size 3 to size 5. It would therefore appear that, when r, is appreciably 
less than the applied stress, the elastic approximation assumed here is relevant, 


while when 7+, is of the order of, or larger than, the applied stress plastic considera- 


tions must be involved that are not directly calculable by the present arguments. 
Certainly, if the calculated elastic stress would be greater than the flow stress, 
some type of plastic deformation must occur. Whether this deformation would be 
by means of homogeneous slip or by formation of some type of deformation band 
is best determined by further experimental study. 

For the work of Suzuki et al., a calculation of +, reveals that easy glide ended 
when +7, was approximately half of the applied tensile stress. It followed that 
thinner crystals had greater regions of easy glide up to nearly 0-5 shear strain for 
crystals 0-02 cm. in diameter. 

It is interesting to note the thickness-to-length ratio required to ensure that 
the grip stress be small relative to the flow stress throughout the lattice rotations to 
the position where duplex slip is expected geometrically. For the extreme case of 
orientation near a <110> tensile axis, nearly 30° lattice rotation is possible. 
If easy glide were to occur until the orientations for duplex slip were reached, the 
a/L value would need to be small relative to 1/100. This value is considerably less 
than the values usually chosen and seems, therefore, to provide a clue as to why 
easy glide usually ends well before orientations for duplex slip are reached. 

The nature of the effect of length of a crystal on its stress-strain properties may 
be described as follows. In studies of aluminium and copper no consistent variation 
of the yield stress or the workhardening rates has been observed (Suzuki et al. 1956, 
GarsTone et al, 1956, Fueiscuer and CuaLmers 1958). For copper (Suzuki et al,) 
no consistent effect of length on the amount of easy glide was observed. For 
aluminium, results of Garstrone et al. and FLeiscuer and CuaLmers indicate 
that there is more easy glide for shorter crystals. 
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The effect of length in the case of aluminium directly contradicts the predictions 
made here on the basis of elastic considerations. Hence the understanding of this 
effect must come from plastic rather than elastic arguments. 

For hexagonal-close-packed crystals there is little or no slip intersecting the 
primary. If, as in face-centred-cubic metals, slip on secondary systems is important, 
these systems must be the other directions in the basal plane. Evaluation of n,; 
in (7) shows that the stress on the second favoured direction is reduced by the 
grip stress so that the rate of hardening may be reduced also when 7, is larger. 
This effect was observed by GitMAN (19538) in zine though the effect was not so 
regular nor consistent as are the effects in face-centred-cubic metals. 


CONCLUSIONS 


An elastic calculation of average shear stresses arising from reactions with rigid 
grips are consistent with observed effects of crystal thickness on the stress-strain 
curves of face-centred cubic metals. 

The effects of crystal length must be resolved by further examinations of the 


plastic properties of metals. 
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A MODIFICATION OF TAYLOR’S METHOD FOR CALCU- 
LATING THE PLASTIC STRESS-STRAIN RELATION IN 
FACE-CENTRED CUBIC CRYSTALS* 


By H. Payne, S. J. Czyzax, J. H. Gretvert and T. H. Lint 
(Received Tth December 1957) 


SUMMARY 


A meruop is presented for determining the stress-strain relation in the plastic region for poly- 
crystalline materials from empirical data on slipping in the corresponding single crystal. Results 
of calculations for uniaxial loading are presented. 


1. INTRODUCTION 


TayLor (1938) has obtained a theoretical stress-strain relation for aluminium 
in the plastic region, which is in reasonable agreement with experiment, by assum- 
ing that the plastic strain is due entirely to slip. This relation for the aggregate 
is calculated from the single slip data of the single crystal. 

For face-centred cubic crystals, slip has been observed in the (111), (111), 
(111) and (111) planes. The possible slip directions, of which there are three for 
ach plane, are those joining the nearest neighbours in the lattice. There are 
thus twelve slip systems. Since the strain can be defined by six components, 
not all of these systems will be active. If the strain is produced by the slips alone, 
there will be no change in volume, a condition which will reduce the number of 
independent components to five. 

To determine which five components would be operative TayLor considered 
all the geometrically-possible combinations and selected that combination which 
gave the minimum work for a given strain. 

Bisuop and Hitt (1951) have confirmed TayLor’s hypothesis that the combina- 
tion (or combinations) requires minimum work. A physically-possible combination 
is defined as one which is not only geometrically possible but also satisfies the yield 
condition, namely, that the critical shear stress, i.e., the resolved stress necessary 


to induce slip, should not be exceeded in one of the inactive slip systems. Bisnop 
and Hitt also advanced the principle of maximum work — that of all the stress 
states satisfying the yield condition the physically-realizable one is that which 
maximizes the work for the given plastic strain. Application of this principle 
enables one to determine the combinations of active systems with fewer 
computations. 


*Research supported by the Solid State Physics Branch of the Office of Scientific Research, Air Research and 
Development Command, U.S. Air Force, under Contract AF 18 (600)-1466, 

tPhysics Department, University of Detroit. 
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In a method developed by Lin (1957) and presented here in modified form 
and from a different point of view, the physically-realizable combinations are 
obtained by considering the sequence of slipping following the attainment of the 
elastic limit by the specimen. This method, in contrast to those of TayLor and 
Bisnor and HIi.1, incorporates elastic strain. 


2. Discussion OF THE METHOD 


From uniaxial loading tests on single crystals, it has been found that single 
slip depends on the resolved stress, +, which is the shear stress along the direction 
of slip in the crystal plane. Also, it is independent of the forces normal to the 
plane, i.e., from this test one obtains the following empirical relation : 


t=f(y), 


where y is the plastic shear in the active slip system. Duplex slip occurring in 
such tests is observed when because of rotation of the crystal axes the resolved 
stress in a second slip system becomes equal to that in the previously active one. 
These stresses depend on the sum of the slips in the two active systems in approxi- 
mately the same manner as the resolved stress depends on the shear in single 
slipping : 
7, = 1% =f (|r| + |) 

This led TayLor to assume that for multiple slip in polycrystals the critical stress 
is the same for a given crystal in all slip system, active or latent, and is expressible 


by 


r= S(z Ip (1) 


where 77 is the slip in the ath of the n active systems. 

With TayLor we assume that the strain in the crystal aggregate is uniform. 
This is unrealistic since it produces a discontinuity in the force at the grain boundary. 
However, TayLor considered it as providing an upper limit for the calculated 
stress, which one infers from his result is not too far removed from the correct 
value. On the other hand Bisnop and Hi have proved the theorem that with 
certain assumptions the work of deformation of a polycrystal for purely plastic 
strain is the same as though it were deformed uniformly. For a combination of 
elastic and plastic strains, which we consider, the theorem of Bisuor and Hii. 
is no longer valid. We therefore consider the model presented here as an approxi- 
mation only. 

Let us consider a single crystal in an isotropic aggregate subject to an increasing 
strain in such a way that the ratios of the components of the strain tensor remain 
constant. As the imposed strain increases, the resolved shear strains in all slip 
systems in the crystal increase. Slip will first occur in the slip system with the 
highest resolved shear stress, which is proportional to the resolved elastic strain, 
as soon as the critical shear stress is reached in that system. Let the system 
in which slip first occurs be called system 1. Due to workhardening, the resolved 
shear stress for further slip in the different systems of the crystal increases with the 
amount of slip, as equation (1) predicts. After system 1 slides, the elastic strain 
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in the crystal equals the imposed strain on the crystal less the plastic strain due 
to slip. 

Slip in system 1 proceeds with the increase of imposed strain on the crystal 
until another slip system 2 has the same elastic resolved shear strain as system 1. 
Then, systems 1 and 2 slide simultaneously. This process continues until still 
another system 3 has the same resolved elastic shear strain as the two previous 
ones. In the same way additional slip systems are obtained. Since only five 
independent components determine the plastic strain tensor, this procedure is 
continued until the slips in five independent systems are obtained. In this way, 
the sequence of slip is determined. By a direct approach, then, the five active 
slip systems are obtained. With the five active slip systems the deviatoric stress 
tensor is determined with the application of equation (1). 


8. MATHEMATICAL FoRMULATION oF THE THEORY 


To simplify the calculations further elastic strain in a given system is neglected 
once slipping begins in that system. This can be justified by comparing the modulus 
of rigidity, for aluminium, with the slope of f(y), as given by Taytor. 

For the ij component of the strain tensor, ¢, we write 


€y = $85 + %y + &y (2) 


where (8,, accounts for the change in volume due to elastic strain (3,, = Kronecker 
delta), 2; is the remaining portion of the elastic strain, and ¢,; is the plastic strain. 
Let the «"" of the twelve slip systems be represented by n*, a unit vector normal 
to the plane of the «™ system, and I*, a unit vector in the direction of slip. Then, 
defining 
S*; = $(n7, 1; + n4 1%) 


where n*; and /*; are components of n* and I* respectively, one can show that 


the resolved shear strain in the «' 


system, e*, is given by 
e* S* - e, (3) 


‘here as are <1y-vec : ) > > . "x x Med ‘i § ‘2 x 

where and e are six-vectors with components (S*,,, 8 2g» 9759» S*19, S*gg, 5%51) 
Vp Yep » -cnectively Ale 

and (€,), €g9, €gg> 2€y9: 2€gg, 2€y,) respectively. Also, 


n 
= PY S*; an (4) 


a= 


where it is assumed that values of « are assigned to the n systems attaining the 
elastic limit according to their order. Then, from equations (2), (3) and (4) and 
the fact that n*.1* = 0, we obtain 


n 
S*-e — L(S*- S*) y 2%, (5) 
p=1 
where |2*| = é9, the elastic limit, for = 1, 2, -++++, n. 

Equations (5) for « = 1, 2,°+-+, nm represents n equations in n unknowns, 
y', y*,***, y", corresponding to the given total strain e,; and elastic limit é . 
Having determined the set y*, one then employs equation (5) for « > n to determine 
the course of the resolved elastic strain in the remaining slip systems with the 
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increasing values of ¢,; until in the system to be designated the (n + 1) th |e*| = eo. 
In general a number of systems may reach the elastic limit simultaneously, i.e., 
a set of values of ¢,; is reached for whieh equation (5) gives |e"*"| = |e"*?| = 
reeeeees = |e"| =e, where m >n. Then equation (5), with n replaced by m, 
gives a new set of y*, corresponding to the increased total strain. This procedure, 
starting in the elastic region, is continued until there are five active systems. 
The determinant of the coefficients of the y® in equation (5) is not necessarily 
nonvanishing, i.e., there may exist a set of constants a’, not all of which can be 
zero, such that 
m 
2 a* (S*- S*) = 0, B =1,2,....,™. (6) 
a=1 
Multiplying both sides of equation (6) by a* and summing over the m values of f 
gives 
Ss’: S’ = 0, 
where 
m 
S’ = Za* S*. 
a=] 
Therefore, 
m 
= a* S* = 0, 


a=1 


From equations (5) (with m replacing n), (6), and (7) 


2 a*2* = 0, (8) 
a=1 


which is the requirement for the existence of the solutions y*®. Since at the moment 
the last (m — n) systems attain the elastic limit the 2% for « = 1, 2, -+-, m are 
equal to + é, and satisfy equation (5) (with the summation over § extending to 
fB =»), one may multiply both sides by a*, sum over the m values of «, and with 
the aid of equation (7) obtain the relation (8). 

Thus, there exists at least one set of values of y* satisfying equation (5). Since, 
in general, n’ (<n) of the equations corresponding to the first n values of « are 
independent, it is sufficient to consider only n’ nonvanishing values of 7° (or n’ 
active systems), which has been done in the calculations reported below. Accord- 
ingly, there may be more than one set of n’ »*, chosen from the set of n, satisfying 
equation (5). This point has been discussed by TayLor and Bisnor and Huu. 
for n’ = 5. 

The relation between the deviatoric stress tensor o and the elastic strain tensor 
is expressed by 
where ,» is the modulus of rigidity. It follows that the yield condition must be 
satisfied during all stages of loading since 


\7_| = 2p |e*| < 2peg = T 
where 1, is the critical shear stress. 
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4. Resuwts 


The method discussed in the previous section has been applied to calculate 
the successive slip systems for different orientations of the crystals in a cylindrical 
aggregate loaded in simple tension or compression along the cylindrical axis, 
In representing the slip systems for a face-centred cubic crystal, we employ the 
convention of TayLor, in which the letters a, b, ¢ and d indicate the slip planes. 
Each of the subscripts 1, 2, and 3 indicates a slip direction and sense in the given 
plane. Orientation of the specimen cylindrical axis with respect to the crystal 
axes is designated in the spherical polar coordinates @ and ¢. Because of symmetry 
it is suflicient to consider only a limited range of values of @ and ¢,. Following 
TayLor, we employ forty-four points within the region 0 <¢ < }m and 
0 < cot @ < sind. Thus, in determining macroscopic characteristics of the speci- 
men, one averages over these forty-four orientations. 

Table 1 presents the results of these calculations for the example of the crystal 
orientation @ = 80°, ¢ = 30°. The strains are expressed in units of e,. The 
diagonal component along the cylindrical axis of the deviatoric strain tensor of the 
specimen is given under Tensile strain. Stage 1 is the state at which the first 


system (b,) reaches the elastic limit ; stage 2, the state at which the second (a,) 


reaches the elastic limit ; ete. At stage 5 the elastic limit is reached simultaneously 
in four systems (a,, ¢,, ¢, and d,). This gives four possible combinations of slip 
for loading beyond stage 5, i.e., in the purely plastic region, b,, d,, d,, b,, and either 
@,, ¢;, &, or d,. (The line above the symbol for the system signifies that the slip 
occurs in the negative sense). 

The possible combinations of five active slip systems for the forty-four orienta- 
tions are in essential agreement with those determined by the method described 
by Bisnor (1953). In order to obtain agreement for orientations @ = 75°, : 35°; 
@ = 80°, d = 15°; and @ = 87°, ¢ = 45’, it is necessary to consider combinations 
which exclude systems active prior to stage 5, i.e., it is necessary for slip to cease 
in a system attaining the elastic limit at an earlier stage while two of the systems 
attaining the elastic limit at stage 5 become active. Such a procedure is permissible 
with the assumption of TayLor that all systems, latent or active, harden equally, 
as is implied in equation (1). Also, for orientation @ = 90°, ¢ = 20° it is necessary 
for the slip in a previously active system to cease in order to prevent a reversal 
in the sense of the displacement in another active system, i.e., to prevent an elastic 
strain, which would considerably increase the virtual work. 

Table 1 shows that stage 1, or the end of the purely elastic region, occurs for a 
tensile strain of 1-356 units for this orientation. Of the forty-four orientations 
the minimum value of the tensile strain for stage 1 is 1-3338 for 0 = 84°, 6 = 25°, 
The most favourable of all possible orientations for slip in system b, is 0 = 84-735°, 
¢@ = 24-205° with the elastic limit corresponding to a tensile strain of 4/3. The 
maximum value for the tensile strain at stage 1 among the forty-four orientations 
was found to be 2-026. 

For the tensile strain at stage 5, or the beginning of the purely plastic region, 
the Table gives the value of 21-8 for the sample orientation. For the forty-four 
orientations a maximum of 380-9 for @ = 75°, ¢ = 30° and a minimum of 1-63 
for 0 = 90°, 6 = 0° were obtained. This quantity exhibits a decided variation 
from one orientation to the next, Where the quantity is very high, and there 
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appears to be no limit on its value in considering all possible orientations, it is 
indicated that the increment of total strain is very nearly satisfied by slip in less 
than five systems. 

One concludes that according to the model presented here the region where 
combined elastic and plastic strains occur in the specimen is quite extensive. 

The sum of the slips for a unit increment of tensile strain beyond stage 5 was 
determined for each of the forty-four orientations. For a given orientation this 
sum is the same for the physically permissible combinations of active systems, 
in accordance with the theorem of Bisnor and Hitt. This theorem states that the 
virtual work, which on the basis of the assumptions presented above is a monotonic 
function of the sum of slips, is the same for all slip combinations which produce 
the strain tensor, in purely plastic strain, without violating the yield condition. 
These sums, with one exception, are equal to or less than those obtained by TayLor 
The exception is for the orientation @ = 87°, ¢ = 40°, for which TayLor obtained 
the value of 3-54 against our value of 3-61. For the orientations @ = 87°, 6 = 25°; 
0 = 90°, d = 30°; and @ = 90°, 6 = 20°, Tayior obtained 2-92, 3-34 and 2-76 
respectively as opposed to our 2-81, 3-18 and 2-59. In these three cases the five 
active slip systems for all combinations are distributed among all four planes. 
Combinations of this type were not included by Tay.tor. These occasional 
differences between Tayior’s values and our values for the sums of the slips 
would produce a negligible effect on the theoretical stress-strain relation. Thus, 
our load vs. elongation curve for aluminium in the very plastic region would closely 
approximate that of Tay.or. 

However, Tayior's method applies only to the plastic region, whereas the 


method presented here offers a mechanism which provides for the entire stress- 
strain relation by a suitable choice of é,. 
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FRACTURE MECHANISM OF SEMI-BRITTLE STEELS 
IN TORSION 


By J. B. Hunt 


Faculty of Engineering, University of Khartoum 
(Received 6th November, 1957) 


SUMMARY 


The petal-shaped pattern noticed on the fracture surface of certain mild steels tested in torsion 
led the author to investigate the mechanism of a type of fracture hitherto assumed to be a con- 
ventional shear separation. It was found that the fracture sequence involved both tensile failure 


and sliding in shear. 


1. INTRODUCTION 


Ir test specimens made of a ductile material are subjected to pure torsion, maximum 
slip occurs in one of the directions of maximum shearing stress, i.e. in a plane at 
right angles to the axis of the specimen. Separation finally occurs in this plane 
and it is described as a pure shear fracture across the whole of the cross-section. 
If the test specimens are made of a brittle material, separation occurs along a 
helix perpendicular to the direction of the principal tensile stress at an angle 
of 45° to the axis. It is widely held that if a torsional fracture is not a 45° brittle 
fracture then it is a pure shear fracture of the type described above. This opinion 


is usually based on a macroscopic examination of the fracture surface which has 
the appearance of an apparently pure shear fracture. After performing a large 
number of tests on specimens of steels usually classified as ductile, the author 
found that specimens of certain steels when subjected to pure torsion did not 
fail in either pure shear or tension. The failure mechanism appeared to be a 
combination of these two methods of separation. This class of steel has been 


designated here as semi-brittle. 


2. SuGGEsSTED MECHANISM 


After some twisting a semi-brittle material becomes more brittle in the region 
where the most severe deformation takes place ; the neighbouring sections remain 
semi-brittle. After some twisting, therefore, tensile micro-cracks form on the 
periphery of the specimen but are not propagated to a suflicient extent to cause 
complete fracture, the propagation being arrested by the less brittle parts of the 
material, This process was suspected by Napat (1950), The orientation of these 
original cracks is shown in Fig. la. As twisting proceeds, the angle of orientation 
of the crack increases until a stage is reached when shearing in the direction of 
grain flow takes place between adjacent cracks. Separation, however, does not 
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yet occur as a resisting tensile stress is induced in the more ductile core of the 
specimen. The angle of strain increases further until separation occurs as a result 
of one of two sequences. There may be either (i) primary tensile failure at the 


Fl ULL, 
| + a 


surface followed by tensile failure at the core and then separation by shear of 
the outer annulus, or (ii) primary tensile failure at the surface followed by shear 
propagated radially inwards, simultaneously with tensile failure at the core pro- 


pagated radially outwards. 


3. Metrunop or TrEsTING 


Solid cylindrical specimens were machined from jin. square bright drawn bar 
in the as-received condition, to the dimensions shown in Fig. 2. After machining 
the surface was found to have a Talysurf C.L.A. of 25 ». A line was scribed on the 


surface of the specimen parallel to the axis. 


3 hp. motor 
Disc flywheel 
(2ft dio * 4in 
\, thick) 


| a 


Bearing 


Rigid base 


Fig. 2. Fig. 3. 


Table 1 shows the chemical composition of the steels tested. 

The tests were made in a specially designed vertical torsion machine in which, 
in addition to the normal ‘ static’ test, tests could also be made at very low 
temperatures and high impact speeds. A simple schematic arrangement of the 
machine is shown in Fig. 3. 
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A telescope was converted to a goniometer by attaching to it a circular scale. 
In this way the deflection of the scribed line could be observed during a test. The 
surface strain at fracture was checked after a test by means of a tool-room micro- 
scope with a x 25 magnification. 

Normal tensile tests and Charpy impact tests were also carried out. 


TABLE 1 


Constituent 3 


Cc 0-165 2 0-140 


0-050 


0-120 


0-043 0-042 0-220 


0-012 0-012 0-012 


0-690 0-550 0-890 


At the start of a test the vertical hair-line of the telescope was focussed on to 
the scribed line on the specimen. A torque was applied and the twist and surface 
strain of the specimen were recorded. As the testing proceeded it became evident 
where separation would occur as the strain rapidly increased in a well-defined 
locality. The surface strain in this locality was measured with increasing torque 
and twist until separation occurred. 

To make the material more brittle, and to restrict the deformation to a small 
part of the specimen, tests were also performed at various temperatures within the 
range -+- 100°C to — 196°C and at rates of straining from zero to 4-6 per sec. In 
the dynamic tests and the subnormal temperature tests the goniometer was not 
used. The fracture strain was measured after the test in the tool room microscope 
and the torque variation was recorded photographically. 


TABLE 2 


Steel No. Pfract. 


4. ReEsuLts 


For each steel it was found that the surface fracture strain was constant. This 
was so under all testing conditions -in the most extreme case the yield torque 
was more than twice that for a normal temperature * static’ test. The values of 
surface fracture strain, ¢,,,.,, are given in Table 2. 

Torque-twist curves obtained under normal conditions for each of the three 


steels are shown in Fig. 4. 
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The normal tensile and Charpy impact characteristics are tabulated in Table 3. 
The transition temperature is the temperature at which a brittle area was first 
observed on the fracture face. 


TABLE 3 


Impact value | Transition 
at 15°C temp. 
(ft lb) (°C) 


Yield stress UTS 
(lb /in*) (lb /in?) 


Steel No. 


61,700 91,200 
53,800 85,600 
67,200 94,400 


© No. 1 Steel 
4No. 2 Steel 
eNo. 3 Steel 


> 


No.2 Steel 


Strain in fracture region, @ deg 


%. 


°, 


200 
Twist, Odeg 
Fig. 5. 


The relationship between twist, 0, and strain, ¢, in the potential fracture region 
is shown in Fig. 5 for Steel No. 2. 
A typical fracture surface is shown in Fig. 6. 


Fracture mechanism of semi-brittle steels in torsion 
5. Discussion 


From Fig. 5 it can be seen that in the initial stages of a test the slope of the 
curve was 16. This would be expected for a jin. diameter specimen with 2 in. 
parallel length when the material was wholly elastic. The material then became 
plastic in a well defined region. The ordinate of Fig. 5 is the strain value in this 
region. The strain increased almost uniformly with twist until a point was reached 
when there occurred a sudden change in slope to the original value of 16. 
While this high local straining was in progress the strain along the remaining 
length of the specimen was uniform and increased slowly to a maximum value ; 
this is referred to as the elasto-plastic strain, ¢,,. 

If the straight parts of the curve are produced they are found to intersect at a 
strain value of 45° and a twist of 60° giving a ¢,, value of 3-75°. This change in 
slope took place when the shear mechanism began as described (cf. Fig. 1b). 
The material could not part in shear at this angle as the core offered too high a 
resistance. Hence the outer strain increased, at the same time causing a compressive 
stress to counter-balance the central tensile stress as there was no externally 
applied axial force. This system of stress propagated radially inwards. Complete 
separation then started simultaneously from the outer surface (when the strain 
was 64}° for No, 2 Steel) and the axis of the specimen. By geometric and micros- 
copic analysis of the types of surface shown in Fig. 6 this fracture mechanism was 
established. 

Increases in the length of the specimens averaged 0-01 in. accompanied by a 
decrease in diameter in the fracture region of 0-005 in. 

By reducing the temperature of the test to — 150°C the value of ¢,,, was reduced. 
At — 196°C ¢,,, became almost zero. The straight line intersection still took place 
at a strain value of 45°. This is shown in Fig. 7 for No. 2 Steel. The effect of 


Dynamic tests 
\ 


Twist, Odeg 
Fig. 7. 
testing at a strain rate of 4-6 per sec is also shown in this figure. The effect was 


to raise the value to 58° ; the reason for this is probably associated with high local 
temperature. 
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BOOK REVIEWS 


Deformation and Flow of Solids. IUTAM Colloquium, Madrid, 1955. Edited by 
R. Gramuew. Springer-Verlag, Berlin, 1956. 324 pp. 


Tuts is a compilation of the lectures given at a conference organized by the International Union 
of Theoretical and Applied Mechanics. The main aim was to bring together two separate types 
of scientist engaged in research on solids, namely solid-state physicists investigating atomic and 
microscopic phenomena, and applied mathematicians studying macroscopic behaviour as a 
branch of mechanics, There are 28 papers, evenly divided between the two groups. 

In the first, dislocation theories of flow and fracture are strongly represented by A. H. Corrre.y, 
F.C. Frank, G. Lizerriep, J. R. Low, W. P. Mason, N. F. Morr and A.Sercer. Recent experi- 
mental work on plastic, visco-elastic, and relaxation properties of polycrystals is well covered 
by H. le Borreux, H. G. van Burren, C. Crussarp, B, Jaout and F, Scautz-Grunow. 

In the second group, which is almost entirely theoretical, there are papers on non-linear elasticity 
(H. Kauprrer, M. Reimer, L. R. G. Trevoar), visco-clasticity (M. A. Bror, J. G. OLpRoyp), 
plasticity (P. G. Honcr, H. G. Horxis, G. I. Taytor), wave propagation (E. H. Lee, 
Kk. VOLTERRA). 

Whether the assembling of these distinguished, though diverse, elements was a success, scienti- 
fically speaking, is difficult for anyone who was not present to say, But it seems certain that the 
curious location of the conference prevented a really adequate representation of the comple- 
mentary approaches and of intermediate work tending to bridge the gap. That there is a definite 
gap is indeed the main overall impression left by this very book ; few of the contributors have 
attempted to foster the declared aim of the conference. 

On the other hand, my own feeling is that the actual situation (in this country at least) is a 
good deal better than the book suggests (though not yet perfect by any means) ~ it is a well-known 
feature of international congresses that they invariably elicit an artificial collection of papers. 
The really worthwhile exchange of views between the two groups continues all the time on a day- 
by-day basis, through correspondence, circulation of reprints and advance proofs, and by visits 
when necessary. 

R. Him 


I. N. SNeppon: Elements of Partial Differential Equations. International Series in 
Pure and Applied Mathematics. McGraw-Hill, 1957. 327 pp., 56s. 6d. 


Tuts is the book for every research worker who is interested in solving differential equations, be 
he mathematician, physicist, or engineer. It is shorn of everything that causes so many present- 
day books on this subject to be drearisome and unrewarding pilgrimages : the tedious minutiae, 
the academic examples, the compendium of undiscriminating methods — so redolent of the fashion 
in textbooks fifty years ago. From personal experience in many fields Professor Sneddon knows 
the best techniques, and he pursues an unswerving path towards them with the minimum of 
fuss and with perfect clarity. Recent or advanced methods are introduced whenever they 
justify themselves, and these lend the book a special air of distinction, lifting it well above the 
usual humdrum primer to a level comparable with that of Courant-Hilbert — less discursive, of 
course, but for that reason more accessible to those with a modest mathematical equipment. 
There is, moreover, a very extensive collection of excellent problems for practice ; these are 
interesting in themselves for their varied physical settings and also thoroughly test understanding 
of the text ; this feature of the book makes it admirably suited to the final year in an Honours 
course. 

The following is a typical cross-section of the contents : Pfaffian forms and Carathéodory’s 
axiom in thermodynamics ; Cauchy’s characteristic strip method for non-linear equations, in 
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its geometrical context ; solution of linear hyperbolic equations ; integral transforms ; method 
of the Green’s function for the Laplace and diffusion equations, and its connection with conformal 
transformation ; Riemann-Volterra solution of the two-dimensional wave equation, with appli- 
cation to sound waves of finite amplitude ; Helmholtz, Kirchhoff, and Poisson solutions of the 
three-dimensional wave equation. 


R. Hina 


B. G. Neat: The Plastic Methods of Structural Analysis. Chapman and Hall, 1957. 
353 pp., 45s. 


In recent years there has been considerable research work on plasticity. Academic texts and 
accounts of research work exist but the subject is still only in the process of penetrating the 
undergraduate curriculum. It is in the light of this background that this book, which is the 
first substantial mainly-undergraduate text on the plastic behaviour of frameworks, is to be 
considered. The author is well qualified for his task by virtue of his former membership of the 
Cambridge team and especially because of his outstanding contribution, in conjunction with 
P.S. Symonds, of the method of combining collapse mechanisms. 

The first four Chapters present a straightforward account of the plastic behaviour of plane 
frames. Much material, usually left for asides by the lecturer in more developed subjects, is 
given and in the present circumstances this is justifiable although one is reminded of the business 
man who apologised for writing a ten-page letter because he was too busy to condense his material 
into two pages. The attribution on p. 38 of catenary effects to a simply supported beam is rather 
surprising and the load-deflection relation shown in Fig. 2.10 (c) needs further investigation as 
the formation of hinges cannot be expected to increase the stiffness of a structure. 

The remaining Chapters deal in succession with deflection limitations, effects of axial and shear 
force, minimum weight design and shakedown theory. The subject is growing at such a rate 
that these Chapters are progress reports rather than accounts of fully developed work. 

A fair criticism is that only in a passing reference on one page (p. 217) is it mentioned that 
all the theory developed neglects instability effects ; a designer is thus given no idea of when 
simple plastic methods may or may not be applied. In. an Appendix it is pointed out that instability 
effects preclude the application of simple theory to trusses : in fact the theory is easier to extend 
to cover this case than sway of the rigid frames treated in the book and for which no limitations 
are given. 

The book as a whole is a worthwhile contribution to the job of transforming the results of 
research into engineering lore and is a welcome addition to one’s library. 

W. Mercuant 


J. F. Nye: Physical Properties of Crystals, their Representation by Tensors and 
Matrices. Clarendon Press, Oxford, 1957. 322 pp., 50s. 


The physics of crystals may be treated in two stages. In the first, the phenomena are described, 
whereas in the second they are explained in terms of atomic theory and crystal structure. These 
stages correspond to those in which crystal physics developed first from the times of Erasmus 
Barrotimus and HuyGens to WoLpemMar Vorcr and then during the last forty-five years since 
the discovery of X-ray diffraction and the development of the dynamic theory of crystal lattices. 
The first period ended in 1910 when Vorcr’s famous book was published. This was a classic 
and remained the only book dealing with the phenomenology of crystals with the exception of 
crystal optics. To many of us it appeared clumsy, as the equations were written using the com- 
ponents of vectors and tensors. However, as von Lave pointed out in his note accompanying 
the reprint in 1928, it would be an impossible task to amend Vorer'’s book and introduce vector 
and tensor notation without destroying the unity and beauty of this masterpiece. An entirely 
new book had to be written and this is what Dr. Nye has done. 

The book is intended as a text book for honours students in physics in their second or later 
years, and for research workers in solid state physics and metal physics. It starts with a mathe- 
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matical introduction in which tensors of various ranks, their transformations and the effect 
of crystal symmetry are discussed. (The essentials of crystallography and of the symmetry 
of crystals are given in an appendix). The second part, which occupies about half of the book, 
contains a treatment of those physical properties (magnetic susceptibility, electric polarization, 
thermal expansion, piezoelectricity, elasticity) which may be measured with the crystal in 
equilibrium with its surroundings and can be discribed by reference to changes which are ther- 
modynamically reversible. A chapter on the matrix method is included in this part and a unified 
treatment of the properties is given, which is possible because of their common feature. Such 
a treatment is not possible with transport properties (thermal and electrical conductivities, 
thermoelectricity) since they are thermodynamically irreversible. They are discussed in Part III. 
The final part deals with such optical properties as double refraction, electro-optical and photo- 
elastic effects and optical activity. Each section is concluded by a summary, and there are 
exercises throughout the book to which the solutions are given in an appendix. 

The book is well laid out and clearly written, and it is a pleasure to read the first part with all 
its fundamental definitions of tensors, matrices, etc., and the methods of operating them. ‘This 
and the chapter on the matrix method are of importance beyond the scope of this book, as much 
use is nowadays being made of these notations in treating the crystallography of phase changes, 
particularly those of the martensite type, and of twinning, and the reviewer is not aware of 
any other equally lucid and suitable treatment. Another chapter of outstanding value is that 
on thermodynamics, ‘lhe treatment of the physical properties is also very clear and satisfactory 
and the book will certainly be a most useful text. On the other hand, a book of this size can 
obviously not be a complete treatment of the subject and the research worker will notice gaps 
which will still induce him to look up details in Vorct. For instance, the twist accompanying 
the bending of a crystal is not treated, although it is important in the experimental determination 
of the elastic constants. However, it is obviously asking too much of a book of 300 pages to 
be as complete now as Vorct’s was at its time with almost a thousand pages, and the above 
remark is in no way intended to decry the value and usefulness of the book. We all have to be 
grateful to Dr. Nye for giving us such a clearly conceived and well written text. 


W. Boas 


Surveys in Mechanics: The G. I. Taylor 70th Anniversary Volume. Edited by G. K. 
BatcHevor and R. M. Davies, Cambridge University Press, 1956. vii + 475 pp., 50s. 


Tuts volume, made up of a biographical note and ten surveys of the present position in certain 
branches of mechanics, was published to commemorate the seventieth birthday of Sir GEOFFREY 
TAYLOR on the 7 March, 1956. Since each survey is concerned with recent developments in fields 
of considerable current interest in solid or fluid mechanics to which he has made substantial 
contributions sometime during the last half-century, it is a magnificent tribute to TayLor’s 
scientific achievements. It makes us anticipate with pleasure the publication by the Cambridge 
University Press of his collected papers. 

The book opens with a brief biographical note by Sir RicHarp SourHWELL. Six pages are far 
too few to contain all we would know of “ G.I.” but it is amazing what a wealth of information 
SouTHWELL has packed into them and what an endearing portrait he has produced. 

Of the ten surveys of the present position of research in certain branches of mechanics (varying 
in length from about 20 to over 100 pages) the first three are most likely to be of interest to readers 
of this Journal. 

The first of them is The Mechanics of Quasi-Static Plastic Deformation in Metals by R. H111, 
which contains a discussion of the connexions between single- and poly-crystal behaviour. 
Beginning with a survey of the relevant mechanical properties of single crystals the author goes 
on to consider the theory of the plastic behaviour of crystalline aggregates and the relevant 
experimental data. This leads to the formulation of boundary value problems in the machanics 
of plastic-elastic continua and the discussion of the plastic-rigid solid. The survey closes with 
an account of some general theorems relating to the yield point and of the method by which the 
load intensity at the yield point may be estimated. Pror. Hi.w’s article is one of the shortest 
in the volume but this is not because he has little to say ; rather it shows evidence of careful 
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rewriting producing a concentrated account of great value. Through it runs the theme of the 
Principle of Maximum Plastic Work giving unity to the wide variety of topics covered. 

While the mechanical properties of single crystals form the starting-point of the theory of 
plasticity it is the ultimate task of dislocation theory to account for such properties. This topic 
is covered in the second survey Dislocations in Crystalline Solids by N. F. Morr. In a space of 
20 pages, in his usual pellucid style, Pror. Morr gives a broad general survey of the theory of 
dislocations and its application to the discussion of problems of solid mechanics—plastic flow, 
slip-lines, diffusion, creep and recovery. 

The third article is on Stress Waves in Solids by R. M. Davies. This survey begins with a general 
accecunt of the modern experimental techniques (mechanical, photographic and electrical) whose 
use has led to some of the more important and interesting features of recent work in this field. 
This is followed by a discussion of theoretical researches into the three types of stress waves : 
(a) elastic waves, in which the stresses are so low that the behaviour of the solid is elastic ; (b) 
visco-elastic waves in which, in addition to elastic stresses, there are frictional or viscous stresses ; 
(c) plastic waves in which the solid is stressed beyond the elastic limit. The emphasis throughout 
is on transient rather than on periodic phenomena. Pror. Davies gives a clear picture of the 
major developments in this field in which there has been a great revival of interest in recent 
years. This survey forms a valuable complement to Kolsky’s monograph. 

The remaining seven articles are: Rotating Fluids by 1. B. Squire, The Mechanics of Drops 
and Bubbles by W. R. Lane and H. L. Green, Wave Generation by Wind by F. Urse., Viscosity 
Effects in Sound Waves of Finite Amplitude by M. J, Licuruit., Turbulent Diffusion by G. K. 
Barcue tor and A. A. Townsend, Atmospheric Turbulence by T. H. Exviison, The Mechanics 
of Sailing Ships and Yachts by K.S. M. Davipson. Since the aim of these surveys is to present 
to a non-specialist audience recent developments in the various branches, the research worker in 
solid mechanics will get from them a comprehensive view of the present state of fluid mechanics. 
All of the articles are well written by recognised authorities on the subjects covered but particular 
mention must be made of the long article (over a hundred pages) by Pror. Ligure. which 
contains new and interesting material on the properties of shock waves in fluids. 

The editors are to be congratulated on the production of a collection of essays on topics in which 
there is great interest at the present time. Although the individual contributions vary in length 
and in approach they have one feature in common. They will help the non-specialist (as well as 
the specialist) to keep pace with the rapid development in mechanics which have taken place 
since the last war. The publishers have proved worthy of the editors and the individual authors 


in producing a very fine volume whose purchase is to be recommended to all workers and teachers 


in the field of mechanics. 
I. N. SNEDDON 


Rheology. Edited F. R. Ericu. Vol. I. Academic Press, New York, 1956. xiv + 761 pp. 143s. 


Tats is the first volume of three designed to provide an easily accessible and authoritative survey 
of the broad range of topics falling under the heading of rheology used in its widest sense. The 
chapters and authors are listed below. 

Introduction—F. R. Erricn. 

Phenomenological Macrorheology —M. Reiner. 

Finite Plastic Deformation —WiLuiaM Pracer. 

Stress-Strain Relations in the Plastic Range of Metals—Experiments and Basic concepts 

— D. C, Drucker, 

Mechanical Properties and Imperfections in Crystals—G. J. Dienes. 

Dislocations in Crystal Lattices J. M. Burcers and W. G. BurGers. 

Mechanical Properties of Metals—J. Fireman and G, J, Drenes. 

Some Rheological Properties Under High Pressure—R. B. Dow. 

Theories of Viscosity——-A. Bonpt. 

Large Elastic Deformations —R. S. Riviin. 

Dynamics of Viscoelastic Behaviour—Turner ALrrey, Jr., and KE. F. GURNEE. 

Viscosity Relationships for Polymers in Bulk and in Concentrated Solution—T. G. Fox, 

Serce Grarcu and 8. Losuark. 
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13. The Statistical Mechanical Theory of Irreversible Processess in Solutions of Macro- 

molecules—J. RiseMan and J. G. Kirnkwoop. 

14. The Viscosity of Colloidal Suspensions and Macromolecular Solutions—H. L. Friscu and 

ROBERT SIMHA, 

15. Streaming and Stress Birefringence—A. Prrer.in. 

16. Non-Newtonian Flow of Liquids and Solids—J. G. OLDroyp. 

17. Acoustics and the Liquid State—R. B. Linpsay. 

A detailed subject index of forty-six pages is given. 

Each chapter is a review article by a recognised authority in the relevant field. The number of 
chapters and the wide field covered precludes detailed comment on each chapter. Attention will 
be directed to the basic conception of the series, the composition of this first volume and its 
potential usefulness. 

In his preface the Editor notes the broad range of activities touched by rheology. The series is 
visualised as providing * the novice with a very general introduction to many topics and the 
advanced reader a ready means of comparing the viewpoint of the contributing authors and of 
studying new material in fields related to rheology.’ It was hoped originally that a universal 
nomenclature would be adopted throughout the series but it was concluded in the attempt that the 
time was not ripe for such an undertaking. 

The general field of rheology tends to be fairly sharply divided into separate topics—elasticity, 
plasticity, etc. This is due to the necessity for simplication to make mathematical problems 
amenable to solution rather than to a lack of awareness of the complex nature of material 
behaviour. Moreover the various topics, even within their restricted ranges of validity, are 
sufliciently involved as to provide more than enough scope for research workers ; they are in 
fact sub-divided into main lines of attack. In these circumstances there is a strong tendency for 
compartmentation of techniques as distinct from a failure to appreciate the broad aims and 
progress of other topics. The present volume in particular should be of considerable value in 
providing a convenient integrated source book in this context, both in cataloguing methods and 
in indicating where they may be pursued in greater detail. It is not clear that anything other than 
a very broad unity of rheology exists and the reviewer finds it difficult to imagine how the Editor 
expects his hope * that this book will be instrumental in bringing about a better understanding 
of the essential unity of rheology ’ is to be fulfilled. The experienced worker in some section of 
the field will be aware of the related topics and the initiate to the field will find it very difficult to 
prevent the trees obscuring the wood. 

The pattern of connexion between the principal topics extant in rheology is too complex to 
expect a single thread to link the chapters of this book. The Editor has commenced his book with 
two mathematical introductory chapters covering phenomenological macrorheology and finite 
plastic deformation followed by a group of contributions on the deformation of solids. The 
remaining chapters deal with a diversity of topics ranging from finite elastic deformation to 
acoustics and the liquid state. Alternative arrangements or emphasis could be suggested but 
with no clear superiority to this present treatment. 

The Editor is to be congratulated on persuading his distinguished colleagues to make their 
contributions to the series. The standards of printing and binding are high and this first volume is 
a worthwhile addition to the literature in the field. 

J. F, W. Bisnop, 


La Diffusion dans Les Metaux. Edited by J. D. Fast, H. G. vAN BUEREN and J. PHILiBert. 
Bibliotheque Technique Philips (Cleaver-Hume Press, London), 1957. 130 pp., 37s. 6d. 


For some years a small group of French, Belgian and Dutch metallurgists, together with a few 
from other countries, have met to discuss problems of metal physics. In 1956 the meeting was 
held at Eindhoven and the subject discussed was diffusion in metals. The particular importance 
of diffusion has led the organisers of the conference to break their normal practice by publishing 
its proceedings in the book reviewed here. 

Certainly, the interest and attractiveness of the eleven papers brought together in the book 
fully justifies this decision. The opening paper, by A. D. LEC.arrg, reviews the thermodynamic 
and statistical theory underlying the diffusion process, and also outlines interesting recent work 
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on correlation effects in vacancy diffusion, a subject that is taken up in greater detail in the next 
paper, by K. Compaan and Y. Haven. P. LaAcomBeE surveys in detail theoretical and experi- 
mental work on diffusion in grain boundaries, and in the following paper he joins C, LEYMonir 
in presenting recent experiments on grain boundary diffusion in a-iron, Four papers, by Tu. 
Herumann, J. Pumipert, Y. Appa, A. Boik, and T. J. Trerema, discuss diffusion in various 
alloys, and the Kirkendall effect. J. L. ME1JERING gives a useful survey of the interstitial diffusion 
of hydrogen, carbon, nitrogen, and oxygen, in several metals, and A, VAN WEIRINGEN describes 
a promising new method for determining the solubility and diffusion of helium in silicon and 
germanium. Finally C. W. Bercuovut explains how certain anomalies in the diffusion of vacancies 
in quenched metals can be understood in terms of the effect of stresses on the mobility of vacancies. 
An enjoyable and useful book for those interested in metal: physics. 
A. H. Corrre.i 


PAPERS TO BE PUBLISHED IN FUTURE ISSUES 


B. D. CoLEmMaN : On the strength of classical fibres—when broken separately, and when broken in 
bundles. 


E. T. Onat: Analysis of shells of revolution composed of work hardening material. 
F. J. Lockett: Effect of thermal properties of a solid on the velocity of Rayleigh waves. 
G,. Liants and Hucn Forp : Plastic yielding of single notched bars due to bending. 


R. SANKARANARAYANAN and P, G, Hopcr, Jr.: On the use of linearised yield conditions for 
combined stresses in beams. 


